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Same light-cone gauge fixing: integrable 2D QFT with particle like excitation. Amplitude ≡
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θ
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S(θ1 − θ2) = S(θ) = S(iπ − θ) = S(−θ)−1 :

Simple solution:
sinh-Gordon

S(θ) = sinh θ−ia
sinh θ+ia

a = πb2

8π+b2

Finite volume spectrum [Bethe-Yang] upto O(e−mL) i.e. polynomial in L−1 :

eiΦ1 = eip1LS(θ1 − θ2) . . . S(θ1 − θn) = 1 En(L) =
∑
im cosh θi

θ1 θ2
θ n...
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Finite (large volume) and infinite volume amplitudes are the same (upto normalization).

Find the relevant solutions by matching the two in the large L1, L2 limit:

NL1
(θ1, . . . , θn) ∝ NL1,L2

(θ1, . . . , θn)) ∝ NL2
(θ1, . . . , θn)
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Kinematical singularity −iResθ′=θh(θ′+ iπ, θ, θ1, . . . , θn) = h(θ1, . . . , θn)

Complete solution: h(θ1, θ2) ∝ σ(θ1, θ2)SBeisert(θ1, θ2)
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O(θ1, θ2, θ3) = h(θ1, θ2)h(θ3)+...+
∫ du

2πµ(u)h(θ1, θ2, u−iπ2)h(u+iπ2, θ3)e−E(u)l+

Perturbative checks: [Eden & Sfondrini] [Basso et. al] HHH: [Jiang, Komatsu, Kostov, Serban]
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1 cut:

nonlocal

form factors
3

2 1

3
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L

1

2

3
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2 particles in string 3: NL(θ1, θ2) = NL(θ2, θ1) = e−ip1LNL(θ2, θ1 − 2iπ)

kinematical singularity: −iResεNL(θ + iπ + ε, θ) = (1− eipL)

Solve the first two by: NL(θ1, θ2) = e
−θ1

p1
2πLe

−θ2
p2
2πL

cosh
θ1+θ2

2

n(θ1)n(θ2)

kin. singularity: n(θ)n(θ+iπ) = sinh θ sin pL
2 zeros at θ = 2πn

L and θ = 2πn
L +iπ

n(θ) = sinh θ
2 sin pL

2 ΓmL
2π

(m sinh θ) where Γµ removes zeros at θ = 2πn
L + iπ

Γµ(z) = z−1e−ωz(γ+log µ
2e)

∏ n
ωn+ωz

e−
ωn
z and ωz =

√
µ2 + z2

[Spradlin et al ’02,Lucietti et al ’03]
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3

2
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2 particles: O(θ1, θ2) = O(θ2, θ1) = O(θ2, θ1 − 4iπ)
kinematical singularity: −iResεO(θ + iπ + ε, θ) = 1

→ O(θ1, θ2) = 1

cosh
θ1−θ2

2

Multiparticle solution: O(1,2,3,4) = O(1,2)O(3,4)+O(1,3)O(2,4)+O(1,4)O(2,3)

(Wick theorem)

Summing up

virtual corrections
3 3’

1

2

3 3’

1

2

3 3’

1

2

3 3’

1

2

NL(θ1, θ2) = O(θ1, θ2) +
∫ du

2πO(θ1, θ2, u− 3iπ2, u+ 3iπ2)c e−m coshuL + . . .

Agrees with the expansion of NL(θ1, θ2)!
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Conclusion

1 cut:
nonlocal
factors 3

2 1

3

2 1

L

1

2

3

L

2 cuts
octagon

3

2 1

1

3

2

3’

3 3’

1

2

3 cuts
hexagon

3

12

1

3

2

3’

2’ 1’

3 3’

2

1 1’

2’

sewing back

3 3’

1

2

3 3’

1

2

3 3’

1

2

3 3’

1

2

3 3’

1

2

O(θ1, θ2, θ3) = h(θ1, θ2)h(θ3)+...+
∫ du

2πµ(u)h(θ1, θ2, u−iπ2)h(u+iπ2, θ3)e−E(u)l+
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Decompactify string 2 & 3 and L1 = 0:
2 1

3
3

2 1

2

3

1

Local operator form factor equations:

N0(θ1, . . . , θn〉 = N0(θ2, . . . , θn, θ1 − 2iπ〉 = S(θi − θi+1)N0(. . . , θi+1, θi, . . . )

−iResθ′=θN0(θ′+ iπ, θ, θ1 . . . , θn) = (1−
∏
i S(θ − θi))N0(θ1, . . . , θn)

HeavyHeavyLight 3pt function strong coupling prescription

[Costa et al., Zarembo]: CHHL =
∫
world sheet V(X[heavy solution(σ, τ)])d2σ

for multiparticle state: CHHL =
∫
moduli space {yi} V(X[heavy solution(yi)])dny

(classical) diagonal form factors: L〈θ2, θ1|V|θ1, θ2〉L =
F s2(θ1,θ2)+ρ1(θ1)F s1(θ2)+ρ1(θ2)F s1(θ1)

ρ2(θ1,θ2)

eiΦk = 1 ; Φk = pkL−i
∑
j:j 6=k logS(θk, θj) ; ρn(θ1, ..., θn) = det

[
∂Φj
∂θi

]
diagonal form factor F s2(θ1, θ2) = limε→0N0(θ̄2, θ̄1, θ1 + ε, θ2 + ε)

Explicitly checked at weak coupling [Hollo, Jiang, Petrovskii], AdS Form factors [McLoughlin, Klose]


