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non supersym. def. of N = 4 SYM

V (Φ,Ψ) = 1
4[Φ,Φ]2γi + Ψ[Φ,Ψ]γi

[Φi,Φj]γk = eiεijkγkΦiΦj − e−iεijkγkΦjΦi

O = Tr(ZJ)
∆O = J + λJ∆1w

J + ...+ λ2J∆2w
2J

↔

TST deformed AdS
S
5

J

≡ AdS with twisted BC.
E(λ) = J+finite size corr.

Based on: arXiv:1108.4914 TBA, NLO Luscher correction, and double wrapping in twisted AdS/CFT,
Changrim Ahn, Zoltan Bajnok, Diego Bombardelli, Rafael I. Nepomechie,
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Dictionary
λ = g2

YMN , N →∞ planar limit

〈On(x)Om(0)〉 = δnm
|x|2∆n(λ)

Anomalous dim ∆(λ)
∆(λ) = ∆(0) + λ∆1 + λ2∆2 + . . .

weak↔strong
⇓

Couplings:
√
λ = R2

α
′ , gs = λ

N → 0

2D QFT
String energy levels: E(λ)

E(λ) = E(∞) + E1√
λ

+ E2

λ
+ . . .

2D integrable QFT

spectrum: Q = 1,2, . . . ,∞ dispersion: εQ(p) =
√
Q2 + λ

π2 sin2 p
2

Exact scattering matrix: SQ1Q2
(p1, p2, λ)



AdS/CFT correspondence in every day life

supersymmetric BPS operators

V (Φ,Ψ) = 1
4[Φ,Φ]2 + Ψ[Φ,Ψ]

Z = Φ1 + iΦ2, X = Φ3 + iΦ4
OBPS = Tr(ZJ)↔ | ↑↑ . . . ↑〉

∆BPS = J

weak↔strong

BPS string configuration
S
5

J

EBPS(λ) = J
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V (Φ,Ψ) = 1
4[Φ,Φ]2 + Ψ[Φ,Ψ]

Z = Φ1 + iΦ2, X = Φ3 + iΦ4
OBPS = Tr(ZJ)↔ | ↑↑ . . . ↑〉

∆BPS = J

weak↔strong

BPS string configuration
S
5

J

EBPS(λ) = J

2D integrable QFT
supersymmetric groundstate E0(J) = ∆(λ)− J = 0

Nontrivial anomalous dimension

supersymmetric theory: Excited state
OK = Tr(ZXZX + ...)↔ | ↑↓↑↓〉+ .

nonsupersymmetric theory: groundstate

[Φi,Φj]γk = eiεijkγkΦiΦj − e−iεijkγkΦjΦi



Supersymmetric theory: excited state - Konishi operator

nonsupersymmetric operator: Konishi
OK = Tr(ZXZX + ...)↔ | ↑↓↑↓〉+ .

operator mixing

∆(λ) = ∆(0) + λ∆1 + . . .+ λ4∆4+

[Fiamberti ..’08]

∆4 = −2496 + 576ζ3 − 1440ζ5

≡

string configuration
S
5

p

−p

J

moving bumps (sine-Gordon) [Hofman .. ’07]

finite size correction [Arutyunov .. ’07]

string action=saddle point+loop corr.
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Supersymmetric theory: excited state - Konishi operator

nonsupersymmetric operator: Konishi
OK = Tr(ZXZX + ...)↔ | ↑↓↑↓〉+ .

operator mixing

∆(λ) = ∆(0) + λ∆1 + . . .+ λ4∆4+

[Fiamberti ..’08]

∆4 = −2496 + 576ζ3 − 1440ζ5

≡

string configuration
S
5

p

−p

J

moving bumps (sine-Gordon) [Hofman .. ’07]

finite size correction [Arutyunov .. ’07]

string action=saddle point+loop corr.

two particle state

E = EBA + EFSC
Bethe Ansatz: eipJS(p,−p) = 1

EBA = 2E(p, λ) = 2
√

1 + λ
π2(sin p

2)2

E4 = ∆4 = −2496 + 576ζ3 − 1440ζ5 [Z.B. .. ’09]



AdS/CFT: twisted theory

non supersymmetric theory [Frolov .. ’05]

V (Φ,Ψ) = 1
4[Φ,Φ]2γi + Ψ[Φ,Ψ]γi

[Φi,Φj]γk = eiεijkγkΦiΦj − e−iεijkγkΦjΦi
Z = Φ1 + iΦ2, X = Φ3 + iΦ4
O = Tr(ZJ)↔ | ↑↑ . . . ↑〉

∆O = J + ∆wrap.
= J + λJ∆J + ...+ λ2J∆2J

↔

TST deformed AdS
[Frolov ’05][Alday .. ’06]

S
5

J

≡AdS with twisted BC.
E(λ) = J+finite size corr.

[Arutyunov .. ’11]

twisted groundstate

L
i γ J

e

E − J = EFSC
EFSC =finite size correction!

Understand twisted vacuum energy
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Plan

Ground-state energy
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i γ J
e
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e
−H(L)R
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e
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Cluster expansion: LO and NLO Lüscher corrections
R p p p

1 2
R

Twisted TBA equations, untwisted Y-system p2π

R

O(4) model: LO and NLO Lüscher and twisted TBA

O(4) model: Asymptotic expansion of TBA vs. Lüscher corrections
−1−2 1 20

y y y y y

Consequences for AdS 2µ 4µ 6µ6µ 4µ 2µ −µ −µ

−µ−µ

+ + + +

+

−

−

−−−

Conclusion, outlook



Ground-state energy in a finite volume with twisted BC
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J conserved charge L
i γ J

e
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Ground-state energy with twisted BC (eiγJ)

J conserved charge L
i γ J

e

Euclidean twisted partition function:
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Tr(e−H(R)LeiγJ) = 1 +
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k,α e

iγJα−e(pk)L +
∑
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Groundstate energy:

− limR→∞
1
R log(Tr(e−H(R)LeiγJ)) = E0(L) = LO Lüscher + NLO Lüscher + ... = TBA



LO and NLO Lüscher corrections

Large (L) volume (cluster) expansion of the twisted partition function

Tr(e−H(R)LeiγJ) = 1 +
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iγJα−e(pk)L +
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iγJ(α,β)−(e(pk)+e(pl))L + . . .

Groundstate energy: E0(L) = − limR→∞
1
R log(Tr(e−H(R)LeiγJ))
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LO and NLO Lüscher corrections

Large (L) volume (cluster) expansion of the twisted partition function
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Large (L) volume (cluster) expansion of the twisted partition function
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LO and NLO Lüscher corrections

Large (L) volume (cluster) expansion of the twisted partition function

Tr(e−H(R)LeiγJ) = 1 +
∑
k,α e

iγJα−e(pk)L +
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k>l,(α,β) e
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Groundstate energy: E0(L) = − limR→∞
1
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Two particle term:
eip1RS(p1, p2) = 1 → p1R+ δ(1,2) = 2πk1
eip2RS(p2, p1) = 1 → p2R− δ(1,2) = 2πk2p p

1 2
R
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2
∑
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k change

∑
k1,k2

→
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[
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]

NLO Lüscher correction: E
(2,1)
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2Tr1(eiγJ)2 ∫ dp
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��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��

E
(2,2)
0 (L) =

∫ dp1
2π e

−e(p1)L ∫ dp2
2π e
−e(p2)Li∂p1Tr2(eiγJ logS(p1, p2))...
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NLO: [Dashen .. ’69] Cluster expansion: [Dorey .. ’04], [Z.B. .. ’05]
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Partition function: Z(L,R) =
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entropy factor: s =
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((ρQ + ρQh ) ln(ρQ + ρQh )− ρQ ln ρQ − ρQh ln ρQh )dp
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Dominant contribution: finite particle/hole density ρ, ρh:
p2π

R

En(R) =
∑

iE(pi)→ R
∫
eQ(p)ρQ(p)dp iγJn = µ = R

∫
µQ(p)ρQ(p)dp

momentum quantization:
p
Qj

j R+
∑

k
1
i

logSQjQk(pj, pk) = (2n+1)iπ −→ R+
∫

(−idp logSQQ
′
(p, p′))ρQ

′
(p

′
)dp

′
= 2π(ρQ+ρQh )

Partition function: Z(L,R) =
∫
d[ρQ, ρQh ]e−LE+µ−s

entropy factor: s =
∫

((ρQ + ρQh ) ln(ρQ + ρQh )− ρQ ln ρQ − ρQh ln ρQh )dp

Saddle point for pseudo energy: εQ(p) = ln ρQh (p)
ρQ(p)

εQ(p) + µQ = eQ(p)L+
∫ dp

2πidp logSQ
′Q(p′, p) log(1 + e−ε

Q′(p
′
))

Ground state energy exactly: E0(L) = −
∑
Q
∫ dp

2π log(1 + e−ε
Q(p)) [Al.B. Zamolodchikov ’90]



O(4) model: LO and NLO Lüscher correction

Relativistic theory, one multiplet of mass m: e(θ) = m coshπθ ; p(θ) = m sinhπθ

Factorized scattering, su(2)⊗ su(2) invariance: (↑̇, ↓̇)⊗ (↑, ↓) [Zamolodchikovs ’79]

S(θ) =
S2

0(θ)
(θ−i)2Ŝ(θ)⊗ Ŝ(θ) Ŝ(θ) = θ I− iP S0(θ) = i

Γ(1
2−

iθ
2 )Γ(iθ2 )

Γ(1
2+iθ

2 )Γ(−iθ2 )

Twist eiγJ = eiγ−J0⊗I+iγ+I⊗J0 = eiγ−J0 ⊗ eiγ+J0

= diag(q̇, q̇−1)⊗ diag(q, q−1) ; q = eiγ
L

i γ J
e
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∫ dθ
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O(4) model: LO and NLO Lüscher correction
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(θ−i)2Ŝ(θ)⊗ Ŝ(θ) Ŝ(θ) = θ I− iP S0(θ) = i
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[n]q = qn−q−n
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LO Lüscher correction: ��
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��
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��
��
��
��

��
��
��
��
��
��
��
��

= −[2]q[2]q̇m
∫ dθ

2 coshπθ e−mL coshπθ

NLO Lüscher correction: ��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��

= 1
2[2]2q [2]2q̇m

∫ dθ
2 coshπθ e−2mL coshπθ

��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��

= −m
∫ dθ1

2 coshπθ1 e
−mL coshπθ1

∫ dθ2
2 coshπθ2 e

−mL coshπθ2Tr2(DlogS)

Tr2(DlogS)=Tr2(eiγJ(−i∂θ) logS) = −i[2]2q [2]2q̇∂θ logS2
0(θ)−i

(
[2]2q + [2]2q̇

)
∂θ log θ+i

θ−i



O(4) model: twisted TBA and Y-system

Particle content in the thermodynamic limit: pR
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N
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�
�
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�
�
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�
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�
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�
�
�
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N
p

p
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2
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2πi
∂u logSnm(u)
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εM + µM = − log(1 + e−ε0) ? K0M +
∑

M ′ 6=0 log(1 + e−εM ′) ? KM ′M
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2πi
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M 6=0 log(1 + e−εM) ? KM0

εM + µM = − log(1 + e−ε0) ? K0M +
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M ′ 6=0 log(1 + e−εM ′) ? KM ′M

Groundstate energy: E0(L) = −m2
∫
dθ coshπθ log(1 + Y0) ; Y0 = e−ε0

Universal TBA equations and YM 6=0 = eεM Y-system: 1
2(µN−1 + µN+1)− µN = 0

logYn + δn,0Lm coshπθ = log
(
(1 + Yn−1)(1 + Yn+1)

)
? s s(θ) = 1

2 coshπθ

limM→∞ logYM = 2iMγ+



O(4) model: TBA asymptotic expansion

Groundstate energy: E0(L) = −m2
∫
dθ coshπθ log(1 + Y0)

logYn = −δn,0Lm coshπθ + log
(
(1 + Yn−1)(1 + Yn+1)

)
? s ; logYM

M → 2iγ+
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O(4) model: TBA asymptotic expansion

Groundstate energy: E0(L) = −m2
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dθ coshπθ log(1 + Y0)

logYn = −δn,0Lm coshπθ + log
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(1 + Yn−1)(1 + Yn+1)

)
? s ; logYM

M → 2iγ+

Asymptotic expansion: YM = YM(1 + yM) + . . .

0−1−2 1 2
yyyy

(YM)2 = (1+YM−1)(1+YM+1) −→YM = [M ]q[M+2]q ; Y−M = YM(q ↔ q̇)
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y yyy y
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−1−2 1 20
y y y y y
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Groundstate energy: E0(L) = −m2
∫
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(1 + Y1)(1 + Y−1)e−mL coshπθ = [2]q[2]q̇e
−mL coshπθ

NLO: lin. diff. eq.: yk = s?
[
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]
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NLO contribution: Y0 = Y0y0
(
1 + s ?

[
A1y1 +A1y−1

])
Agrees with NLO Lüscher!



Application: twisted AdS/CFT

non supersymmetric theory

V (Φ,Ψ) = 1
4[Φ,Φ]2γi + Ψ[Φ,Ψ]γi

[Φi,Φj]γk = eiεijkγkΦiΦj − e−iεijkγkΦjΦi

O = Tr(ZJ)
∆O = J + λJ∆1w

J + ...+ λ2J∆2w
2J

↔

TST deformed AdS
S
5

J

≡ AdS with twisted BC.
E(λ) = J+finite size corr.

twisted groundstate
Twisted AdS: spectrum Q = 1, . . ., Tr→ STr

��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��

= −
∑
Q STrQ(eiγJ)

∫ dp
2πe
−eQ(p)L + ...

��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��

= 1
2
∑
Q STrQ(eiγJ)2 ∫ dp

2πe
−2eQ(p)L

��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��

=
∑
Q1Q2

∫ dp1
2π e

−eQ1
(p1)L ∫ dp2

2π e
−eQ2

(p2)L
i∂p1STr2(eiγJ logSQ1Q2

(p1, p2))

twisted TBA 2µ 4µ 6µ6µ 4µ 2µ −µ −µ

−µ−µ

+ + + +

+

−

−

−−− untwisted Y-system [Gromov .. ’05]

13



Application to twisted AdS/CFT with L = J = 3

Ground-state energy E0(L) with twisted BC (eiγJ) in AdS CFT L
i γ J

e

LO Lüscher corr.:
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��

= −
∑
Q STrQ(eiγJ)

∫ dp
2πe
−eQ(p)L + ... γ± = J

2(γ3 ± γ2)

E
(1)
0 (3) = − sin2 γ−

2 sin2 γ+
2

(
3ζ3

λ3

(4π)3 − 15ζ5
λ4

(4π)4 + 945
16 ζ7

λ5

(4π)5 − 3465
16 ζ9

λ6

(4π)6 + . . .

)

NLO Lüscher corr.:
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��

= 1
2
∑
Q STrQ(eiγJ)2 ∫ dp

2πe
−2eQ(p)L

E
(2,1)
0 (3) = sin2 γ−

2 sin2 γ+
2

(
63
4 ζ7

λ6

(4π)6

)

��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��

=
∑
Q1Q2

∫ dp1
2π e

−eQ1
(p1)L ∫ dp2

2π e
−eQ2

(p2)L
i∂p1STr(eiγJ logSQ1Q2

(p1, p2))...

E
(2,2)
0 (3) = sin2 γ−

2 sin2 γ+
2

(
sin2 γ−

2 + sin2 γ+
2

) (
15
4 ζ3ζ5

λ6

(4π)6

)
. − sin4 γ−

2 sin4 γ+
2

(
9ζ2

3 + 63
16ζ7

)
λ6

(4π)6
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Conclusion

Ground-state energy E0(L) with twisted BC (eiγJ) L
i γ J

e

LO Lüscher correction:
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��

= −Tr1(eiγJ)
∫ dp

2πe
−e(p)L + ...

spectrum

NLO Lüscher correction:
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��

= 1
2Tr1(eiγJ)2 ∫ dp

2πe
−2e(p)L scattering matrix

��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��

=
∫ dp1

2π e
−e(p1)L ∫ dp2

2π e
−e(p2)Li∂p1Tr2(eiγJ logS(p1, p2))...

Twisted TBA equation: ε→ ε+µ 2µ 4µ 6µ6µ 4µ 2µ −µ −µ

−µ−µ

+ + + +

+

−

−

−−−

Double wrapping in twisted AdS/CFT for L = 3
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��

= 1
2Tr1(eiγJ)2 ∫ dp

2πe
−2e(p)L scattering matrix
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��
��
��
��
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��
��
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��
��
��
��
��
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��

=
∫ dp1

2π e
−e(p1)L ∫ dp2

2π e
−e(p2)Li∂p1Tr2(eiγJ logS(p1, p2))...

Twisted TBA equation: ε→ ε+µ 2µ 4µ 6µ6µ 4µ 2µ −µ −µ

−µ−µ

+ + + +

+

−

−

−−−

Double wrapping in twisted AdS/CFT for L = 3

Outlook

Test double wrapping in gauge theory perturbation theory!

Test NLIEs by comparing to Lüscher corrections:O(N) [Balog.. ’01] SS [Hegedus ’04], AdS/CFT ?


