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Introduction
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Why 3pt functions in N' = 4 SYM?

@ This is a workshop of the three-point functions.

@ They are fundamental building blocks of the theory together with the
2pt. functions.

@ They encode the dynamics of the string theory on the AdS
background.

We need to study these fundamental observables in detail to reveal the
underlying mechanism of AdS/CFT. J
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Integrability

@ Spectrum problem has been studied using various integrability
techniques.
=t means the underlying 141 dim system (light-cone gauge fixed
sigma model, spin chain.) is integrable.

@ However, “integrability” is not oblivious beyond the spectrum
problem a priori.

Is there any notion of “integrability” beyond the spectrum problem? If
there is, what is the precise meaning of “integrability” ? }
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Monodromy relation @strong coupling

At the strong coupling regime, the so-called monodromy relation plays an
quite important role [’11 Janik,Wereszczynski], [’11,°12,°13 Kazama,Komatsu].

Ql (U)QQ (U)Qg (u) =1

@ The monodromy relation provide a global information even without
knowing the exact form of the vertex operators and the saddle pt.
configuration.

@ Combined with the analyticity, it determines the semi-classical
three-point functions completely.

What is the weak coupling counter part of this relation? How is it useful
to constrain three-point functions?
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Motivations for our works

@ We would like to build weak coupling correlators respecting the
symmetry.

@ We wish to find the weak coupling analogue of the monodormy
relation.

© We develop a new formalism in which the symmetry is manifest.
= We can simplify the analysis exploiting the symmetry.

@ We also derive the monodromy relations for correlator at weak
coupling.
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Plan of talk

© Introduction
@ Construction of 3pt. functions @weak coupling
© Monodromy relations

@ Summary and prospects
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Construction of 3pt. functions
Oweak coupling




Tree-level three-point functions

Tree-level three-point fuctions are calculated by taking all possible Wick

contractions. In particular, only planar graphs contribute in the large N,
limit.

(73)

@ At tree-level, the dimensions of operators are highly degenerate.
@ According to the usual degenerate perturbation theory,

Oi(x1), Oj(z2), Ok (z3) must be eigenstates of the 1-loop dilatation
operator.

= Combinatorics of Wick contractions.
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Tailoring for spin chain

The tailoring gives an efficient method to calculate relevant contractions

[’11 Escobedo,Gromov,Sever,Vieira].

©@ Composite operators are mapped to eigenstates of the spin chain
Hamiltonian |¥;) [702 Minahan,Zarembo,?02 Beisert] .

@ Cutting spin chains into the subchains: |¥;) = > |U;); @ |¥,),.
@ Flipping the half of the states: |¥;) — ¥; = 3 |U;); @ (U]

Q Sewing the states: Cjjj, ZZZEWQE]N%)EWJ

T. Nishimura (UT,Komaba) monodromy Budapest 10 / 35



SU(2) sector

Let us consider the SU(2) sector, where the operators are composed of two
types of scalar fields, say, Z = ¢ +ip2, X = ¢p3 + ip4.

o Zo |1 X & | 1),

@ Each operator is identified with an eigenstate of the XXX Heisenberg
spin chain (Bethe state).

M
O(z) < [u) = [[ B(w)| 1) , Q(u) = ( é% 523 )
=1

u+iS3  iS,
mszmm~Lmo,Lmo=< e )

T. Nishimura (UT,Komaba) monodromy Budapest 11 /35



A special class of 3pt. functions in SU(2) sector

Or=3 T[ZX -] e Y |1 )
Oy =) Tr[ZX---] > | 1-)
O3=> T[ZX--]& D [tL-)

The tailoring gives the structure constant in terms of scalar product of
Bethe states.

@ In this special case, the result only involves (off — shell|on — shell).
= Determinant formulas.

@ The mapping to a single SU(2) spin chain is not natural from a
symmetry point of view.
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SU(2)1,xSU(2) g double spin chain formalism

From a symmetry point of view, it is natural to introduce a double spin
chain [’15 Kazama,Komatsu,T.N].

_( Z X D[ MDr D@ DR
q)aa_<—X Z>G~H<|¢>L®|T>R |¢>L®|¢>R>a~

a

e SO(4)=SU(2)1,xSU(2)g transformation is & — g Pgg.
@ A general SO(4) scalar is labeled by bi-spinor P%¢: P - ® = P%;.

P-oe PN @ Ne+ PN L)r
+ P )@ | Vr+ P2 L@ Dk
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General rotated vacua

To treat generic operators in the SU(2) sector, we first consider rotated
vacua on which non-BPS operators are build.

@ General BPS operators are obtained by SO(4) rotations
Tr[Z] — Tx[(P - ®)]:

Z =27 = (9Pgr)17 = (9£)1"Paalgr)’
P4 — n9j@ 0 = (g),® , A% = (gR>ai
@ Hence, the vacua are assigned two polarization spinors:
Te[(P- @) ] ¢+ [n)r @ [8)r
W)= ®---@n), [()r=Mro o W)g,
[y =n!| P+ 0% D)o, [W)r =/ 1)r+52 Ve
@ For convenience, we normalize polarization spinors as
nn, =%z =1, f, = (0%, 4z = (9"
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General non-BPS operators in SU(2) sector

Non-BPS operators in the SU(2) sector can be obtained by adding
magnons either on the SU(2), or SU(2)p sector:

TypeI: |u;n®, @ [0g, TypeII: |nY); @ |a; 7k .
Such states are obtained by SU(2)7, xSU(2)r transformation. For example,
luin)p = grluit) . In) =gzl 1), &z € SU2)/U(),
where |u; 1) = Hf\il Br(u;)| 19 . It is convenient to parametrize g, as

gL, = eCS_fC_S.F — eZS_ef ln(1+\z|2)536725'+

where z = % tan |C|. This is the so-called coherent state representation
and z is the projective coordinate for the coset SU(2)/U(1)= S2.
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With this parametrization g, = e*°~e~ In(1+[2*)S3 . =25+ e find

|">L:gL|T>L7n:gL((1)>:\/1iW<i> ;

Furthermore, the Bethe states on the rotated vacuum are expressed as
follows

t/2—M
1
!um% = gL|U§Tz>L = <1+|z|2> GZS_‘U;T£>L .

Notice that the Bethe state is a highest weight state of SU(2)y, i.e.
Sy |u; 19, = 0. Similarly, we have

2/2—M
w7 5 = gl 1) R = 1 / 25 =l
N R = gr|w; 1T )R = 71+|2‘2 e w1 )R -
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Wick contraction as singlet projection

The Wick contractions for Z, X and their conjugate are summarized as
— 7 X
CDa&(I)bE = €ab€yj > D5 = < _X 7 >a&

To implement the above contractions in a spin chain language, we
introduce a singlet projector

(1] = eap(al @ (0] ,
=11, 12)=11), (alb) = da -
With the singlet projector, we find
—
Paa®yy, = L(1(la)r @ (b)) - R(L|(|a)r @ [b) R)

For P, - ® = n%il®,; and Py - & = n§ld,;,

Pr-@Py- @ = (1f(Im)r ® [n2)r) - rR(1I(IM1) R ® [n2)R)

= (n1,n2)(fi1, fig) = (eapnind) (e zTM5)
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Composite operators in the SU(2) sector are schematically written as
0; — |0:) 1 ®|0:)R -
The Wick contractions for the composite operators are given by
I . .
0102 = (|01)1,|02)1) - {|O1) R, |O2) R)

14

(1), [W2)) = (Lia|(|W1) @ |Wa)) , (Liz| = [ [ (Mheria
k=1

(Lol (S + 8 41) =0

k (-k+1

The contributions from the left and right sector are completely factorized.
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Cutting and sewing in our formalism

Let us concentrate on the SU(2), part.
@ Cutting:

0i) = Y 10:,) @ 03,)" (i =1,2,3)

@ Sewing:
(101) 1, 102}, 10s)1)
=3 (101)7,102)") (102" 105.)") {105,)7,101,)")

a,b,c

NIV ~ - ~
Chas = Ncl—\/NijWg (101)L,102)L,103) 1) - (|O1) R, |O2) R, |O3) R)
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z dependence from the Ward identities

Three-point functions must satisfy the Ward identity for SU(2):

0= (S*101)r,[02)1,103)1) + {|O1)1, S*|O2) 1, |O3) 1)
+{01)L,[02) 1, S*|O3)1) , S* € 5u(2)L .

Putting |O;) 1, = €%5~|u;; 1) into the above, we obtain the following
differential representation for the Ward identities:

szz ) (101)2,102)1,05)1) = 0.,

d d 2 d
(ST =—, p,.(SH=L;,— 2 L (ST) = Lz — .
pz(S7) dzz,,pl( ) zdz,,pz( )= Liz 2

L;: su(2)r, charge. These equations completely fix the z; dependence:

(101)1,102)1, O} ) = =y 12Tl hoTzfytiaag
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Representation in terms of pDWPF

The cutting for the Bethe state |u; 1) is determined in EGSV:

sty = > Hilon, )| 1) @ Jag; 1)

o Uar=u

N\ 4 .
H H 7 U—v+1
uco veEa, 2 u—-v

From |ui;nfi> oc e |ug; 14), we find

. 1
lusni) = > Hyon, an)e* ag; 1) @ €5 o 177)

o Uar=u

The sewing procedure produces the following building blocks:
(e 1), e [y
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@ Using the defining property of the singlet (11](S(!) 4+ 5®)) =0,
(5 Jmi1"), % fyith) ) = (Jas 1), el 705 ;49

@ With the relation (115|BM (u) = —(112|B® (u), we can gather all
the excitations to the one side:

(-0 () 1), el Ugs )
@ From (115(| 1) ® |W3)) = ({¢ |¥s), one finds
(_1)M1 <\L€ |€(ijzi)S_ ‘w Uy; TZ> — (_1)M1 (Zj o Zi)ffAMifMj Zg(:li U y)
where Zy(u) is the so-called partial Domain Wall Partition Function

(PDWPF):

Zutw) = sy T Bl 1)

(£ M) =1
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Finally, we have

(01)r,102)1,103) L)

1 €1/27M1 1 @2/27]\/[2 1 63/27M3
- <1+\21|2> <1+|22|2> <1+|23\2>

3 tz=lai|=laf?| fag—lof®|~la|_ts1~la” =l ] 1)
“21 32 13 oV a2 0@}
al(k)Uagk):u

D, o @ 0@y

l'r’ lr’ L,r
(1) (2) (3) 3 (k) ( )
- o’ [+|on™ |+ ar k) (k k k+1
= (=)l e T T Hy, (0,7, i) Zg, (@ Ua)™ )
k=1
where z;; := z; — zj, | is the number of elements in .

@ pDWPF has a determinant expression.

@ The summation should be simplified so that it reproduces the correct
kinematical dependence.
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Kinematical dependence and further simplification

In particular, if we consider |O1)r, = |u;ny), |O2)1 = |v;n2),
|O3) 1, = [n3),

A A A _ Ao1—M1—Ms {lo3—Mao+M;y {31 —Mi+M:
(1001, 102)1,[Os) 1) = 2y =M Moz Mat M fy-Mitilag
which yields the following highest order term in z3:
l31—Mi+Ms L3 Lia—Mi—Mo
(=1)" R 2 ay g.

On the other hands, the higher order term in the summation we have
derived is given by

b3 _L19— My — M:
(_1)5312 3 Li2=Mi—Mz
3 ~21 1) (2)
{ag o 0} al(l):ag):@

By comparing the z3 dependence,

G=(—1)MTM2p )

H ) H bl Z U
A 1al,77®} al(l):ag):@ x (® u) (U (D) 512(1’1’ ,U)
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The result is

(|01 L, |02)1,|03) L) = zi3 M Me g Mot fa =M AL

1 Zl/QfMl 1 62/27M2 1 53/27]\/[3
>< R R R
<1+|21!2> <1+\22|2> (1+123|2>

My i 031 M2 i la3
X kl:[l (uk + 2> H (vl — 2) Zp,(wUv)

=1

Comments
o pDWPF has a determinant expression and the semi-classical limit is
obtained [*12,Kostov].
@ We have treated correlators for two type | operators and one type Il
operator: |u;;n;)r @ [ny)r (1 =1,2), [n3)L ® |us; n3)g.
= A special class of 3pt. functions in EGSV is contained in this class.

@ The correlators for three type | operators, namely, |u;;n;)r ® [0i) R
(i = 1,2,3) involves a sum over partitions, even after the
simplification.

v
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Lessons

© The Wick contractions are efficiently performed using the singlet
projector (11a].

@ The defining property of the singlet ensures the Ward identities of the
symmetry.

© In this formalism, it is possible to deal a more general class of 3pt.
functions and the structure constants can be expressed in terms of
pDWPFs, rather than the scalar products.

@ The Ward identities and the kinematical dependence greatly simplify
the result.
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Monodromy relations for
correlators @weak coupling




Monodromy relation for basic 2pt. functions

It is sufficient to consider the 2pt. point functions. We would like to show
the following form of monodormy relation

(Qu —1i/2))ix]O1), (u +1/2))k;|O02)) = f(u)dij (|O1),[O02)) ,

u+iSE S,
O = La(w) -+ Lalw) « Lo = ()

To prove this, we use two important equations:

Crossing : (112 LY (u) = —<1|L§2_)n+1(—u)

Inversion : Ly (—u 4 i/2) Lo (u 4 i/2) = —(u® 4+ 1)1
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Crossing relation

To prove the crossing relation, notice that Lq(zk) (u) =u+ 15'7(1’“) - &, where
J's are Pauli matrices.

(12| LD (u) = (Lo (u + i8S - 7) = (L1a|(u — iS, - F)
<112’Lz n+1( u) = ZLEQ)ZH(U)Uz

With the crossing relation for the Lax operators, we have

(112]20 (1) = (=1)!(112| 0 D (—u) = (1150?27 ()52

Q(u) = Low) -+ La(w) , 0*QT (u)o? = ( _DcSZZ) _f(iw >

In particular, one finds (115|BM (u) = —(115|B@ (u).
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Inversion relation

By the explicit calculation, we can show
L(v)L(u) = (vu — 3/4) + i(v+u—10)S - &
Hence,
(112]QW (u — i/2)0P) (u + i /2)
= (~1)4112 DD (—u 4 i/2)0@ (u + i/2)
= (—1)1y2| - Li(~u+13/2)Ly(u+i/2) - --
= (u® + 1) (112]

@ To invert the Lax operator, the shift for the spectral parameter is
necessary.

@ For the case of SL(2), we obtain the similar result, with shift for the
spectral parameter.

@ These results are obtained by the reduction from monodormy relation

of pﬁu(2, 2|4) sector [’14 Jiang,Kostov,Petrovskii,Serban],[’15
Kazama,Komatsu,T.N].
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1/u expansion and Ward identities

If we consider the limit u — oo and expand the monodormy relation in
power of 1/u, we obtain the Ward identities of the form

(8%101),1029)) + (|01), 5*|02)) =0 .

@ The expansion of the monodormy matrix in power of 1/u generates
the Yangian generators.

= The monodormy relations include a kind of the Ward identities of
them.
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Monodromy relation for harmonic R-matrix

We can also derive the monodromy relation for the R-matrix whose
auxiliary space is the singleton representation [’15 Kazama,Komatsu,T.N].

Ria(u) = (-1 [ o)

(112120 (W)@ (u) = (112] , QD () == R (u) - RO (w) .

It is of particular importance to note the following relation
[’04,Beisert,Staudacher].

cEnd(V®V), Co=J(J+1)

d
Hy; = Tu InRi2(u)|u=0

@ The 1-loop dilatation operator, namely, the spin chain Hamiltonian is
easily obtained.

@ The harmonic R-matrix is used to construct building blocks for the
scattering amplitude as Yangian invariant [’13,Ferro
,Lukowski,Meneghelli,Plefka,Staudacher], [’13,Chicherin,Kirschner], [’ 14,Broedel

Leeuw,Rosso].
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Summary and prospects
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@ We have devolved a new formalism in which the Wick contractions
are expressed as a singlet projection.

@ Due to the defining property of the singlet, the Ward identities
automatically follows.

@ For three-point functions in the SU(2) sector, the structure constants
are given in terms of the pDWPFs.

@ The knowledge of the kinematical dependence greatly helps the
analysis.

@ The monodromy relations at weak coupling are derived using the
crossing and inversion relation, both for the fundamental and the
harmonic R-matrix.

@ The 1/u expansion for them generates non-trivial identities for
correlators, including the usual Ward identities.
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@ A general class of the SL(2) sector using SL(2)7,xSL(2)r spin chain.

[Kazama,Komatsu,T.N, to appear]
@ More on the monodromy relation.
= How they constrain the three-point functions?

@ 1-loop corrections
= Is it possible to determine the 1-loop corrections using the
symmetries?
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