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AdS} / CET duality

 Type IIB superstrings on AdSs x S°
dual to
N =4 SU(N.) super-Yang-Mills theory

[Maldacena (1997)]
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AdS // CET duality

Parameter relations: Al R2

— & — =11
8s N, o Va

‘t Hooft coupling constant 4 = Ncg%(M

Free superstring theory corresponds to planar limit
of SYM gg — 0 = N, — oo with fixed A

Quantitative check is tricky since it is a strong-weak
duality

— SYM perturbation for 1 <« 1
— Semiclassical Stringfor ¢/ «1 = A> 1
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SY/M o pperator s, string configuration

« Composite SYM operator
O(x) = Tr | XYZF X (DY) ...
« String configuration in a target space

worldsheet
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N=4 Supcr Yang=-Mills) thcory

- v

e N=4 SUWN:,) SYM

Tr 1 2 _ .
S = f d*x {—ZFEW + (D@ + 0%, 0| + gDy - lXFa[CD“,)(]}

7)
EYM

 R-symmetry : N=4 SUSY so(6) = su(4)
Scalar fields ; ®“, a=1,...,6
» Gauginos : X- X fundamental in su(4) o

- All in adjoint rep. in su,) R-charge
A, 1
)(é )?g 404
P4 6
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* One-loop B-function

3

dgym _ Sym |1l 1 1 -~ _
= = IMIZ N =N -2 ) C =0
B=u o 16721 3 € Z : Z J

» =0 at all orders of perturbation

— Three loops in superspace formulation
— All loops in light-cone gauge

* No scale dependence
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N=4 supcrconformal algebra,
-3 <

Lorentz generators : L, | h
Translations : P,

=-su(2,2) = so(2,4)
Conformal boosts : K,
Dilatation : D ) ~ psu(2,24)
Supercharges : Quas O
Superconformal bogsts : S¢S,
R_Symmetry : SU(4) 32 super charges - (L Q P

S| R |0
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* psu(2,214) commutation relations

|D.P,| = =Py |D.Ly|=0. |D.K,|=iK,

[Da Qcm] = _EQQ’LI’ [D’ ag'] = _%ag’ [D’Sg'] — %S?ya [D’ gc’m] - %gaa
\Luvs Pa| = —i@uaPy — P, |Luv. Ka| = —imuaky — naKy)

| Py, Ky| = 2i(Lyyy — 1uD)

{ Qaa- 0ah = ¥40Pus Qe vl = {06 af = 0

= [P0 5] = 0. [, Qaal = iy 0o, [T ] = 370
K", Qaal = yu aﬂgﬁ [K“@?y] - ,}/édeaﬁsg

{Quas 0o = igOhPus {58 San) = Vig03Kus 15558} = {SaaSan) = 0
Ky, 83| = |KuSea| =0

|
{Qaa, Sb} —lEaIBO'IJbR[J + )/uvé Lﬂy : 60,3621)
{

’::U
-

B
—a —= 1
Qa/a Sﬁb} ,80— bRIJ + ')/uv5 L,uy - EECl’ﬂ6aD
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« Conformal symmetry - No mass spectrum
. Conformal dimension spectrum for a local operator [D, O(0)] = —i A O(0)

- Lowered by K: 0'(0) = |k, 0(0)| - [D,0'(0)| = =i (A - 1) 0'(0)

_ [D.Ky| = +i K,
« Primary operator : [Ku,O(O)] =0
- Descendent operators : (ex) |PwO| = -i6,0  [D.P]=-iP,
|D.6,0| =-i(A+1)8,0

« Superconformal raising and lowering ops.

: o' = _Lot a1_ Lga P A
[D. Qual = ~5Qua»  |D. Q) =504 [D.S4]1=55G. |D.Saa| =55 %,.50 5%,
« Superconformal primary : ] l

a A < A _ —
[54.000)] = [S4a:00)| = 0 w5
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Cartan subalgebra [D.R] = [LW,R] _ [D, L,uv] -0

Irreducible rep. are given by eigenvalues of these operators
D Ly R

—_— T
( A ,S1,821J1,J2,J3)

Scalarfields 7 _ ¢ L0, ¥Y=03+i0s X = Ds+idyg
Z=®; —iD,;, Y=03-iDy, X=bs—idg
(1,0,0]+1,0,0), (1,0,0/0,%1,0), (1,0,00,0, +1)
Gauginos and gauge fields 4 F. D
PR ) B Lk

General gauge invariant composite operators
O(x) = Tr [01(x)O3(x) ... Op(x)]

12 -BPS operator Tr[ZL] —  (L,0,0|L,0,0)
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. J |
Chiral primary/ ory BPS operator

* Impose further condition |[Qu..0©)|=0,  for some a,a

— Jacobi identity [ { Oue. S g} ’ 5(0)] _ l—igaﬂ ( 7\ Ryy — £apdiD + aﬂa;cSZLW, 5(0)] =0

a

— For the Lorentz scalar operator ., 0(0)] = 0 iﬂ,sg,fm,
b ~ — 1 0 0 O I_
(") |R12,00)| = A 6}, 0(0) 2_|01 0 0 PO T 5
00 -1 0 —
00 0 -1

— Satisfied if R-charge = conformal dimension A = J;
Tr|zb| - (L.0,0IL.0.0)

— This commutes with half SUSY charges (a=1,2) “half-BPS”
— conformal dimension is protected and gets no quantum corrections
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Anomalous/ Dimension

« Conformal dimensions of composite operators :

Omn
(On(x)0m(0)) = |x|2An

« Anomalous dimension is definedby A = Ag+y

« Operator mixing by RG dilatation
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Under dilatation x — x/A

One-loop corrections

O(x) = A2O(x/A)

e

However, operators are mixed by RG

Dilatation matrix

Ou = ZZ(A)Ob

4z
“dlnA

.z
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Mapping/to integrable spin chain

Finding the eigenvalues of the dilatation matrix is a difficult
problem but fortunately ...

Mapping the matrix to a Hamiltonian of integrable spin chain
has been discovered [(ex) so(6), su(2) spin chains]

(ex) su(2) sector {Tr|zt|, Tr[zE x|, Te[zE " 'xz"x],..., Tr [x*])

One-loop dilatation > Heisenberg spin chain model

- Map: 1) =12), )=[X)

—  Vacuum state: Ferromagnetic vac. € BPS [} ... }) = Tr {ZL}
— Excited states:

N )+ . =Tr[ZXZXZZ+ .. .]+...

L
. . % -2 —
— Dilatation I'=— E ,[1 — 07 0p41]
s
[=1
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Scalar fields {z v, X, Z, Y, X|
Composite operators
(Tr|XYZXYZXZ--|....} = Tr|@; -+ Dy, | = Ojyiy (1)

Two-point function <5j1---jL(x) o (y)>
iqei

Tree level 2 Nil
jL CEPS) EETTEETPP PP iL i
J2 %) [
o — +
AN [ i it siL i i
(8 2) | oL [51'1 ...5iL + 51‘2 "'51'1 + .. ] cyclic permutations
T X — y
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* One-loop level : nearest neighbor only

(a) (b) (c) LT S e ——— j i

>< E P .

* Wave-function renormalization /.
Z@W = 1-——InA- (25””5” _ §llgi 5, 5JU!+1)
1672 i1 i i Ol
Z® = 1-—Z_1nA-slsH
167[ bol+1
79 = 1+i1nA 5l157m1
87'[ U U+l
— JiJ JI+1 <J1 JI SJI+1
Z=1+-"5nA (Gigipa07101 = 2801601+ 250tsl1e1)

* Dilatation matrix

L
A
I'= —2 Z (1 P+ —Kl l+1) Minahan, Zarembo (2003)
I=1
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Bethejansatziequation for’su(2) sector
* Eigenvectors |
p1,p2, ) = 3 A(pl,p2,°")ei(n1p1+n2p2+"')|'-'ﬂlilﬂ°"ﬂl}2ﬂ'°°>+'°'
’I’L,’I’L2,"'=1 L L
' AURLM .. )+ . =Tr[ZXZXZZ + .. ]+...
M Dj Pk g
. ipiL _ cots —cotZ 4+ 2¢ _
BAE ‘ kl;llcot%—cot%—%’ § = Hozecadd
k#j
uj +1i/2 L . ﬁuj—uk+i u+i/2 _
uj; —1i/2 a Ui —ug—i uw—%/2
k#j

 Anomalous dimensions are given by the eigenvalues
Z sin? pj = A % 1

Pl
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g2 Hofman, Maldacena (2006)

 Classical string configuration in R x

=

-~

0,/ i
! S
lEreY

sin & p o —cos5r
cosf = ,  tany = tan=tanh¢, = _
cosh & 2 sin &

— Energy of the string FE = g sing

— Pohlmeyer reduction: GM is mapped to the SG “Soliton”

— Dual to magnons in the SYM spin chain - -- M M) - - -
A

A=1-i-—25|n2£ <———— \/1-|—isin28 —_—> Ezﬁsing
27 2 A< 1 72 2 A>1 0 2
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J : =
S-matrix; program

13. 5. 27.

Symmetries

Wrappin .
PPIS S-matrix ——  All-loop BAE
Problem

Quantization
of String

theory

Eotvos Spring School 2013
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e spin:chain S-matrix

13. 5. 27.
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Excitations)

« Vacuum

Ir|Z27---Z727]

 Excitations

 Examples
— su(2): x =1{X}
— su(3): x=1{X, Y}
~ so(6): X =1{X Y. X, Y}

 spin-chain in the weak coupling limit

13. 5. 27. Eotvos Spring School 2013
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su(2)spin:chain

XXX Hamiltonian .

H Z [1 _Pl,l+1]

I=1

2-magnon states

1Y(p1,p2)) = Axx(12)[X(p1)X(p2)) + Axx(21)[X(p2) X (p1)),

1 nl 7‘L2 L
. | | | |
X(p) X)) = 3 elpimtrim) (7 ... X ... X - 7]
ni<no
— i _ (4 a2 Pl . 2 P2
satlsfy Hly) = E(p1, p)lY) = (4 Sin® == + 4 sin 7) )

, u> — uq + 1
Axx(21) = S(p2,p1)Axx(12) with |S(p2,p1) = ui—ui—i

T

One-loop X-X scattering amplitude

— if
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su(3) spin:chain

e Hamiltonian

L
Z [1 - P1,1+1]
e 2-magnon states =1
1Y) = Axy(12)| X (p1)Y (p2)) + Axy (21)| X (p2)Y (p1)) + Ay x (12)[Y (p1) X (p2))
+Ay x(2D)[Y (p2) X (p1))

H

1 n1 n2 i
L [ A A
61 (P)g2(p)) = Y PPN Tr[Z gy g - 7]
ni<no
— Satisfy Hly) = E(p1, p)lY) = (4 sin® % + 4 sin? %) /)~ One-loop X-Y scattering amplitude
— if
Axy(21) \ _|[ R(p2,p1) T(p2.p1) \|[ Axy(12)
Ay x(21) T(p2,p1) R(p2,p1) Ay x(12)
T(pa,p1) = —=——  R(py,p))= —————
Uy —uy — i Uy —uy — i
. S u+i :
* S-matrix T o 7 S Rl
5= R T > i u
S u+i
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s0(6) spin-chain

« Hamiltonian L I 6
H:Z(l_Pl,l+l+§K1,l+l) K®;®@D; = Z(Dk@q)k
=1 k=1
« Same as su(3) except the cases like X@E)X@D)
)y = > [A¢5(12)|¢(p1)5(p2)> + A ;5(21)|6(p2)6(p1)) + Az, (12)|6(p1)(p2)) +Ag¢(21)|5(p1)¢(p1)>]
¢=X,Y
+A7|7(p1 +p2)> 1 nq 2 L 1 n L
b - i(pin1-+pjn2) Tr[ 5 ’ b s = _ DT N
o(pi)p(pj)) = > e'Pi P2 TrZ oo oo @ 7] Z(p)) =) P Tr[Z---Z--- Z]
ni1<np n
— satisfy  HW) = Epr.po) = (45in? 2L+ 45in” 22 )
— if Ay 5(21) R(p2,p1) T(p2.p1) Sp2,pr1) S(p2,p1) Ay 5(12)
Agx(21) | _|[ 7(p2,p1) R(p2.p1) S(p2,p1) S(p2,p1) Agy(12)
Ayv(21) S(p2,p1) S(p2,p1) R(p2,p1) 7(p2,p1) Ay v(12)
Apy(21) S(p2,p1) S(p2,p1) 7T(p2,p1) R(p2,p1) Apy(12)
B (ur — u1)2 B -1 T 3 i(ur — uy)
T2, p1) = (r —uy — i)y —uy +1i)’ Rip2-p1) = (up —uy —i)(up - lIl +1i)’ Stp2.p1) = (up —uy —i)(up — uy +1i)

One-loop so(6) scattering amplitude
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e s0(6) S-matrix can be factorized into a tensor product !

e Define X=12, X=2i, Y=22, Y=11i
XX _ q12(12) _ 1122 YX 22)(12) _ 21g22 XY (12)(22) _ 12
§\XX = Sanay ESA'S% SKY =22 = ¢.\S'2S”’,, S,L =Sunay = E S‘2S”,j
Sxx _ gudeh £ S, S‘QS~ ‘;'Sx_gzs(zlxm SZISP * Syy @) & 5‘1521‘,\
%) ~Xe 2 :' 21’ 9) |
e (12 )@) ,\ h h );g( (12)(21) ; ,:‘ %‘_ Xf (12 )(2:1:} h‘_‘“
u+z 1 1 1
u—z (u—z)(u-l—z) (u+t’) (w e b)z (u—z)(u+z) ;%_H/(u—z)(uﬁ-%f 4 (u«{—z)
(uw—13)(u~+ i) (u—z)(u+z:(u—z)(u-|—z) (u—z)(&uﬁ))(u#’) (u—z‘)(u+i)
S = 5-S®S = (u?+1)"1
so(6) O ® o, u
u -+ 1
U 1
S = S = .
T U
u -+ 1
SO6) > SO04)=SU2)xSU2)
13.5.27 Eotvos Spring School 2013 28



{ m |

Worldsheet:S-matrix;

« So far we considered S-matrix from gauge theory spin chains

« String perturbative computation (large A) of S-matrix is also
possible
— Fluctuation around BMN in light-cone gauge
— Effective Lagrangian contains
* Quadratic terms in terms of oscillator algebra [BMN limit]
* (Quartic interaction terms

1
Lin ~ [y + ') = (0% + ¥') + 2x°x'% - 2y%y"? |

« Can compute scattering amplitudes on the worldsheet
Klose,McLoughlin,Roiban,Zarembo (2007)

13.5.27 Eotvos Spring School 2013 29




