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Recall:

@ 1-loop dilatation operator for single-trace operators of
scalars in SU(2) subsector of /N=4 SYM is integrable

® can generalize to all single-trace operators in /N=4 SYM

—

@ 1-loop anomalous dimensions are given by a set of
Bethe equations

Higher loops?
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Plan:

@ dilatation operator at higher loops
@ all-loop asymptotic S-matrix

@ all-loop asymptotic Bethe equations
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dilatation operator
at higher loops




ngher IOO PS' [Beisert, Kristjansen & Staudacher 03, ..]

I'= N ATES n: loop order
n=1
n intferaction range
1 2
2 3
n n+1

Interaction range grows with loop order!

Integrability is preserved! Qr=5 XG0, —T
=

T
explicitly known only for low n ~ 3

To get all-loop results, need new approach...
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all-loop asymptotic
S-matrix




vy
1 loop SU(2): H=Y (I-Py) PBCs
=

H|Zp> — E"(p> [Bethe 31]

vacuum 0) =1|Z---Z) B —

1 particle (“impurity” or "magnon”):

L 1 % L
ZB’LW‘% i é> E:4sin2%9 = €(p)

T—=1

PBCs == & momentum is quantized
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2 particles:

V)= Y dlena)|Z- - X X e 2)

r1<xo

w(.ivl,an) — ei(p1:c1—|—pza:2) < S(pg,p1>ei(p2x1+plx2)

rK1 < I

Ug — Uy + 2

S(pQ 7p1) = -~z o S—mcd'mx

P1 D2

P2 D1
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M particles:

1 constructed using just products of 2-particle S-matrices!

(integrability)

PBCs 1o et = Hspk p. Yl k=1.4.glr “Bethe-Yang
equations”

T

M
cyclicity = "R=@"pi =i
k=1

Determine allowed ps
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Example: L=4, M=2 tr XZXZ, tr XXZZ

"SU(2) Konishi” - in same N=4 multiplet

" same anomalous dims

5P

"

Priera - Dosgivs o é o e
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Remark:

Ug—u1—|—i

S(p2,p1) = :
Uy — Uz 1
has pole at
( (
ul—u—§, ug—u+§

/
ut g / 2-particle bound state

Similarly, Q-particle bound states (Q=1,2,3, ...)

S-matrices §(R1:Q2)
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ol g her loo PSZ [Staudacher 04]

long-range interaction —>  S-matrix is "asymptotic”

(particles widely separated)

S-matrix gets higher-loop corrections
¢

Brute force possible only for low n,
since T  known only for low n

How to get all-loop result?

Sunday, May 26, 2013



Audacious idea: "gquess” the exact S-matrix! [Beisert 05]

~ Sine-Gordon  [zamolodchikov 77]
Guiding principle: symmeiry
Global symmetry algebra is psu(2,2|4)
Partially broken by the vacuum [0) = |Z") :
su(2) = u(1)
so(6) — so(4) = su(2) x su(2)
psu(2,2]4) — psu(2|2) X psu(2]|2) x R

I

common centfral charge

HED—J56

J56/0) = L|0) = H|0)=0 /



Elementary excitations:

L 1
> ¢ 2

el

ac

! Vi
ey xe{X, Y, X, Y, ...}

Classified by unbroken symmetry

Fundamental reps |su(2]2)|x su(2|2)
/ /

Zamolodchikov-Faddeev operators:

Al () =|AL(p)|® A (p) e a e i )

Lets focus on just 1 copy



o /e sie/]

Al(p1) Al(p2) =|S;] (p1,p2)

Assumptions:

A;r'/ (p2) AI/ (pl)

o Al(p)|0) form a rep of su(22)

S-matrix
16 x 16

centrally
extended

Sunday, May 26, 2013



su(2[2)
Generators: bosonic L’ R? a,b=12 o B=231
sUsY Q2 Qi

central charges H, C, C!

Algebra:
{Qaa ,Qﬁb} = ea[geab(C, {QLO‘ : Zﬁ} — ¢%P¢,, CT

1
{Qs, Q)P } = 53R+ 50L," + S 5705H
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Action of symmetry generators on ZF operators:

bosonic:
1
L2, Al(p)] = (6262 — =626 A% (p), [L°,Al(p)] =0
el ) Gi=h d a P
1
RS, AL ()] = (8505 — 5020 45(p), [R,Al(p)] =0

SUSY:
Q4D [a(p)(%” Al (p) + Al (p) @O?}
Qe Al(p) = 7%/ |b(p)eage™ A (p) - Al(p) Q]
QL A =<2 [C(p)eabeo‘ﬁ Al (p) + Al (p) QZO‘}

QI Al (p) = €72 |d(p)5g A} (p) — A} (p) Q1
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central:
CAl(p) =2l [a(p)b(p)Al-L () + Al (p) C}
Ct Al(p) = € |e(p)d(p)Al (p) + Al (p) C'|
H A (p) = [a(p)d(p) + b(p)e(p)] Al (p) + Al () H
Determination of a, b, c, d:
3 A}f(p)\O} form a rep of algebra = ad —bc=1
@ rep unitary = d=a" ,c=10"

@ C on 2-particle states =  ab = ig(e”? — 1)

g constant
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Consistent with

R A n T @
a = /g1, b:\@ﬁ(_—_l)’ G- gx_Jra dz\/ﬁ.—<1—x—+>

& U
where
| | T p
. = p 4 ANt Yy N S e g
T T = = et (T
S st e 9 Vil )

For 1-parfticle states:

1 1
H=ig(2™—— -2+ —) =/1+16g2sin?
£ T 2

A

Compare with 1 loop to determine g:
A — J SUIRGEREEE

:1|27T281n§_|_... < 47_‘_
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Consistent with

R A n T @
a = /g1, b:\@ﬁ(_—_l)’ G- gx_Jra dz\/ﬁ.—<1—x—+>

& U
where
| | T p
. = p 4 ANt Yy N S e g
T T = = et (T
S st e 9 Vil )

For 1-parfticle states:

1 1
H=ig (2™ — — -2+ —) =[;/1+1642sin? =
£ T 2

Compare with 1 loop to determine g:

exact!
A—J:(AQ+’7)—J
| A . o P QZQ
:1|27T281Il §—|— A
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® su(2|2) generators J commute with 2-particle scattering

i.e, consider T Al (p1) Al(p2)|0)
Can first exchange A''s, then move J to right J|0) =0

Or first move J to right, then exchange A''s

Consistency = linear equations for S-matrix elements
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bosonic generators —

S AR e

1 1
53525(14—3)» 53325(A+B)7
g 1 g
Sap=5(D~E), Si5=3(D+E),

1 1
B i QY a a
i ——§eabe BC’, Sa%:—§€ bea[gF,
sex =@, soe TP gia _KREEEE. |
a,be{l,2}, a#b a,3€{3,4}, a#0
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SUSY generators —

A= SOQE I il

Loy M
B__g |[Ta—zl (@ —eN)(@ —25)(z; +27)| mn
e + e SR S R
Ty —T1 (L3 = iy (L1 Ts — R 12
2ixy x5 (xt — T
C:S() - +1 _2( 1+ )771772 | D:—S(),
Ebraln — x5 )(1= 1] 28
Vol ) o N )
E=5|1—-2 —~ ;- o :
(77 5’32)(5131372 r] T3 )

F:SO i ey ’
(7 — 23)(1 — @7 23 )72
Gl +
Ty — X 2
o= s — ) e S
(3 — 1) M (x7 —x3) 72
N iy
B e - o H\ 50 a2 S
(5131 Lo ) Uil (5131 Lo ) T2
mo=n(p1)e?*?, m=nlp), fi=nP1), 7 =mnp)e®/?
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® Satisfies YBE

@ Does not have “difference” property; can be
mapped to R-matrix for Hubbard model

[Shastry 86]

[Beisert 07]

@ Has Yangian symmetry

@ su(2|2) symmetry determines S-matrix
only up to overall scalar factor So
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Full S-matrix: 2 copies

S(p1,p2) = S(P1,02) @ S(p1,p2)

Scalar factor determined from crossing symmetry

[Janik 06, BES 06, BHL 06, DHM 07, Volin 09]

Q-particle bound states: [Dorey 06]

4Q-dimensional reps of su(2|2)

——

Q boxes

Can determine §(Q1:Q2) using also Yangian symmetry

[Beisert 07, Arutyunov, de Leeuw & Torrielli 09]
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all-loop asymptotic
Bethe equations




M particles in ring of length L e f@
g Dy

Dk

§  [Beisert 05, 06; Martins & Melo 07]

PBCs —> all-loop asymptotic Bethe eqs  (seisert & staudacher o5,
Example: SU(2) Konishi tr XZXZ, tr XXZZ

L=4, M=2 up to L-1=3 loops L > # loops  ‘“long”

27 9v/3 TN
p1 = —p2 = — — V3¢° 1 § Hi—
3 2 A
TH0T o 6 .
= =12 —4RF - IO - o with
2 /| berturbative
1 loop 2 loops 3 loops gauge theory!

Works for any long operator!



Epilogue

Sunday, May 26, 2013



@ We dont know the all-loop dilatation operator
for single-trace operators in /N=4 SYM

@ Nevertheless, we know that the (all-loop) anomalous
dimensions of "long” operators are given by a set of BEs!

@ Key: all-loop S-matrix
@ Based on su(2|2) symmetry

@ Anomalous dimensions of “short” operators:
lectures of Arutyunov & Volin
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