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1B strings on AdSs x S°

Integrability

N = 4 SYM

SFT vertex

Form factors

3pt functions

Same light-cone gauge fixing: integrable 2D QFT with particle like excitation. Amplitude =

string vertex <— 3pt functions and 1 /N corrections in dual gauge theory.

1501.04533,1512.01471: work done in collaboration with Romuald Janik
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Motivation from physics

Large hadron collider

Many “elementary particles” — classification

Fundamental representation — quarks — Standard Model: Calculate scatterings
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Space-time symmetries

Translations: space and time: R4 mostly d = 1
LHC
conserved charges: I energy and P momentum

generate time/space shifts
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Space-time symmetries \ f

Translations: space and time: R1:4 mostly d = 1

LHC o= O

Decompactify:
1 particle state
p = msinh @
Lorentz emerges . . FE = mcosh 6
SO(1,d) v =tanhé
Full symmetry: SO(1,d) x R1:4 trajectory: x(t) = v (t — tg)

dispersion relation E2 — P2 = m?
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Symmetries = space-time and inner

\//

Space-time symmetries /Q\
. c t1m
Translations: space and time: R1.d mostly d = 1 ) proton

: : LHC U

Decompactify: 1 particle state
p =msSinho
i i E = mcosh6

Lorentz emerges L L v = tanhé

SO(1,d)

Full symmetry: SO(1,d) x R1:4 trajectory: x(t) = v (t — tg)

dispersion relation £2 — P2 = m?2

Inner symmetries | typically Lie group . / : \

Nontrivial combination with boosts

[Ba QS] — SQS

s = % SUSY, s =1, energy and momentum, s > 1 momentum dependent time-shift:

d = 1 factorization and YBE, d > 1 trivial scattering [Coleman-Mandula]
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Perturbative S-matrix

The simplest interacting QF T: £ = %(&59&)2—%(&;@)2—‘/(@) Vip) = 72—22 (coshbp — 1)

o o o o
A\ A\

S-matrix connects initial and final states — ' _—

asymptotic states are multiparticle states

— LSZ reduction formula

o o
A= A= A A=

(P, P5|0|p1,p2) = Dy DLD1D2(0|T(Op(1)9(2)¢(3)¢(4))]0)

where D; =i [ dzxjeipjx_iwjt {8752 — 92 + mQ} amputes a leg and puts it onshell

Consequence: perturbative definition, convergent expansion, calculational tool :

4 . 16 2
S(O) =1 — %ibQCSChQ b (csch@ég;sch@—z)) 4 ib cschg(57r6c;gh9—z) +0 (b8)

Lorentz transformation & — 6 4 /\: invariant combination: 6 = 61 — 0>

control over analytical properties: unitarity, crossing S(0) = S(—0)~1 = S(ix — 6)
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S-matrix bootstrap

S-matrix bootstrap |: find the two particle S-matrix which satisfies [Zamolodchikov? '79]

1. Yang-Baxter equation:

S;j(0; —0;) 1V, @V, - V; 9V, 512513523 = 523513512

2. Unitarity and crossing symmetry X % X
0
0 .0, 0 - 1 o
S10(01 — 62) =S12(8) = So7(im —8) = So1(—03~ 1

3. Maximal analyticity: S15(0) is meromorphic for Sm(6) € [0, ], with possible poles at
fe(#) = 0. For each pole 3 a Coleman-Thun diagram, in which particles propage on-shell
interacting at 3pt or 4pt vertices, preserving all conserved charges.

! ! : N S
4. Inner symmetry: }X( >X<

for any conserved charge, ()
S120812(Q) = A21(Q)S12  qtriang. (w) Hopf algebra
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soliton doublet (s, 5)



S-matrix solutions

S(0) = S(—0)~1 = S@ir —06)

No inner symmetry, scalar particle

no pole S(0) = SIhho0—isina oy Gordon: a = 8;3_21)2 Vip) = 7;;—22 (coshbp — 1)

sinh 64+isina
sinh 6+isin % _ >—@<
tisin g scaling Lee-Yang model

one pole 5(6) = sinh §—isin 3

Inner symmetry= Uy, (sl>) — 1l 0 0 0
0 —Sin Am Sin i\@ 0

. | rO)=| o TEED TGP
2d evaluation representation: 0 S AEE) S (rriD) 0
0] 0] 0 —1

soliton doublet (s, 5)
Nondiagonal scattering: | S(6) = Sp(6)R(6) R-matrix of Uq:ezm(SZz) XXZ




S-matrix solutions

No inner symmetry, scalar particle | S(0) = S(—6)~1 = S(ix — )

. e ] 2 2
no pole S(0) = gmﬁ g_&zmz sinh-Gordon: a = 8;—_1)'_()2 V(p) = 7;)7’—2 (cosh by — 1)

inh 6+isin 2 . >—@<
one pole S(6) = SMieR e e scaling Lee-Yang model

sinh@—zsin 3

Inner symmetry= U;(slo) 1 0 0 0
0 —Sin Am sini\@ 0
_ _ R(@) — sin \(mr+1i6)  sin /\(7T—|—20)
2d evaluation representation: 0 Sinﬂ?ﬁ_@w) S”jf('QJrj@) 0
soliton doublet (s, 5) 0 0 0 -1
Nondiagonal scattering: | S(0) = Sp(6)R(0) R-matrix of U= z7r)\(3l2) XXZ
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Crossing symmetry: Sg(im — 6) = Sp(0)



S-matrix solutions

No inner symmetry, scalar particle | S(0) = S(—6)~1 = S(ix — )

. e ] 2 2
no pole S(0) = gmﬁ g_&z'i?]z sinh-Gordon: a = 8;—_1)'_()2 V(p) = 7;)7’—2 (cosh by — 1)

inh 6+isin 2 . >—@<
one pole S(6) = Sinh O72Sin 5 scaling Lee-Yang model

sinh H—zsmg

Inner symmetry= U;(slo) 1 0 0 0
0 —Sin Am sini\@ 0
_ _ R(@) — sin \(mr+1i6)  sin /\(7T—|—20)
2d evaluation representation: 0 Sinﬂ?ﬁ_@w) S”jf('QJrjg) 0
soliton doublet (s, 5) 0 0 0 —1
Nondiagonal scattering: | S(0) = Sp(6)R(0) R-matrix of U= z7r)\(3l2) XXZ
Unitarity: Sg(0)So(—0) =1 oo C2UI—AAD)(2A+1422)
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No poles for a = A~1 > 1 for a < 1 for all poles 3 a CT diagram [Zamolodchikov?]



S-matrix solutions

No inner symmetry, scalar particle | S(0) = S(—6)"1 = S(im — )

no pole S(0) = gmg g:gii?]g sinh-Gordon: a = 877TT—b|—2b2 V(p) = 72—22 (coshbp — 1)

inh @+isin & . >@—©<
one pole S(6) = S WIER0ET scaling Lee-Yang model
O o

sinh @—z sin %

=i v
— —sinAn in iAg
Inner symmetry Uq(8l2) R(6) = 0 Smf('gﬂ.@) sinSA”Eerw)
] ] - 0 _ sini\@ _—sin AT 0
2d evaluation representation: sinA(r+i6)  sin A(m+if)
: — 0 0 0 —1
soliton doublet (s, 5)
Nondiagonal scattering: | S(0) = Sg(6)R(0) R-matrix of queiﬂ-)\(gl2) XXZ
o R o £e' F2I-1)A+22)M(20A+1+27)
Unltarlty: SO(Q)SO(—Q) =1 SO(Q) - Hl:l I’((2l—1)>\+%9)I’((2l—1)>\+1—|—%)/(9 — _9)
: : . — —Sin Aw
Crossing symmetry: So(im — 6) = So(0) o7 NE=wTy

No poles for a = A1 > 1 for a < 1 for all poles 3 a CT diagram [Zamolodchikov?]

AdSs/CF'Ty duality: Inner symmetry: su(2|2)®2, particles: short representations
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Finite volume spectrum [Bethe-Yang]
upto O(e=™L) polynomial in =1 :
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Inner symmetry= Uy, (sl>)

diagonalize: BY?(QJHQZ}) = Sjl(ej — 91) .« Sjn(ej — Qn) for all j



Finite size spectrum

No inner symmetry, scalar particle 0,

Finite volume spectrum [Bethe-Yang]

o gl B
upto O(e~"), polynomial in L1 - e = —ePi"5(0;—61)...5(0; —6n) =1

En(L) =Y, mcosh 6,

Inner symmetry= U;(slo) 61} o,

diagonalize: BY}(@”{@Z}) — 531(93 — (91) o Sjn(ej - Qn) for all ]
transfer matrix: 17°(0|{0;}) = [1; So(0 — 6;)trg(Rp1(0 — 01) ... Rp1(0 — 61))

commutes [1°(0), T(0')] = 0 and T'(0;|{6;}) = BY;(0;]{6;}) sine-Gordon <+ XXZ

eigenvalue: \(0|{0;}) Bethe-Yang: —eiij)\(HjHQi}) = -1



Finite size spectrum

91 62 On
No inner symmetry, scalar particle O—6—o9
Finite volume spectrum [Bethe-Yang] e'®i = —e®ilS(0;—01)...5(0;,—0n) = 1
upto O(e~™L), polynomial in L1 En(L) =Y, mcosh o,
. 91 92 Gn
Inner symmetry= U;(slo) & 2 T

diagonalize: BY}(@H{QZ}) — Sjl(ej — 91) “ .. Sjn(ej - (971) for all ]
transfer matrix: T°(0|{0;}) = T1; So(0 — 6;,)tro(Rp1(0 — 01) ... Rp1(0 — 61))

commutes [1°(0),T(0')] = 0 and T'(0;|{6;}) = BY;(0;]{6;}) sine-Gordon <> XXZ

eigenvalue: \(0|{0;}) Bethe-Yang: —eiij)\(GjHQi}) = -1

Inner symmetry= su(2|2) | AdSs/CFT4 <+ Hubbard model

Bethe-Yang equations = Beisert-Staudacher equations
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Correlation functions: [Smirnov, Karowszki] (O|O(it)O(0)|0) = )

Sl f 2L Dn(0]|0(0)]64, . .. , O [Re=(Ei cOSN 6t



Form factor bootstrap

(0.it)
Correlation functions: [Smirnov, Karowszki] (O|O(it)O(0)|0) = 2, .
o\ 6, /6,
do 6y, (S |
S S G- S BENOIO(0)[61, ..., B} |Pemm(2s oSN B0t 00

Form factor bootstrap:

O - 8 B - 6, N O - 8 By - 0,

(0|0|61,...,60n) = (0|O|62, ..., 0, 01—2in) = S(0;—0;11)(0[O]...,0;+1,6;,...)



Form factor bootstrap

(0.it)
Correlation functions: [Smirnov, Karowszki] (0O|O(it)O(0)|0) = 2, x
o\ 0, /0,
do ) (S |
Yoo | G- [ BRI0IO0)]61, - ., 6|26~ (i cosh 00t 00

Form factor bootstrap: -
Rzln
8 - 8 Bip O g 8y - 6y

(0|0|61,...,60n) = (0|O|6a, ..., 0, 01—2in) = S(6;—0;11)(0[O]...,0;+1,6;,...)

Singularity stucture ﬁ\ K o %
—i Res — ﬂ
8'+in 0 8 8, 8 +m ) 9, 0, 8'+in 9 ) 0,

—iResg—g (0|00 + im, 0,01 ...,00) = (1 —TI; S(6 — 6,))(0|O|61, . ..,6n)

O 6y



(0,it)
Form factor bootstrap

> (.
Correlation functions: [Smirov, Karowszki] (O|O(it)O(0)|0) = O\ P2 /O
>on nufdel- [ %21(010(0)01, . . . , On)|2e ™ (2i COSN 011 0.0)
Form factor bootstrap: m ﬁ\

(01000816} = (0116, .. O O —im) = (G014 (01O .1y 1,0

Singularity stucture _, ﬁ\ ﬂ f\ %

—iResgr—p(0]|O|0" + im, 0,61 ...,60,) = (1 —I; S(0 — 6,))(0|0|64,...,6

Solution for sinh-Gordon: (00|04, 65) = e(D+D7H)"log § . Df(0) = f(6 4 in)
O|O|917 o) > Q‘

\/det[ é

Finite volume form factors: polynomial in L=1: (0|0|61, ...
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Decompactify string 2 & 3:
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Decompactify
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Decompactification limit of the string vertex

Decompactify
string 2 & 3:

Form factor equations:

N

6 6, 6 - 8 Biy1 Oy

Np(01,...,0n) = e PN (05,...,0n,01—2i7) = S(0;—0;41)NL(. .., 041,05, ...)



Decompactification limit of the string vertex
Decompactify §<>@U©® @ @
string 2 & 3:

&J/@ T /7 rexid | 7 s

N A

NL(Hla"' n —e—Zpl NL(027" 97%91 227—‘- _S(e Hz—l—l)NLl( 7,—|—17

AN //R

Form factor equations:

Singularity stucture

0 +im ) 0,

—iResgr—gN,(0 +im, 0,07 .. Gn)—(l ePL 1. S(0—0,))Nr(64,...,6



