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Motivation: insight from integrable models

The simplest interacting QFT in 1+1 D: £ = %(815@)2 — %(8;,;90)2 — ?—22 (coshbp — 1)
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interesting observables: finite size spectrum,
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Too difficult, instead \
Infinite volume — LSZ reduction formula
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Motivation: insight from integrable models

The simplest interacting QFT in 1+1 D: £ = %(81590)2 — %(83;@)2 — 7;;’—22 (coshbe—1)——

interesting observables: finite size spectrum,
o—o—06

finite size correlators 7 (0|O(it)O(0)[0) 1, = ¥, | .(0|O(0)|n)  |2e—Ent

Too difficult, instead \
Infinite volume — LSZ reduction formula

S [
(p1:P5|OIp1,p2) = DI DED1D(0|T(Op(1)p(2)p(3)¢(4))]0)
where D; =i [ dzajjeipjm_iwjt {(9752 — 02 + mz} amputates a leg and puts it onshell

Consequence: perturbative definition, calculational tool:

4 . 16 2
S(0) =1 — %ibzcschﬁ b (csch@ég;sch@—z)) 4 ib cschg(s%c;ghe—z) +0 <b8>

Mandelstam variable s = 4m? cosh? % where 0 = 61 — 0> rapidity: p; = msinh 6;

control over analytical properties: unitarity, crossing S(0) = S(—0)~1 = S(ix — 6)
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Motivation: S-matrix bootstrap

S-matrix bootstrap: fundamental object is the two particle S-matrix [Zamolodchikov? '79,Dorey]
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Motivation: S-matrix bootstrap

S-matrix bootstrap: fundamental object is the two particle S-matrix [Zamolodchikov? '79,Dorey]

SV
el | /N

Infinite volume — crossing symmetry, 0 — i—0 in rapidity (E(0),p(6)) = m(cosh 6,sinh )

Simple solution:

- 0 sinh-Gordon a = b 5
S(Q) — s.inh Q—Z'.CL 87T+b
sinh 0+:a
0, 0,

2 0 1—17[

S(01 —05) = S(0) = SGir—0) =S5(—0)"1:
Finite volume spectrum [Bethe-Yang] upto O(e~™L) i.e. polynomial in L1 :

e!®P1 = 1L g(91 —05)...5(61 —6,) =1 En(L) = Y, mcosh 6;
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Form factor bootstrap
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Correlation functions: [Smirnov, Karowszki] (O|O(it)O(0)|0) = 2, .
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Form factor bootstrap

(0.it)
Correlation functions: [Smirnov, Karowszki] (0O|O(it)O(0)|0) = 2, x
o\ 0, /0,
do ) (S |
Yoo | G- [ BRI0IO0)]61, - ., 6|26~ (i cosh 00t 00

Form factor bootstrap: -
Rzln
8 - 8 Bip O g 8y - 6y

(0|0|61,...,60n) = (0|O|6a, ..., 0, 01—2in) = S(6;—0;11)(0[O]...,0;+1,6;,...)

Singularity stucture ﬁ\ K o %
—i Res — ﬂ
8'+in 0 8 8, 8 +m ) 9, 0, 8'+in 9 ) 0,

—iResg—g (0|00 + im, 0,01 ...,00) = (1 —TI; S(6 — 6,))(0|O|61, . ..,6n)

O 6y
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Form factor bootstrap
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Correlation functions: [Smirov, Karowszki] (O|O(it)O(0)|0) = O\ P2 /O
>on nufdel- [ %21(010(0)01, . . . , On)|2e ™ (2i COSN 011 0.0)
Form factor bootstrap: m ﬁ\

(01000816} = (0116, .. O O —im) = (G014 (01O .1y 1,0

Singularity stucture _, ﬁ\ ﬂ f\ %

—iResgr—p(0]|O|0" + im, 0,61 ...,60,) = (1 —I; S(0 — 6,))(0|0|64,...,6

Solution for sinh-Gordon: (00|04, 65) = e(D+D7H)"log § . Df(0) = f(6 4 in)
O|O|917 o) > Q‘

\/det[ é

Finite volume form factors: polynomial in L=1: (0|0|61, ...
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Motivation: the S-matrix and the FF bootstrap X
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Decompactifying 1 & 3: the bootstrap program

Decompactifying all volumes: Octagon axioms

Cutting one more: hexagon axioms

PP wave limit of AdS/CFT: Solving the FF axioms 5

Summing up the octagon 3{ ‘s* 3{ ‘3,

Conclusion
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Decompactification limit of the string vertex

Decompactify
string 2 & 3:

Form factor equations:

N

6 6, 6 - 8 Biy1 Oy

Np(01,...,0n) = e PN (05,...,0n,01—2i7) = S(0;—0;41)NL(. .., 041,05, ...)



Decompactification limit of the string vertex
Decompactify §<>@U©® @ @
string 2 & 3:
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NL(Hla"' n —e—Zpl NL(027" 97%91 227—‘- _S(e Hz—l—l)NLl( 7,—|—17

AN //R

Form factor equations:

Singularity stucture

0 +im ) 0,

—iResgr—gN,(0 +im, 0,07 .. Gn)—(l ePL 1. S(0—0,))Nr(64,...,6
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The full large volume amplitude O (e~"*L)
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Other decompactification: the bootstrap program

The full large volume amplitude O (e~"*L)
eP1LS(01 —05)...5(01 —6n) = 1 ¥ v
Decompactify L Decompactify L,
) @ ® . @ D
string 2 & 3: string 1 & 3:
NLl(e]_,... ,Qn) 1 NLQ(Q]_)"')Hn) T | |
/] N T e\

Finite (large volume) and infinite volume amplitudes are the same (upto normalization).

Find the relevant solutions by matching the two in the large L1, Lo limit:

NL1(917‘ .. ,Qn) X NLl,L2(917° . 7072)) X NL2(917° . ,Qn)
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Decompactifying all volumes L.{ = oo: octagon

Decompactify all volumes
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Decompactifying all volumes L.{ = oo: octagon

Decompactify all volumes

s s e 2 3 3

2 2
3 3 - 3 3
1 1

O, ...,6n) = 5(6;,0,41)0( .., 0;41,60i,...) = O(0s,...,0n,01 — 4ir)



Decompactifying all volumes L.{ = oo: octagon

Decompactify all volumes

O, ...,0n) = 5(0;,0;41)0( .., 0i41,0i,...) = O(0s,...,0n,0; — 4ir)

Kinematical singularity —iResgr—pO (6’ + im,0,01,...,0,) = O(01,...,0n)



Cutting one more: two hexagons

12



Cutting one more: two hexagons

Decompactify all volumes




Cutting one more: two hexagons

Decompactify all volumes

h((gz, c e ,Qn) — S(92792—|—1)h( . '797j—|—179i7 .. ) — h((92, .. .,@n,el - 3’&71')

Kinematical singularity —iResgr—ph (6’ + im,0,61,...,0,) = h(01,...,6n)



Cutting one more: two hexagons

Decompactify all volumes

h(ez, c e ,Qn) — S(927 91_|_1)h( .« ey 9i—|—17 97;, c e ) — h((92, c e ey Qn, 91 - 3’&71')
Kinematical singularity —iResgr—ph (6’ + im,0,61,...,0,) = h(01,...,6n)

Complete solution: h(61,605) < o(01,02)Sgeisert(01,602)
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Comparision of the different approaches

1 cut:
nonlocal
form factors

2 cuts
octagon

3 cuts
hexagon

sewing back \\——744// SO
O(01,02,03) = h(01,02)h(03)+...4[ §2p(u)h (01,02, u—i5) h(utiF, 03)e Hll4

Perturbative checks: [Eden & Sfondrini] [Basso et. al] HHH: [Jiang, Komatsu, Kostov, Serban]
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Free massive boson: pp-wave limit of strings on AdSs x S°
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Free massive boson: pp-wave limit of strings on AdSs x S°

1 cut:
nonlocal

form factors

2 particles in string 3: N7 (01,05) = N7 (02,07) = e 1L N7 (05,07 — 2in)
kinematical singularity: —iReseN7 (0 4+ i +¢,0) = (1 — ePL)
_ 0155 L —0252 L
Solve the first two by: N;(61,05) = go—n(01)n(62)
cosh -15-2

kin. singularity: n(0)n(60+iw) = sinh #sin p7L zeros at 6 = %Tn and 6 = 27TTn—I—zﬁT



Free massive boson: pp-wave limit of strings on AdSs x S°

1 cut:
nonlocal
form factors

2 particles in string 3: N7 (01,02) = N7 (02,07) = e "P1L N7 (05,07 — 2in)
kinematical singularity: —iReseN7 (0 +im +¢,0) = (1 — ePL)
- 013 L 02551
Solve the first two by: N7 (61,05) = 5 +9 n(61)n(6>)
cosh 21122
kin. singularity: n(0)n(6+imw) = sinh @sin p?L zeros at § = %Tn and 0 = %Tn—i—iw

n(0) = sinh %Sin %’ I_ZL_L(m sinh @) where I";, removes zeros at 6 = %Tn + i
T

ru(z) — —wz(7—|—|09 52) H _ N T, and Wy = \/MZ + 2

Wz

[Spradlin et al '02,Lucietti et al '03]
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Free massive boson: summing up the octagons
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Free massive boson: summing up the octagons

2 cuts

octagon

2 particles: O(601,60>) = O(02,601) = O(0>,01 — 4am
p (01,02) (02,01) (02,01 ) L O(81.6) = 1

kinematical singularity: —iRescO(0 + im +¢€,0) = 1 cosh _91;92



Free massive boson: summing up the octagons

2 cuts

octagon

2 particles: O(61,605) = O(65,01) = O(65,07 — 4in) 1

) ) ) . . . L — 0(91,92) = 0+ -0
kinematical singularity: —iRescO(0 + im +¢€,0) = 1 cosh 71572
Multiparticle solution: O(1,2,3,4) = O(1,2)0(3,4)4+0(1,3)0(2,4)40(1,4)0(2,3)
(Wick theorem)



Free massive boson: summing up the octagons

2 cuts

octagon l ‘

2 particles: O(61,60>) = O(05,01) = O(05,01 — 4im) & 0(81,65) = 19 .
kinematical singularity: —iRescO(0 + im +¢€,0) = 1 cosh -2

Multiparticle solution: O(1,2,3,4) = O(1,2)0(3,4)4+0(1,3)0(2,4)40(1,4)0(2,3)
(Wick theorem)

virtual corrections

N (01,02) = O(01,02) + [ 220(01, 602, u — 3iT,u + 3iT)cemCOSNul

Agrees with the expansion of N (61,65)!



Conclusion

16



Ultimate goal:

5

NN

Conclusion



Conclusion

1 cut:
nonlocal

factors




1 cut:
nonlocal

factors

2 cuts

octagon

Conclusion




Conclusion

1 cut:

nonlocal

factors

2 cuts -
octagon l ‘
3 cuts ’ :
hexagon l ‘




Conclusion

1 cut:
nonlocal
factors

2 cuts
octagon

3 cuts
hexagon

Ceel e o o
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9 v ole .
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sewing back e e

0(01,05,03) = h(01,0>)h(03)+...4+ [ g—zu(u)h(el,92,u—i%)h(u+ig,93)e—E(“)l-|—
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The string vertex for L1 = 0O: diagonal form factor

Decompactify string 2 & 3 but L1 = O:




The string vertex for L1 = 0O: diagonal form factor
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The string vertex for L1 = 0O: diagonal form factor

Decompactify string 2 & 3 and .7 = O:

Local operator form factor equations:
No(01,...,0n) = No(02,...,0n,01 — 2ir) = S(0; — 0,4.1)No(...,0;41,0;,...)

—iResgr—gNo (0 + im,0,01 . ..,0n) = (1 —TI; S(6 — 6;))No (61, . . ., 0n)



The string vertex for L1 = 0O: diagonal form factor

Decompactify string 2 & 3 and .1 = O:

Local operator form factor equations:
No(01,...,0n) = No(02,...,0n,01 — 2ir) = S(0; — 0;,4.1)No(...,0;41,0;,...)

—iReSQ/:QNo(Q/ —I— iﬂ', 9, 91 e oy Qn) — (1 - Hz 5(9 — Qi))No(el, ey Qn)

HeavyHeavyLight 3pt function strong coupling prescription

[Costa et al., Zarembo]: C'rrr, = Jworld sheet V(X [heavy solution(o, T)])dQO‘



The string vertex for L1 = 0O: diagonal form factor

Decompactify string 2 & 3 and L1 = O:

Local operator form factor equations:
No(01,...,0n) = No(02,...,0n,01 — 2ir) = S(0; — 0;,4.1)No(...,0;41,0;,...)

—iResgr—gNo(0' + 17,0,01 ...,6,) = (1 —[[; S(0 — 6;))Ng(61, - ..,60n)

HeavyHeavylLight 3pt function strong coupling prescription
[Costa et al., Zarembo]: C'irrr, = fworld sheet V(X [heavy solution(o, ) d%o

for multiparticle state: Cygr, = /modulispace o V(X [heavy solution(y;)])d™y



The string vertex for L1 = 0O: diagonal form factor

Decompactify string 2 & 3 and L1 = O:

Local operator form factor equations:
No(01,...,0n) = No(02,...,0n,01 — 2ir) = S(0; — 0;,4.1)No(...,0;41,0;,...)
—iResgr—gNo (0" + i7,0,01 ...,60,) = (1 —[[; S(0 — 6;))Ng(61, - ..,6n)

HeavyHeavyLight 3pt function strong coupling prescription
[Costa et al., Zarembo]: C'irrr, = fworld sheet V(X [heavy solution(o, T)])dzg

for multiparticle state: Cyr, = /modulispace {yh V(X [heavy solution(y;)])d"y

__ F5(01,62)+p1(01) F7(02)+p1(02) F7(01)

(classical) diagonal form factors: (02, 601(V|01,602), p2(91 05)

' : oD
et®Pr — 1 . P =prLL—1 Z]j;&k l0g S(@k,ej) : pn(el, o Qn) = det [ ]

diagonal form factor FQS(QL 0>) = lim._,0 Ng(0>,01,01 + €,0> + €)
Explicitly checked at weak coupling [Hollo, Jiang, Petrovskii], AdS Form factors [McLoughlin, Klose]



