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Planar Casimir energy Eq(L) from finite size effects in (integrable) boundary QFT
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integrability helps to solve the problem even exactly — large volume expansion in any D
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sinh 0+isin p

reflection factor R(9) = (3) (1+p> (1-2) 5 — ] [% — %} Ghoshal-Zamolodchikov '94

Lagrangian: £ = 2(9¢)2—pu(coshbgp — 1) — & [u362¢ + pBe _%] \/5hm coshb?(n +£ ©) = pff



Integrable boundary field theory: Bootstrap

Boundary one particle in state: £ — —o0 Boundary one pt out state: £ — oo
V1 N % Vi
= g S
Free in particle < | R-matrix | — Free out particle
0) B = R(0)| - 0)p e
Unitarity Boundary crossing unitarity
R*(0) = R~1(0) = R(-9) R(F +0) = S(20)R(‘F - 6)
sinh-Gordon 5(8) = b0t — [—p] = —(=p) (1 +p); (1) = Tvi g
reflection factor R(9) = (3) (1+p> (1-5)[E-2]|2- %} Ghoshal-Zamolodchikov '94

Lagrangian: £ = 1(9¢)2—pu(coshbp — 1) — 6 [MB€2¢ + uBe _§¢] \/ sh cosh b?(n £ ©) = uff

Integrability —factorizability: [01,02,...,0,)5 = HKJ. S(0;—0;)S(0:46;) [ I, R(6:)|—61,—02,...,—0n)p
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Boundary Liischer correction

Groundstate energy for large L from IR reflection: Eq(L) =

—liMmp_ o }% log (Tr(e_HB(L)R)) = —limp_yo }% log(e—Eo(L)R)




Boundary Liischer correction

Groundstate energy for large L from IR reflection: Eq(L) =

—liM g0 % 10g(Tr(e T (DIRYY = _limp_, L log(Ble~H(R)L|B)

U

—
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Boundary Liischer correction

Groundstate energy for large L from IR reflection: Eq(L) =

—liM g0 % 10g(Tr(e T (DIRYY = _limp_, L log(Ble~H(R)L|B)

Boundary state | B) = exp{ > d—gR(%7T - 9)A+(—9)A+(9)} |0)

—Oo0 477
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Boundary Liischer correction

Groundstate energy for large L from IR reflection: Eq(L) =

—liM g0 % 10g(Tr(e T (DIRYY = _limp_, L log(Ble~H(R)L|B)
Boundary state | B) = exp{ > d—eR(%7T - 9)A+(—9)A+(9)} |0)

—Oo0 477

Dominant contribution for large L: two particle term

(Blem LBy = 1 4+ 53, R(‘Z — 0)R('T 4 9)e—2mCoshbpl 4 .
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Boundary Liischer correction

Groundstate energy for large L from IR reflection: Eq(L) =

—liM g0 % 10g(Tr(e T (DIRYY = _limp_, L log(Ble~H(R)L|B)

Boundary state | B) = exp {ffo d—eR(%7T - 9)A+(—9)A+(9)} |0)

o0 47

Dominant contribution for large L: two particle term

(Blem LBy = 1 4+ 53, R(‘Z — 0)R('T 4 9)e—2mCoshbpl 4 .

quantization condition: m sinh 6, = %T S — ﬁ—?fd@ cosh 6

[

1+/\R+A(\

Eo(L) = — [ meoshOdb p(m _ 9)R('T + 0) e=2mLCOSN0. 78, | Palla, G. Takacs '04-'08




Boundary Liischer correction

Groundstate energy for large L from IR reflection: Eq(L) =

U

. _gB . _

—liMp 00 5 10g(Tr(e " RY) = —limp_, o, 3 log(BleH (L)

. JHHHHHHEHHL
Boundary state | B) = exp {ffooo %R(% — 9)A+(—9)A+(9)} |0) PR/ T AON
Dominant contribution for large L: two particle term
(Ble LBy =1 4 5, R(Z — 0)R('T 4 9)e=2mCosh el - L — —
quantization condition: m sinh 8, = %T > — ﬁ—?fd@ cosh 6 - LN
Eo(L)=— | mC(ZS;PTW OdeR(%T — Q)R(%T + 0) e—2mlL cosh 9; ZB, L. Palla, G. Takacs 0408

Ground state energy exactly] Eq(L) = —m [ % cosh(0) log(1 + 6—6(9))

e(0) = 2mL cosh § — l10g(R(’Z — O)R(F + 0))
—f Czi—gr/gol(e — 0 log(1 + 6_6(0/)) LeClair, Mussardo, Saleur, Skorik




Casimir effect: Boundary finite size effect
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Casimir effect: Boundary finite size effect

e
L1

Extension to higher dimensions: EH label dHIH
I i — 2 1.2 2 2 2 ‘// U T Kk
Dispersion w = \/m -+ k” + k{ = \/meff + k9 //////://u

rapidity w = meff(kll) coshd, k| = meﬂ:(kn) sinh 6 U TH

Reflection R(6, meff(kH ) H




Casimir effect: Boundary finite size effect

e
L1 ~

Extension to higher dimensions: EH label AHIH A
Dispersion w = \/m2 4 Eﬁ - ki — \/mgﬁ -+ ki *///////;I ///////
rapidity w = meff(kll) coshd, k| = meﬂ:(kn) sinh 6 ,://://: K //://:/
] // T b /'-/ L
Reflection R(6, meff(kn)) g2 Pz

dP—1L . . _,
Bstate: |B) = {1 + (QW)D_Hl giR(% — H,meff(k”))A_l_(—@, —k||)14+(97 k) + } 0)




Casimir effect: Boundary finite size effect

e
L1 ~

Extension to higher dimensions: EH label AHIH A
Dispersion w = \/ m< + k” ki — \/ mgﬁ -+ ki '///////;' ///////
rapidity w = meff(kll) coshd, k| = meﬂ:(kn) sinh 6 ,://://: K //://:/
] // T b /'-/ L
Reflection R(6, meff(kn)) g2 Pz

dP—1L : - —
Bstate: |B) = {1 +/ (2m)D H1 Zl?rR(% - 9?meff(kll))A_I_(_e7 _k||>A_I_<97 kp) + } 0)

Ground state energy (for free bulk):

E — d” 'k H d@ 1/ 27T —2m ﬂ:COSh 0L
o(L) = f(2 yD-1 Iog(l + R ( + 0, mefF>R ( Q,meff)e e )




Casimir effect: Boundary finite size effect

Extension to higher dimensions: EH label : ////f’ ////:/:
Dispersion w = \/m2 - lgﬁ -+ ki = \/mgff + ki ,://://:;I //://:/
rapidity w = my(k)) cOSh 8, k; = meg(k))sinh 6 ://:///’ K, /://://
Reflection R(6, meg(K|)) '::// / L //"/"/ 2

dP—1g : . —
Bstate: | B) = {1 + | Grypran B(E = 8, me(k) A (=6, kAT (6, k) + } 0)

Ground state energy (for free bulk):

dD_lkH do W ) —2m, gccosh 0L
Eo(L) = | Gayp-147109(1 + B (5 + 0, megg) R7(5 — 0,meg)e 7€ )

QED: Parallel dielectric slabs (€1, 1,¢€5)

reflections E||,La B||,l — R||,L look it up in Jackson:

2 D 2_ 2 °—g° 2—g?
- _ \/w — —\/ew Iy n fo — _ em_ Ew<—q
Ri(w by =q) = Vo=Vl By(w by =q) = 255 el




Casimir effect: Boundary finite size effect

e
L1 -

Extension to higher dimensions: EH label siaii AU U
Dispersion w = \/m -+ kH - k:ﬁ_ — \/mgff -+ kf_ ’//////’;l //////
rapidity w = meg(k|) cosh 6, k| = mgg(k))sinhé ,://:/,’ ky /,://:/
Reflection R(@,meff(kn)) HI - BF

dD 1k ) . .
Bstate: |B) = {1 + J G L LR - 0, meg(k)))AT (=0, —k))AT(0, k) + } 0)

Ground state energy (for free bulk):

le

' ' —2 hoL
Bo(L) = | (3-ypri2109(1 + RM(F + 0, mem) R2( — 0, megp)e>eff <N 0L)

QED: Parallel dielectric slabs (€1, 1,¢€5)

Lifshitz
reflections £y |, B) | — R | look it up in Jackson: formula

2 2 2 2 , /
R (wky =q) = Y@=V =q® p (. = g)L V2—q’= “"q
L(w7 || Q) \/w2_q2_|_\/€w2_q2 ||(Cd, || q> e/ w2 — —|—\/ cw? —q




Conclusion
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Conclusion

Usual derivation:

summing up zero fregencies

Eo(L) = 3 Xy w(k(L)) o o
Complicated finite volume problem

+ divergencies




Conclusion

Usual derivation:

summing up zero fregencies

Eo(L) = 3 Xy w(k(L)) o o
Complicated finite volume problem

+ divergencies

as a boundary finite size effect

Eo(L) = — [ Z1og(1 + R(—p)R(p)e 2EMDL)

Reflection factor of the IR degrees of freedom:

semi infinite settings,

easier to calculate,

no divergences



