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The asymmetric quantum Rabi model

The Hamiltonian
H= Aaz—i—weﬂa—i—gax(aT +a) + eox
where

e 0, and o, describe a two-level system with level splitting A

e aland a create and destroy the bosonic mode with [a, af] = 1
and frequency w

e g is the coupling between the two systems

e c 0, allows tunnelling between the two atomic states

Rabi | 1 1936 Phys. Rev. 49 324



Outline

e The spectrum has a regular part and an exceptional part

e The exceptional part of the spectrum can be found via several
different approaches

e Our main result is to connect these approaches explicitly via
mapping to an equivalent problem



Bargmann realisation

Using
.I. d
a' -z, a— e

the Hamiltonian is
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Substitute ¥1(z) = e~87/“$1 (z) and eliminate ¢* (z) to find
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A second set of solutions follow via 13 (z) = e84/ ¢3 (z2)
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Spectrum of the AQRM

The spectrum has two parts:

e Regular spectrum

g2
EX4+2 _c¢¢wN
w

e Exceptional spectrum

g2

Ef+2 —ccwN
w

for certain €, g, A



Braak’s analytical solution when ¢ =0

The regular eigenvalues are found from the zeros of

6= S kot (172 ) (£

m=0

where

w X — mw

2 1 A?
mKn(x) = {g+2g (mw—x+ ﬂ Km1— Km_2

and K_l :O, KO = il

Braak D 2011 Phys. Rev. Lett. 107 100401



Regular spectrum

Specifically

Example: g =09,w=1,A=0.6




Exceptional spectrum from Braak’s solution

The constraint
Kn(nw) =0

2 -
& exist
w

defines the g, A for which Juddian solutions E = n —

Example N =1

Ki(w)=0 = A244g2=.72

Judd B R 1979 J. Phys. C 12 1685



Alternative solution

The spectrum may also be found from the zeros of the Wronskian
W = fi(2)f;(z) — f(2)fa(2)
where

fi(z) = e & HC(2a, f — 1, —a, 1+ (1 — 2E)g2, gT:)
and
g+z

2g

)

A
fZ(Z) - E—|—g2 e HC(20¢, 75 - 1,@,77 - (3 + 2E)g27
where

a=2g2 , B=-E-g* , n=2Li(-3g"+E*-E-2A+1)

Zhong H, Xie Q, Guan X-W, Batchelor M T, Gao K and Lee C 2014 J. Phys. A 47 045301
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Example

g=09,w=1A=06

Regular spectrum
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Truncation of the confluent Heun function

The confluent Heun function HC(a, b, ¢, d, e, x) becomes a

polynomial
HC(a, b, c,d, e, x) = Z hm x™
m=0
if
2d = —-a(2n+d+ b+2)
and

hn+1 =0
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The exceptional spectrum of the QRM

For the QRM solutions the Heun functions are polynomials when
2

g 1
E:nl—; ; hp41=0
and
g’ 2
E:n2—U—i—w ;v hpy1=0
Example

Setting n; = 1, n; = 0 we have

2
E=w-— g
w
and the Juddian constraint
A? +4g% = o?
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Constraint polynomials for the AQRM (¢ # 0)

The polynomials Px(x, y) of degree k are defined via

Pu(x,y) = [kx+y— kw® —2kew] Pr_1(x,y)
—k(k —1)(n — k + 1)xw?Px_2(x,y)

with Pg(x,y) =1 and Pi(x,y) = x +y — w? — 2ew

The zeros of the constraint polynomials
Pa((2g)%,4%) =0

define the Juddian solutions with

2
E:nw—g——Fe
w
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Exceptional spectrum and Gaudin-type BAE (¢ # 0)

Setting
¢+ —e_gz/“’H (z— z)

the z; satisfy the algebraic equatlons

2w nw? 4+ 2ew  nw? — w?
Z = + +2g
o Zi — Zj wzi — g wzi + g

and the system parameters obey

n
A® + 2ng? + 2ngz,- =0
i=1
The energy of these states is

2
E:nw—g—+e
w

Li Z-M and Batchelor M T 2015 J. Phys. A 48 454005 15



Second set of solutions

Setting

n
92 (2) = el [[ (2 — =)
i=1
the {zx} satisfy the algebraic equations

n

Z 2w nw? — w2 o nw? — 2ew
Zi — Z; wz;j — wZz;

i i 9 i g i+ &g

and the system parameters obey

n
A? 4+ 2ng? — 2ngz,- =0
i=1
with energy
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Quasi-exactly solvable hyperbolic potentials

The Schrodinger equation

d?V(x)
dx?

+ V(x)V¥(x) = EV(x)
with

A 1
V(x; A, B, C,7y) = /\/1(/\4—1—5—C+77 coshx) + 7 (B+C+1)’

A2~ A A
lg sinh? x + T”(c —B) - %(B + C) cosh x

(2B+1)(2B+3) (2C+1)(2C +3)

8(coshx —1) 8(coshx +1)

_.I_

has a quasi-exactly solvable set of solutions when M € N

Dunning C, Hibberd K E and Links J 2008 J. Phys. A 41 315211
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QES solutions

The wavefunction

W(x) = (cosh x — 1)7(B/2F1/8) (cosh x 4 1)~ (€/2+1/4)

A M
X exp <47 cosh x> H (%coshx + vj>

is a QES solution whenever

B C 2
A—’_v-—i—l +v-—l :Zv-—v
G337 VPTG i VK

with



Spectrum & of the hyperbolic Schrodinger equations

A=12 w=1and e =0.3.
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Circles indicate QES eigenvalues n=1...5



AQRM to hyperbolic Schrodinger equation

The z; satisfy

n
Z 2w nw? 4+ 2ew  nw? — w?

= + +2g
Zi — Zj wzi — g wzi+ g

J#

and the v; satisfy
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AQRM to hyperbolic Schrodinger equation

The BAE match if

Ay =—-2g/w, By =n+2/w, Ct =n—1, y=2g/w
or

A_=2g/w, B_=n—-1 C_=n—-2¢/w, vy=2g/w
with in both cases

£ =—A?%/w? —2ng?/u?
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Rescaled E + g2 spectrum of the AQRM

A=12 w=1and e=0.3.

Blue lines denote E + g2 =n—¢€ and red lines E+ g°> =n+¢

Circles indicate exceptional eigenvalues for n=1...5

22



Squaring the circle

The Heun polynomial solution is of the form

n
>
m=0

whereas the BAE solution is of the form
n

0 (2) =1z~ =2)

i=1

Suppose we set
oL (z) = Z Ri(n, e,w,A) z¥
k=0

Then we find a 4-term recursion relation for the coefficients Ry
and qﬁ does not obviously truncate to a polynomial
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A final variable transformation to another ODE

Set 1
__&u _ _1)-"
=BT () = w(u—1) ()
in
d?’¢l (z
(wz - )(wz + £) oD
1
2 2 2 g5 2 2 d¢r (2)
— —2g% — (282 —w? =2
—i—[ 2gwz” + (w” —2g 2Ew)z+w( g —w ew)} 4
2 2 4
g 2eg” g
+[2g<w+E—e>z+EZ—A2—e2+w—UJZ]¢1+(Z):
we find

u(u — 1)%w?f" (u)

+ ((1 — nw?u? + (2ew + (2n — 1w? — 4g%)u — w(2e + ”W)) f'(u)
—A?f(u) =0

24



QES solution via a 3-term recurrence relation

Suppose
Fu) = Qu(ne,w, A)u¥
k=0

Then Qx must satisfy

w(k +1)(2€ + nw — kw) Qi1
= — Qu(w?(2k? — 2kn — k) — 2kew + 4kg? + A?)
+Qk—1(1 — k)wz(n —k+1)

with initial condition @_; = 0 and Q.
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QES solution via a 3-term recurrence relation

When k=n+1

w(k +1)(2¢ + nw — kw)Qxs1
= — Qu(w?(2k? — 2kn — k) — 2kew + 4kg® + A?)
+Qk—1(1 — kK)w?(n — k +1)

we have
w(n+2)(2e — w) Quiz = ((2ew—4g2—w )(n+1)— ) Qn+1

and if
Qnti(n,e,w,A) =0

leads to Quy144x =0 for k =0,1,... and a polynomial solution
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Explicit relations

By direct comparison, we explicitly connect the BAE and Juddian
constraint polynomials

(_1)n+1A2

Qny1(n, 6w, A) = W 2mH (0 1 )Ty (e + kw/2)

Pa((28), A%).

—1)" —wz — wz —wz .
o= Cs, | (Eowm g-wm | g-wa) TT(6 )
w g twz; §+wzmn g +wz, > w

where Sj(x1,...,xp) is the jt™ symmetric polynomial on n variables
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Complete spectral equivalence with the hyperbolic potentials

The ODEs for ¢* and qﬁ can be mapped to

2 2 2 4
€ 2¢ 2¢ }
V+(X) = E—i—% <1+w> —% (1_w) COShX—&—%SInth

+ [(E+g2/w +w/2)2 + e+ ew} csch?x

+(2¢/w + 1)(Ew + g% + w?/2) coth x csch x
2 2 2 ) 4
Vo(x) = %4—% <1—> +% (14—;) coshx+%S|nh2x
+ [(E + g% /w +w/2)2 + e — ew} csch?x
+(2¢/w — 1)(Ew + g% + w?/2) coth x csch x

and
£y = —2Eg?uw’® — 2g% Jw* — A% /w? £ 2g%€¢ /w3



Conclusion

e Established a spectral equivalence between the exceptional
spectrum of the AQRM and a set of QES hyperbolic potentials

e Explicitly connected the Gaudin-type BAE approach with that
from the Juddian constraint polynomial approach

e Extended the spectral equivalence to the entire spectrum of
the AQRM and the hyperbolic potentials

The hyperbolic potentials are of generalised Poschl-teller type so it
may be possible to explore such models via experimental

realisations of the quantum Rabi model
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