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{1,1,10, 14, 14,21, 30, 30}

Degeneracies of a certain anisotropic integrable quantum spin chain
e A main aim of this talk is to explain such degeneracies

® Due to rich symmetries!

Outline

|. Introduction
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3. Generalization 1802.04864  + A. Retore
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4. Conclusions



|. Introduction

Key to quantum integrability:

R-matrix R(u) ~ /qp
u

Solution of Yang-Baxter equation (YBE)



Classes of R-matrices:

G = SU(2)

e Rational invariant under Lie group @G
[uti 010 0 )
0 (V) 0
Ex B = =5 T% 0
\ 0 0|0 u+ti

“isotropic”, XXX

A

® Trigonometric +— affine Lie algebra ¢

( sinh(u + n) 0 0 0 \
Ex: Py — 0 sinh(u) | sinh(n) 0 G = A(l)
. (u) = 0 sinh(n) | sinh(u) 0 1
\ 0 0 0 sinh(u + 1) / “anisotropic”, XXZ
. “anisotropy parameter”
e Elliptic
/ sn(u + n) 0 0  ksn(u-+n)sn(u)sn(n) \
= R(u) = 0 sn(u) | sn(n) 0
X 0 sn(n) | sn(u) 0 )
\ ksn(u+ n)sn(u)sn(n) 0 0 sn(u + 1) Y7




Uses of R-matrices:

® S-matrices of integrable quantum field theories in|+|dimensions

Ex: sine-Gordon model

® Building blocks of |-dimensional integrable quantum spin chains

R-matrix

l

[Faddeey, ... 1980’s]

l

integrable closed spin chain




Ex: Heisenberg (XXX) spin chain

XXX R-matrix — Hamiltonian: Q

DN~ - , , N spin 4
H :Z n " Ontl, ON+1 =01 2
® quantum many-body model
e integrable:
N s 2
n=1
G — \- J

solvable by Bethe ansatz

® many applications



2. Symmetries and degeneracies of integrable spin chains

e Rational [easy!]

R-matrix with symmetry G

= : :
spin chain has same symmetry G

Ex: Heisenberg (XXX) spin chain has symmetry SU(2)

Degeneracies in the spectrum are given by group theory
Ex: N=4

Clebsch-Gordan = (é®é) R (é@é) =081 ® (0 1)
=2-053-12

degeneracies 1{1,1,3,3,3,5} spin § — 25+ 1



2. Symmetries and degeneracies of integrable spin chains

® Trigonometric [not so easy!]

A

g R-matrix

—
periodic spin chain does not have 5 o]

any nice symmetry or degeneracy (O
Periodic boundary conditions break symmetry

To realize symmetry, we consider open spin chain

RN =N

We insist that boundary conditions should preserve integrability



Example: AR N spin i

2

—1
H=Y" (0505, + ool + ba+a Voioh] - ba— ) (of — o)

n=1
[Pasquier; Saleur 1990]
® anisotropy parameter (¢

® integrable

® quantum group symmetry



Quantum Group (QG) symmetry
H,5*]=0=[H,S"]

N
§*=) S,  Si=30i
€¢ "
k=1 coproducts

N
S:l: _ Zq—(5f+...+sz_1) Sl:glz q(Sz+1+...-|—S]’i,) | Sli;t _ %(O-laé L ZO']g)

k=1

X

6%, 5% = £8%,  [St,87]=[257],, [z], = qq __qq_l

U, 51(2) —25% for g—1

For generic q, the degeneracies are the same as for isotropic!



3. Generalization

Key to boundary quantum integrability:

K-matrix (reflection matrix) K% (u) ~ >I
U

Solution of boundary Yang-Baxter equation (BYBE)

Ris(u —v) K{'(u) Rao1(u 4+ v) K5t (v) = K5t (v) Ria(u + v) Ki¥(u) Ra1(u — v)




R-matrix K-matrix

NS

h [Sklyanin 1988]

integrable open spin chain




Let’s consider integrable open spin chains constructed with:

e “trigonometric” R-matrix <— affine Lie algebra ¢

[Jimbo 1986, Kuniba 1991]

® diagonal K-matrix, depending on discrete parameter p
[Lima-Santos 2006]

These spin chains have QG symmetry corresponding
to removing p*" node of Dynkin diagram of ¢

[RIN, Retore 201 8]



Ex:

AP

p=20

O—0O=0

O—0O=0

QG symmetry

Uq(BB)



QG symmetry

Uq(BB)

Uq(Bz) @ Uy(Ch)



0 |

2 3

O—0O=0

O
O=0

O=0
O

QG symmetry
Uq(BB)

Uq(Bz) @ Uy(Ch)
Uqy(B1) @ Uy(C2)



QG symmetry

Uq(BB)

Uq(Bz) @ Uy(Ch)



g=CyY

QG symmetry

Uq(04)



QG symmetry

Uq(04)

U,(C3) @ U,(Ch)



Ex:

0 | 2 3 4
0O OO

O OO0
=0 O=0O

QG symmetry

Uq(04)

U,(C3) @ U,(Ch)

Uq(CQ) & Uq(Cz)



Ex: g = C’f) OO O QG symmetry
p = 0 Q—O—O@ Uq(04)
p=1 O OO0 Uy(C3) @ Uy(Ch)
p=2 =0 O=<0O Uq(C2) @ Uq(Ch)

=3  O0-0 O U,(C1) @ U,(Cs)



. 1
: g:C’i)

QG symmetry

Uq(Cs)

Uy(Cs) @ Uy(Ch)
Uy (Co) @ Uy(Co)
Uy(C1) @ Uy(Cs)

Uq(C4)



A

QG symmetry

Uq(04) J D

O OO0 Uq(C3) @ Uqg(Ch)
=0 OO U,(C2) ® Uy(Co)
=00 O Ug(C1) @ Uy (Cs)
[OiO—O—O




etry
QG symm

0

OO0

1)

. CZE

O—O—C0) U,(Cy) Uq(01)J<_
O=0=0 Uq(Og)@)U (02)
U,(C3) ® q(C:s)J‘_
q -
O Uq(C1)®
: [O 0O
1
; 00 :
2
000
=3
p =




QG symmetry

On0n0-=0 Uqg(Ca)
O O—C0 Uqg(C3) @ Uqg(Ch)
[O:;O OO U, (Cy) & Uq(cg)j —
=00 o Uy(Ch) © Uy(Cs)

Uq(C4)



Ex: g = C’f) O OO0 QG symmetry

p=20 OO0 U,(Cy)

p=1 O Om0=0 U, (C3) ® U, (Cy)
p=2 =0 OO U,(C2) ® Uy(Co)
p=3 =00 ® U,(C1) @ U, (C3)
p=4  O0-0-0 Uqg(Ca)

g = C’,,(Ll) duality symmetry p<n—p
self-duality p=— n = even

2




QG symmetry

Uq(CS)



QG symmetry



QG symmetry



Ex:

A (2)
g:A5 O=0O
. o
p=20 OO0
O
p=2 O
O
p=3 ?O
!?:Agz)q

Z, symmetry

R <R

QG symmetry




These symmetries explain the degeneracies!

Ex: ngﬁ) with p=3,N =2

By explicit diagonalization, find degeneracies:

{1,1,10,14, 14,21, 30, 30}
QG symmetry Uq,(B2) @ Uy(C3)

The “spin” at each site is in the representation (5,1) ® (1,6)

LieART =
((5,1) @ (1,6))®* =2(1,1) £ 2(5,6) © (10,1) ¢ (1,14) ® (14,1) & (1,21)

Exactly matches with observed degeneracies!



4. Conclusions

® Anisotropic open integrable spin chains constructed with

A

{ trigonometric R-matrices ¢
diagonal K-matrices, parameter p

exhibit rich patterns of degeneracies
® Due to rich symmetries:
QG: removing p™ node of Dynkin diagram of ¢

duality: p<n—p

A



e For N — oo expectinfinite-dimensional symmetry

Uq(9)

(regardless of boundary conditions) Jimbo & Miwal994, ...]

For finite N, the symmetry algebra is a finite-dimensional
sub-algebra of Uq(9)

The maximal sub-algebras can be obtained by removing
one node from Dynkin diagram

We have described the boundary conditions & integrable
open spin chains with these maximal symmetries,
for all non-exceptional ¢



Happy 70t Birthday!

& many more birthdays & papers!



