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Abstract

We derive a nonlinear integral equation (NLIE) for some bulk excited states of the sine-Gordon
model on a finite interval with general integrable boundary interactions, including boundary terms
proportional to the first time derivative of the field. We use this NLIE to compute numerically the
dimensions of these states as a function of scale, and check the UV and IR limits analytically. We also
find further support for the ground-state NLIE by comparison with boundary conformal perturbation
theory (BCPT), boundary truncated conformal space approach (BTCSA) and the boundary analogue
of the Lüscher formula.
 2005 Elsevier B.V. All rights reserved.
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Y-system for Y = 0 brane in planar AdS/CFT
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eInstitute for Theoretical Physics and Spinoza Institute, Utrecht University,
3508 TD Utrecht, The Netherlands

E-mail: bajnok@elte.hu, nepomechie@physics.miami.edu,

palla@ludens.elte.hu, R.Suzuki@uu.nl

Abstract: The spectrum of open strings with integrable Y = 0 brane boundary conditions

is analyzed in planar AdS/CFT. We give evidence that it can be described by the same

Y-system that governs the spectrum of closed strings in AdS5 × S5, except with different

asymptotic and analytical properties. We determine the asymptotic solution of the Y -

system that is consistent both with boundary asymptotic Bethe ansatz and boundary

Lüscher corrections.
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The spectrum of tachyons in AdS/CFT
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Abstract: We analyze the spectrum of open strings stretched between a D-brane and an

anti-D-brane in planar AdS/CFT using various tools. We focus on open strings ending on

two giant gravitons with different orientation in AdS5×S5 and study the spectrum of string

excitations using the following approaches: open spin-chain, boundary asymptotic Bethe

ansatz and boundary thermodynamic Bethe ansatz (BTBA). We find agreement between a

perturbative high order diagrammatic calculation in N = 4 SYM and the leading finite-size

boundary Lüscher correction. We study the ground state energy of the system at finite

coupling by deriving and numerically solving a set of BTBA equations. While the numerics

give reasonable results at small coupling, they break down at finite coupling when the total

energy of the string gets close to zero, possibly indicating that the state turns tachyonic.

The location of the breakdown is also predicted analytically.

Keywords: AdS-CFT Correspondence, Bethe Ansatz, Tachyon Condensation, Boundary

Quantum Field Theory
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{1, 1, 10, 14, 14, 21, 30, 30}

Degeneracies of a certain anisotropic integrable quantum spin chain
• A main aim of this talk is to explain such degeneracies 
• Due to rich symmetries!
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Key to quantum integrability:

R12(u� v)R13(u)R23(v) = R23(v)R13(u)R12(u� v)

1 1
2 2

3 3

=

Solution of  Yang-Baxter equation (YBE)

R(u) ⇠
u

  R-matrix

1. Introduction



Classes of R-matrices:

• Rational invariant under Lie group G

• Trigonometric affine Lie algebra

• Elliptic

ĝ

R(u) =

0

BB@

u+ i 0 0 0
0 u i 0
0 i u 0
0 0 0 u+ i

1

CCA G = SU(2)

R(u) =

0

BB@

sinh(u+ ⌘) 0 0 0
0 sinh(u) sinh(⌘) 0
0 sinh(⌘) sinh(u) 0
0 0 0 sinh(u+ ⌘)

1

CCA ĝ = A(1)
1

“isotropic”, XXX

“anisotropic”, XXZ

“anisotropy parameter”⌘ :

Ex:

Ex:

Ex:

XYZ

R(u) =

0

BB@

sn(u+ ⌘) 0 0 k sn(u+ ⌘) sn(u) sn(⌘)
0 sn(u) sn(⌘) 0
0 sn(⌘) sn(u) 0

k sn(u+ ⌘) sn(u) sn(⌘) 0 0 sn(u+ ⌘)

1

CCA



• S-matrices of integrable quantum field theories in1+1dimensions

Ex: sine-Gordon model

Building blocks of 1-dimensional integrable quantum spin chains•

Uses of R-matrices:

R-matrix

integrable closed spin chain

[Faddeev, … 1980’s]



Ex: Heisenberg (XXX) spin chain

N spin 1
2

•

solvable by Bethe ansatz

• many applications

XXX R-matrix

quantum many-body model

H(1) =
NX

n=1

~�n · ~�n+1 , ~�N+1 ⌘ ~�1

• integrable:

H(2) =
NX

n=1

~�n · (~�n+1 ⇥ ~�n+2)

H(3) = . . .
...

h
H(j) , H(k)

i
= 0

)

Hamiltonian:



• Rational

R-matrix with symmetry G
) spin chain has same symmetry G

Ex: Heisenberg (XXX) spin chain has  symmetry SU(2)

[easy!]

Ex: N=4 

)Clebsch-Gordan

degeneracies {1, 1, 3, 3, 3, 5}

2. Symmetries and degeneracies of integrable spin chains

Degeneracies in the spectrum are given by group theory

( 12 ⌦ 1
2 )⌦ ( 12 ⌦ 1

2 ) = (0� 1)⌦ (0� 1)

= 2 · 0� 3 · 1� 2

spin 2s+ 1s



Trigonometric• [not so easy!]

ĝ R-matrix
)

periodic spin chain does not have 
any nice symmetry or degeneracy

Periodic boundary conditions break symmetry

To realize symmetry, we consider open spin chain

We insist that boundary conditions should preserve integrability

2. Symmetries and degeneracies of integrable spin chains



Example: N spin 1
2

H =
N�1X

n=1

⇥
�x

n

�x

n+1 + �y

n

�y

n+1 +
1
2 (q + q�1)�z

n

�z

n+1

⇤
� 1

2 (q � q�1)
⇣
�z

1 � �z

N

⌘

[Pasquier, Saleur 1990]

anisotropy parameter

•

•

integrable

q

• quantum group symmetry



For generic q, the degeneracies are the same as for isotropic!

[Sz

, S

±] = ±S

±
, [S+

, S

�] = [2Sz]
q

, [x]
q

⌘ q

x � q

�x

q � q

�1

[H ,Sz] = 0 =
⇥
H ,S±⇤

S± =
NX

k=1

q�(Sz
1+···+S

z
k�1) S±

k

q(S
z
k+1+···+S

z
N ) , S±

k

= 1
2 (�

x

k

± i�y

k

)

Sz =
NX

k=1

Sz
k , Sz

k = 1
2�

z
k

Quantum Group (QG) symmetry

Uqsl(2)
! 2Sz q ! 1for

“coproducts"



Key to boundary quantum integrability: 

K-matrix (reflection matrix) ⇠
u

Solution of  boundary Yang-Baxter equation (BYBE)

� �

� � �

R12(u� v)KR
1 (u) R21(u+ v)KR

2 (v) = KR
2 (v)R12(u+ v)KR

1 (u)R21(u� v)

KR(u)

3.  Generalization



R-matrix

integrable open spin chain

K-matrix

[Sklyanin 1988]



• “trigonometric” R-matrix

• diagonal K-matrix, depending on discrete parameter p

These spin chains have QG symmetry corresponding 
to removing pth node of Dynkin diagram of ĝ

affine Lie algebra ĝ

[Jimbo 1986, Kuniba 1991]

[Lima-Santos 2006]

[RIN, Retore 2018]

Let’s consider integrable open spin chains constructed with: 



Ex: ĝ = A(2)
6 QG symmetry

p = 0 Uq(B3)

10 32



Ex: ĝ = A(2)
6 QG symmetry

p = 0

p = 1

Uq(B3)

Uq(B2)⌦ Uq(C1)

10 32



Ex: ĝ = A(2)
6 QG symmetry

p = 0

p = 1

p = 2

Uq(B3)

Uq(B2)⌦ Uq(C1)

Uq(B1)⌦ Uq(C2)

10 32



Ex: ĝ = A(2)
6 QG symmetry

p = 0

p = 1

p = 2

p = 3

Uq(B3)

Uq(B2)⌦ Uq(C1)

Uq(B1)⌦ Uq(C2)

Uq(C3)

10 32



ĝ = C(1)
4 QG symmetry

p = 0 Uq(C4)

Ex:
0 1 2 3 4



ĝ = C(1)
4 QG symmetry

p = 0

p = 1

Uq(C4)

Uq(C3)⌦ Uq(C1)

Ex:
0 1 2 3 4



ĝ = C(1)
4 QG symmetry

p = 0

p = 1

p = 2

Uq(C4)

Uq(C3)⌦ Uq(C1)

Uq(C2)⌦ Uq(C2)

Ex:
0 1 2 3 4



ĝ = C(1)
4 QG symmetry

p = 0

p = 1

p = 2

p = 3

Uq(C4)

Uq(C3)⌦ Uq(C1)

Uq(C2)⌦ Uq(C2)

Uq(C1)⌦ Uq(C3)

Ex:
0 1 2 3 4



ĝ = C(1)
4 QG symmetry

p = 0

p = 1

p = 2

p = 3

p = 4

Uq(C4)

Uq(C3)⌦ Uq(C1)

Uq(C2)⌦ Uq(C2)

Uq(C1)⌦ Uq(C3)

Uq(C4)

Ex:
0 1 2 3 4



ĝ = C(1)
4 QG symmetry

p = 0

p = 1

p = 2

p = 3

p = 4

Uq(C4)

Uq(C3)⌦ Uq(C1)

Uq(C2)⌦ Uq(C2)

Uq(C1)⌦ Uq(C3)

Uq(C4)

Ex:
0 1 2 3 4



ĝ = C(1)
4 QG symmetry

p = 0

p = 1

p = 2

p = 3

p = 4

Uq(C4)

Uq(C3)⌦ Uq(C1)

Uq(C2)⌦ Uq(C2)

Uq(C1)⌦ Uq(C3)

Uq(C4)

Ex:
0 1 2 3 4



ĝ = C(1)
4 QG symmetry

p = 0

p = 1

p = 2

p = 3

p = 4

Uq(C4)

Uq(C3)⌦ Uq(C1)

Uq(C2)⌦ Uq(C2)

Uq(C1)⌦ Uq(C3)

Uq(C4)

Ex:
0 1 2 3 4



ĝ = C(1)
4 QG symmetry

p = 0

p = 1

p = 2

p = 3

p = 4

Uq(C4)

Uq(C3)⌦ Uq(C1)

Uq(C2)⌦ Uq(C2)

Uq(C1)⌦ Uq(C3)

Uq(C4)

ĝ = C(1)
n duality symmetry p $ n� p

self-duality p =
n

2
n = even

Ex:
0 1 2 3 4



ĝ = A(2)
5

QG symmetry

0

1
2 3

p = 0 Uq(C3)

Ex:



ĝ = A(2)
5

QG symmetry

0

1
2 3

p = 0

p = 2

Uq(C3)

Uq(C1)⌦ Uq(D2)

Ex:



ĝ = A(2)
5

QG symmetry

0

1
2 3

p = 0

p = 2

p = 3

Uq(C3)

Uq(C1)⌦ Uq(D2)

Uq(D3)

Ex:



ĝ = A(2)
5

QG symmetry

0

1
2 3

p = 0

p = 2

p = 3

Uq(C3)

Uq(C1)⌦ Uq(D2)

Uq(D3)

ĝ = A(2)
2n�1

Uq(Cn�p)⌦ Uq(Dp)

Z2 symmetry R $ R̄

Ex:



These symmetries explain the degeneracies!

Ex: ĝ = A(2)
10 with p = 3, N = 2

By explicit diagonalization, find degeneracies:

{1, 1, 10, 14, 14, 21, 30, 30}

QG symmetry Uq(B2)⌦ Uq(C3)

The “spin” at each site is in the representation (5,1)� (1,6)

((5,1)� (1,6))⌦2 = 2(1,1)� 2(5,6)� (10,1)� (1,14)� (14,1)� (1,21)

LieART )

Exactly  matches with observed degeneracies!



Anisotropic open integrable spin chains constructed with•

diagonal K-matrices,  parameter p

exhibit rich patterns of degeneracies

n

• Due to rich symmetries:

removing pth node of Dynkin diagram of ĝQG: removing pth node of Dynkin diagram of QG:

duality: p $ n� p

Z2

duality: p $ n� p

Z2

ĝtrigonometric R-matrices

4. Conclusions



• For N ! 1
<latexit sha1_base64="IY+TJ+jA8Kx3RUKv0Q1uQg9nzmU="></latexit><latexit sha1_base64="IY+TJ+jA8Kx3RUKv0Q1uQg9nzmU="></latexit><latexit sha1_base64="IY+TJ+jA8Kx3RUKv0Q1uQg9nzmU="></latexit><latexit sha1_base64="IY+TJ+jA8Kx3RUKv0Q1uQg9nzmU="></latexit><latexit sha1_base64="IY+TJ+jA8Kx3RUKv0Q1uQg9nzmU="></latexit>

expect infinite-dimensional symmetry

Uq(ĝ)
<latexit sha1_base64="xU17N/F0uMdp6c2xpWLZYVU+1Sw="></latexit><latexit sha1_base64="xU17N/F0uMdp6c2xpWLZYVU+1Sw="></latexit><latexit sha1_base64="xU17N/F0uMdp6c2xpWLZYVU+1Sw="></latexit><latexit sha1_base64="xU17N/F0uMdp6c2xpWLZYVU+1Sw="></latexit><latexit sha1_base64="xU17N/F0uMdp6c2xpWLZYVU+1Sw="></latexit>

(regardless of boundary conditions) [Jimbo & Miwa1994, …]

For  finite N, the symmetry algebra is a finite-dimensional 
sub-algebra of Uq(ĝ)

<latexit sha1_base64="xU17N/F0uMdp6c2xpWLZYVU+1Sw="></latexit><latexit sha1_base64="xU17N/F0uMdp6c2xpWLZYVU+1Sw="></latexit><latexit sha1_base64="xU17N/F0uMdp6c2xpWLZYVU+1Sw="></latexit><latexit sha1_base64="xU17N/F0uMdp6c2xpWLZYVU+1Sw="></latexit><latexit sha1_base64="xU17N/F0uMdp6c2xpWLZYVU+1Sw="></latexit>

The maximal sub-algebras can be obtained by removing 
one node from Dynkin diagram

We have described the boundary conditions & integrable 
open spin chains with these maximal symmetries,

for all non-exceptional ĝ
<latexit sha1_base64="n6IQ0Qd1A8LRS4+7WHkeuaImfuw="></latexit><latexit sha1_base64="n6IQ0Qd1A8LRS4+7WHkeuaImfuw="></latexit><latexit sha1_base64="n6IQ0Qd1A8LRS4+7WHkeuaImfuw="></latexit><latexit sha1_base64="n6IQ0Qd1A8LRS4+7WHkeuaImfuw="></latexit><latexit sha1_base64="n6IQ0Qd1A8LRS4+7WHkeuaImfuw="></latexit>
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