Integrability and Chaos in Multicomponent Systems, 2-7 October 2017

Far Eastern Federal University, Vladivostok

Finite size effects iIn QFTs

Z. Bajnok
MTA Wigner Research Centre for Physics, Budapest



Integrability and Chaos in Multicomponent Systems, 2-7 October 2017

Far Eastern Federal University, Vladivostok

Finite size effects in QFTs

Z. Bajnok
MTA Wigner Research Centre for Physics, Budapest

Leading Luscher correction for a non-diagonal form factor

V2m

D

In collaboration with Janos Balog, Marton Lajer and Chao Wu

(0|0|q), =

O
{Fl +/ df F5*9(0 + im, 0,01 — ig)e_mLCOShH SIS }
— 00




R. P. Feynman

(1918—-1988)

Introduction

If you want to learn about nature, to appreciate nature, it is necessary
to understand the language she speaks in: Quantum Field Theory
Fundamental interactions

interaction particles gauge theory
electromagnetic photon+-electron U(1)

electroweak W=*,Z u,v+Higgs | SU(2) x U(1)
strong gluon+quarks SU(3)

Effective theories: solid state systems, statistical physics...

Strongly coupled gauge theories?




R. P. Feynman

(1918—-1988)

Introduction

If you want to learn about nature, to appreciate nature, it is necessary
to understand the language she speaks in: Quantum Field Theory
Fundamental interactions

interaction

particles

gauge theory

electromagnetic

photon--electron

U(1)

electroweak

W+, Z u,v+Higgs

SU(2) x U(1)

strong

gluon—4+quarks

SU(3)

Effective theories: solid state systems, statistical physics...

Strongly coupled gauge theories?

maximally supersymmetric gauge theory (harmonic oscillator) or QCD

interaction

particles

gauge theory

<

N =4 SYM

gluon4quarks-scalars

SU(N)

Lattice simulations




Introduction

If you want to learn about nature, to appreciate nature, it is necessary
to understand the language she speaks in: Quantum Field Theory
Fundamental interactions
interaction particles gauge theory
electromagnetic | photon+-electron U(1)
electroweak W=*,Z u,v+Higgs | SU(2) x U(1)
strong gluon+quarks SU(3)
R. P. Feynman
(1918-1988) Effective theories: solid state systems, statistical physics...

Strongly coupled gauge theories?

maximally supersymmetric gauge theory (harmonic oscillator) or QCD
interaction particles gauge theory

< Lattice simulations
N = 4 SYM | gluon+quarks—+scalars SU(N)

Finite size effects are unavoidable

II5 superstring on AdSs x S°: finite J charge

< Finite size lattices




Finite size effects
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Finite size effects

Finite size energy corrections:

finite volume mass from lattice simulations: Luscher =
- e
m(L) = — [ % cosh 6 (S(Q + ) — 1) g—ml coshé i s |
|

Perturbative dimension of Tr(®?2) at 4loop from strings:
(3244-864(3—1440(5)g°

conjectured multiparticle Luscher correction [ZB,Janik]

E(@l, Cee Qn) = ZimCOSh(Qi -+ 592)
— [ 4 cosh 6 (I1; S(6 — 6; + %5) — 1) e~mLcosh?

Decay rates from the lattice or 3pt functions from strings

Finite size form factor corrections?

We will work in 141D integrable models as higher dimensional counter-
parts are conceptually the same



Motivation from AdS/CFT

IIB strings on AdSs x S°

Integrability

N =4 SYM

finite volume
energy levels

O(z) = Tr(®(z)?) J: length
(O(z)0(0)) = z724M)
scaling dimensions

finite volume
form factors

3pt functions
(010203) = C123(A)
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Observables: sinh-Gordon theory

2
The simplest interacting QF T in 141 D: £ = %(8t¢)2—%(8mg0)2—75—2 (coshbp — 1)

=D

interesting observables: finite size spectrum,

finite size correlators ;(0|O(it)O(0)|0);, = 3, |.(0]O(0)|n) |2e~Ent

Infinite volume — LSZ reduction formula

4
(P}, p5|0|p1, p2) = DI DLD1D2(0|T(Op(1)p(2)¢(3)¢(4))]0)
D; =i [d?zePi* "t {83 — 92 4+ mQ}: amputates a leg + puts it onshell

S-matrix | Form factor (FF) | correlator
on-shell | on-shell/off-shell off-shell

Observables:

Perturbative definition, calculational tool: [Arefyeva et al]
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Observables: sinh-Gordon theory

2
The simplest interacting QF T in 141 D: £ = %(atgo)z—%(amgo)Q—Tg—Q (cosh by — 1)

=D

interesting observables: finite size spectrum,

finite size correlators ;(0|O(it)O(0)|0); = 3, |1.(0]O(0)|n)|2e~Ent

Infinite volume — LSZ reduction formula

) ‘"“j\g E
(P, Po|Olp1, p2) = D1 Dy D1D2(0|T(Op(1)¢(2)¢(3)¢(4))|0)
Dj =i [ d%z;ePiT "t {8,52 — 92 + mQ}: amputates a leg + puts it onshell

S-matrix | Form factor (FF) | correlator
on-shell | on-shell/off-shell | off-shell

Observables:

Perturbative definition, calculational tool: [Arefyeva et al]

_ il en 2 b*(cschd(wcschd—i)) | bPcschl(rcschf—i)2 < 8)
S(0) = 1 — zib“cschf — 35 + o + O (b
Mandelstam s = 4m? cosh® % with 6 = 61 — 6, rapidity: p; = msinh6;

Analytical properties: unitarity, crossing S(0) = S(—0)~1 = S(ix — 0) FF
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S-matrix bootstrap: Calculate the two particle S-matrix [Zamolodchikov?]
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S-matrix bootstrap

S-matrix bootstrap: Calculate the two particle S-matrix [Zamolodchikov?]
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—
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Infinite volume — crossing symmetry, 0 — 1w — 6 in rapidity
(E(0),p(0)) = m(cosh@,sinh )
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S(01 —605) = S(0) = S(lir —0) = S(—0)"1:



S-matrix bootstrap

S-matrix bootstrap: Calculate the two particle S-matrix [Zamolodchikov?]

SV
e, L /N

Infinite volume — crossing symmetry, 0 — 1w — 6 in rapidity
(E(0),p(0)) = m(cosh,sinh )

Simplest solution:
sinh-Gordon — LQQ
S(@) — sinhf—isina 8m+b

sinh@+4:sina

2 91 I T

S(01 —05) = S(0) = SGir —0) = S(—0)"1:
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Finite volume spectrum

Polynomial volume corrections:
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SDeCtl’al DrOblem CFT  Luscher Bethe-Yang

. E \¥
Finite volume spectrum 2m ¥_§
m || | N ¥;§
Polynomial volume corrections: .
E(@l,...,en) ZZZE(QZ) ) L
Bethe-Yang; p; quantized: e[, S(0; — 6;) = —1 ©OeCe 0000000000 O
piL + Sk 1109 S(0; — 03) = (2n + 1)m T p

Luscher-type corrections:
E(01,...,00) =Y E(0;) — [ 11 S(0 4 i5 — 6;,)e~mLcosho

BY modified as p;L + Y5, +109 S(0; — 0;) + 5 = (2n + )=

where § =i [%_ 4 o/ ’ log S(0; — 0) TTi S(% + 05, — 0 "ye—mLcoshd
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Finite volume spectrum 2m
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Polynomial volume corrections: .
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Spectral problem

Finite volume spectrum

Polynomial volume corrections:
E(01,...,0n) =3 ; E(6;)

Bethe-Yang; p; quantized: e [], S(0; — ;) = —1

p;iL+ Y t10g S(8; — 0x) = (2n+ L)m

Ground-state energy from
Euclidean partition function:
Z(L,R) =p_soo Tr(e HDRY = ¢=Eo(L)R 4

Exchange space and Euclidean time
Z(L, R) —R—o0 Tr(e_H(R)L> =R—vc0 Xn e_En(L)R

Large volume: Bethe-Yang can be used

CFT

Luscher Bethe-Yang

E

2m

%

S—-matrix

N

[

L

| | | | y | | y | T y
T T T T T T T T T T T

Main contribution:
finite density p, pj,

piR+ >, 3109 S(0; — 6;) = (2n+ 1)1 — R+ [(—idylog S(p,p"))p(p)dp = 2m(p + p1)

Z(L,R) = [d[p, pyle~ LEER) = [ ((ptpn) In(pt-pn)—pIn p—pp, In pp)dp



Spectral problem

Finite volume spectrum

Polynomial volume corrections:
E(01,...,0n) =3, E(0;)

Bethe-Yang; p; quantized: e [];, S(0; — ;) = —

p;L+ 110950, — 6;) = (2n+ L)

Ground-state energy from
Euclidean partition function:

Z(L,R) =p_ oo Tr(e HDIR) = ¢~Eo(L)R

Exchange space and Euclidean time

Z(L,R) =R-yoo Tr(e M) =p 57, e PnlLIR

~
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Luscher Bethe-Yang
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S—-matrix

L

QO.O. 0.0. 0.0 OOO O.

QZT[Y p
QL
R -
: ;
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/ __®
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omemmmim— -_|| Main contribution:
L ; .. .
“~ | finite density p, pj,

e(p) = In Pn(p)

Saddle point : D0

e(p) = E(p)L+ [ 5

4,109 S(p', p) log(1 + e=<(P))

Exact ground state energy:

Eo(L) = — [ S2log(1 + ()

[Zamolodchikov]
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Form factor bootstrap

Correlation functions: [Smirnov, Karowszki] (0|O(it)O(0)|0) =

Sn %f% . f %|<O|O(O)|917 o 9n>|2€_m(2i cosh 6,)t

2,
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Form factor bootstrap

Correlation functions: [Smirnov, Karowszki] (0|O(it)O(0)|0) = 2, A
1 2 n
4o 0, _
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Form factor bootstrap: m ﬁ
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Form factor bootstrap

Correlation functions: [Smirnov, Karowszki] (0|O(it)O(0)|0) = 2, A
1 2 n
do o, _
S S S [ La(0]O(0)[01, . . . , On) |22 cOSN B! ©0)
Form factor bootstrap: m ﬁiﬂ
<O|O|91, S 0n — il = G 6y - 6 Bisr - O
F(64,... Qn) = F(65,...,0n,01—2ir) = S(6; 92_|_1)F(91,...,07;_|_1,02-,...,0n)

Singularity stucture ﬁ\ K — ﬁ
0+ 8 8 6, eﬂ 8, 9, ' +im ) 8 9,

—iReSQ/ZQF(Q, +1m, 0,041 ..., Qn) = (1 — Hz S(@ — Qi))F(Ql, Cee Qn)



Form factor bootstrap (0,it)

Correlation functions: [Smirnov, Karowszki] (0|O(it)O(0)|0) = 2 ol o, e,
S S [ Lr1(0]O(0)]61,. . ., On) |22 COSN B! 00
Form factor bootstrap: m ﬁ\

<O|O|9 977, — B - 8; . B 8y - Op
F(@l,.. en) = F(0o,... en,el 227r — 5(9 92_|_1)F(91,.. 0;i+1,0

Singularity stucture % K ﬁ

—iReSQ/:QF(QI + 1, 0,041 ..., Qn) = (1 — HZ S(@ — 92))F(91, Cee Qn)
Solution for sinh-Gordon: f(81 —65) = e(P+D™ 71095 - Df(h) = f(O4ir)

[Fring, Mussardo, Simonetti]
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Finite volume form factors
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Finite volume form factors
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Finite volume form factors
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Finite volume state |{0;})r, = {ni}) CCe0e 0000 000 V00 OO

L

Polynomial volume corrections: Q; = p(0;) L+ > j-; % log S(0; —0x) = 2n;m

Normalization of states: |[{n;}) = |{9(Z'{}0> > where p, = det|0;Q)|
Pn(1Y;
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PnPm,
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Diagonal FF: (61,...,0,|0O|0n,...,01) = ZaugnFO‘po_‘ + O(e—™)
[conjectured Pozsgay, Takacs proved ZB, Wu] where po = det|8aiQaj|



Finite volume form factors

P

Finite volume state |[{6;})1, = {n;}) OCe00 0000 00 00 o

~2n p
L

Polynomial volume corrections: Q; = p(0;) L+ Y -; +109 S(0; —0;) = 2n;m

Normalization of states: [{n;}) = |{9(i{}9> D where p, = det|9;Q);|
Pn 1Y

. . / / Fn_|_m(§/ ,...,57/71,971,...,91) _mL
Nondiagonal FF: (0%,...,0,.|0|0n,...,01)1 = Torgl +0O(e )
PnPm

[proved Pozsgay, Takacs] Crossing 6 = 6+in

Diagonal FF: (01,...,0,|0|0n,...,01), = ZaugnFO‘po_‘ + O(e ™)
[conjectured Pozsgay, Takacs proved ZB, Wu] where po = det|8aiQaj|

F5(01,02)+p1(01)F{(02)+p1(62)F{(01)+Fop2(01,0
<91792|O|92791>L: 2( 1,02)+p1(01) 1(53(95710(2)2) 1( 1) 0p2(01,62)



Finite volume form factors

P

Finite volume state [{0;})r, = [{ni}) CCe00 0000 000 V00 OO

L

Polynomial volume corrections: Q; = p(0;) L+ Y -; +109 S(0; —0;) = 2n;m

Normalization of states: [{n;}) = |{9(i{}9> D where p, = det|9;Q);|
Pn{1Y;

. . / / _ Fn_i_m(g/ ,...,57/71,97@,...,91) _mL
Nondiagonal FF: (07,...,0,.|0|0n,...,01); = N/ +0O(e )

[proved Pozsgay, Takacs] Crossing 6 = 6+ir

Diagonal FF: (01,...,0,|0|0n,...,01), = ZaugnFO‘po_‘ + O(e ™)
[conjectured Pozsgay, Takacs proved ZB, Wu] where po = det|8aiQaj|

F5(01,00)+p1(01)F$(02)+p1(02)F$(01)+Fopa(61,0
(01,05]|0)02,01) ] = 3(01,02)+p1(01) 1(52)(05,19(2)2) 1(01)+Fop2(01,02)

BY: Q1 =pi1L—1log 5(91 —(92) = 211, Q> = poL —1log 5(92 —(91) = 27Tno



Finite volume form factors

Pl SLALLLEL LI S
Finite volume state [{0;})r, = {n;}) - ’

Polynomial volume corrections: Q; = p(0;)L+ Y -; t109 S(0; —0;) = 2n;m

Normalization of states: |[{n;}) = y{e(i{}g » where p, = det|0;Q)|
Pn(1Y;

Fn_i_m(g/ ,...,ggfn,en,...,

Nondiagonal FF: (0%,...,0. 10|60y, ...,01) = 01)—|—O(e_mL)

v Py, . 3
[proved Pozsgay, Takacs] Crossing 60 = 6+in
. _ FC _
Diagonal FF: (01,...,0,|0|0n,...,01) = Zaugn afa 4 O(e—mL)
[conjectured Pozsgay, Takacs proved ZB, Wu] where po = det|8aiQaj|

(01,60]002,67); = 2 <91»92>+p1<91>Ff(9§2>;gf’10 (29)2)Ff(91)+F002(91,92)

bt 0 |=BmBL2te(E+ Bl $(0) = —idylog S(6)

200,020 =175 " BoLtg

and p1(01) = E1L+¢ ; p1(02) = EoL + ¢
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Connected form factors

.,e_fn—l—en,@n,...,el)
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Connected form factors

We need F (01 +¢€1,...,0n 4+ €n,0n,...,071)

BUT: kinematical singularity: F(0+€,0,01...,0,) = L(1-1; S(0—0,))F(01,...,0n)
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Connected form factor: F¢(04,...,0;,) = nlajs _, | ecindependent part




Connected form factors

We need F (01 +¢€1,...,0n 4+ €n,0n,...,071)

BUT: kinematical singularity: F(8+4¢,0,07 ...,0,) = L(1-T1; S(0—6;))F (01, ...

F@y 4 €1,y 00+ en,On, ... ,0p) = =2mini1Cin 160y

€1...€En

Connected form factor: F¢(04,...,0;,) = nlajs _, | ecindependent part

Graphical representation: F(014-€1,...,0n4€n,0n,...,01) = Y graphs Fgraphs
[Pozsgay, Takacs]

graphs: oriented, tree-like, at each vertex only at most one outgoing edge

contributions: (iy,...,7;) with no outgoing edges F°(0;,,...,0;, ),
for each edge from ¢ to j : factor %cﬁ(ei — D))



Connected form factors

We need F (01 +€1,...,.0n+ €n,0n,...,01)
BUT: kinematical singularity: F(0+€,0,01...,0,) = L(1-1; S(0—0,))F(61,...,0n)

F(@y 4 €1, 00+ en,On, ... ,07) = =2miniaCin 60y

€1...€En

Connected form factor: F€(61,...,0,) = nla1n _, | e-independent part

Graphical representation: F(014€1,...,0n4€n,0n,...,01) = Y graphs Fgraphs
[Pozsgay, Takacs]

graphs: oriented, tree-like, at each vertex only at most one outgoing edge

contributions: (i1,...,7;) with no outgoing edges F°(0;,,...,0;, ),
for each edge from 7 to j : factor %cp(ei = @3));

1 2 1 2 1 2

which gives Fa(01+€1,024€2,02,01) = F{(61, 92)+%¢12F§(91)+%¢21F§(92)



Exact finite volume 1-point function
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Exact finite volume 1-point function

LeClair-Mussardo formula e
R

from thermal evaluation:

(0]0|0) L, =p_oo Tr(Oe HIIRY/Z(L R) + ...

A C——



Exact finite volume 1-point function

LeClair-Mussardo formula
from thermal evaluation:
(0|0]0Y L =p_soo TrH(Oe HIIRY /7(L R) + ...

Exchange space and Euclidean time
Rosoo TH(Oe  HDRY j7 = | Tr(e-HBL) /7

_ > n(n|O|nye= EnlL)R
—R—0o0 S e—En(D)R




Exact finite volume 1-point function

LeClair-Mussardo formula -

from thermal evaluation:
(0|0|0);, =R—y00 Tr(Oe HIIEY /7([, R) + ...

Exchange space and Euclidean time O .

R%OOTF(Oe_H(L)R)/Z =R oo Tr(e_H(R)L)/Z T O ! SHRIL '
____________ N ___ R}

_ Y (nlOln)e= Er(DIE <

—R—ooo S =B (DR Main contribution:

finite density p, pj,




Exact finite volume 1-point function

LeClair-Mussardo formula -

from thermal evaluation:
(0|0|0);, =R—y00 Tr(Oe HIIEY /7([, R) + ...

Exchange space and Euclidean time .

R%wTr(Oe_H(L)R)/Z —R—00 Tr(e_H(R)L)/Z T ~H(L)R h e "RIL !
____________ N ___ R}

_ Y (nlOln)e= Er(DIE <

—R—ooo S =B (DR Main contribution:

finite density p, pj,

we need (p, pn|Olp, pn) in @ highly excited Bethe state [Pozsgay]

. _FC —
Large volume: asymptotic formula 2aua Fara can be used as

Pn

e €(6)
Zaugn oPa FO+||mn—>oof29Fc(9>pn L+...giving Fo+ [ gHFC(Q) e” _6(9)4—




Exact finite volume 1-point function

e
LeClair-Mussardo formula R i
from thermal evaluation:
(0]0|0) L, =p_y0oo Tr(Oe HIIRY/Z(L R) + ... L
Exchange space and Euclidean time O R
R—>ooTr(O€ H(L)R)/Z —R—o0 Tr(e_H(R)L)/Z fe %R\"-
B S (n|Ojn)e~En(L)R "% [Main contribution:

— R0 TS " —En(DR v finite density p, py,

we need (p, pn|Olp, pn) in a highly excited Bethe state [Pozsgay]

. _ F¢ps
Large volume: asymptotic formula 2aua Fara can be used as

Pn
—e(6)

_ F¢
Zauzn ala FO—|—||mn—>oof29Fc(9)pn L. giving Fo+/ ‘ch(@) oy T

Saddle point : e(p) = In ph((p%) e(0) = E(O)L — fﬁqﬁ(@ — 0 1og(1 4 e—<(0))
Finite volume expectation value: | (O), Zn P H 1 f o 1+_€_(29)FC(91, .., 0n)

[LeClair-Mussardo] diagonal FF: excited states [Pozsgay]
What about non-diagonal?



Luscher correction for nondiagonal FFs: the method

__ [[D¢]O(z, t)O(o 0)6—5[¢]
[[Dple=*
da 25, dt e/ Han) (O, t>0>L

Finite volume 2-point function:  (O(x,t)O);,

L/2
L/2

in Fourier space: (w,q) = Lf

14



Luscher correction for nondiagonal FFs: the method

__ [[D¢]O(z, t)O(o 0)6—5[¢]
[[Dgle—5

in Fourier space: (w,q) = fLﬁz da [ dt ei(Wt+qx)<C’)(a:,t)C’)>L |

Finite volume 2-point function: (O(x,t)O),

evaluating in the finite volume chz}nnel
— Py (L) + Py (L)
M@, @) = Sx 00101, ., 0n)1 P { g + g |




Luscher correction for nondiagonal FFs: the method

__ [[Dg]O(x,t)0(0,0)e51¢]
o [[Dele—5Te]

in Fourier space: M(w,q) = %f_Lﬁz dz [ dtewtter)(O(z, 1)0);, F——m—

Finite volume 2-point function: (O(x,t)O),

evaluating in the finite volume chz}nnel S
— — Py (L) +Pn (L)
M(w,q) = XN |<O|O|‘917 SO 9N>L|2 {E](J\[(L]\)r_iw T E]q\f(L];[—Hw}
exact finite volume energy levels: poles, form factors: residues

Finite volume LSZ: lim,, ;1) (En(L)+iw) (w, Py (L)) = [{0|0101, .. .,0n) L |?



Luscher correction for nondiagonal FFs: the method

__ [[Dg]O(x,t)0(0,0)e51¢]
o [[Dele—5Te]

in Fourier space: M(w,q) = %f_Lﬁz dz [ dtewtter)(O(z, 1)0);, F——m—

Finite volume 2-point function: (O(x,t)O) 7,

evaluating in the finite volume chz}nnel S
— — Py (L) +Pn (L)
M(w,q) = XN |<O|O|‘917 SO 9N>L|2 {E](J\[(L]\)r_iw T E;(Ljsf—kiw}
exact finite volume energy levels: poles, form factors: residues

Finite volume LSZ: lim,, ;1) (En(L)+iw) (w, Py (L)) = [{0|0101, .. .,0n) L |?

evaluating in the finite temperature channel
Tr[00,t)e " Hr Qe H(L~2)
(O(2,)0) = ©(a)HMGe e — 1y
Tr[0eHz0(0,t)eH(L+2)]
Trle—HL]

O(—x)



Luscher correction for nondiagonal FFs: the method

__ [[Dg]O(z, t)O(o O)e—sw)]

Finite volume 2-point function: (O(x,t)O) 7,

[[Dgle—>
in Fourier space: (w,q) = LfLﬁz dax [ dt ei(wt+qx)(0(w,t)O>L
evaluating in the finite volume chz}nnel
—Par (L —+ Par(L
M(w,9) = £ K0I0I61, - 631 { ZH S + ).

exact finite volume energy levels: poles, form factors: residues

Finite volume LSZ: |Imw_>ZEN(L)(EN(L)—l—ZCU)r(w,PN(L)) = |<O|O|91, .. '79N>L|2

evaluating in the finite temperature channel

e—Hre—H(L—x)
(O(2,)0), = ©(a) XL —Te — 14

Tr[0efz0(0,t)e~ HIA2)
O (—a) O
Insert two complete systems of states:

2 —E, 1
ZT(w,q) = X, [(v|O|p) [Pe=PrE6 (P — Py+w>{E ot B +iq}
Use asymptotic expressions. Do analytical continuation as w — iE (L)



1-particle energy and form factor from 2-pt function

2
Specify to a 1-particle pole M(w,q) = EZ()Q—?-M 4

Exact 1-particle energy: E(q), form factor: F(q) = (0|O|q)
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1-particle energy and form factor from 2-pt function

2
Specify to a 1-particle pole MN(w,q) = EZ()qj—m + ... ——

Exact 1-particle energy: E(q), form factor: F(q) = (0|O|q)

Liischer correction: Expand around the BY pole £(q) = \/q2 4+ m2 ———

_ 2nF2(q) r r
M@0 = Tty www T ke T ot +reaular

Energy correction: E(q) = £(q) {1 + L _r£o(g) + ... }

2rF?
FF correction F(q) = \/% {1 + %/Ll(q) + ... }
T



1-particle energy and form factor from 2-pt function

. I — F(@)?
Specify to a 1-particle pole M (w,q) B(Q) i + ...

Exact 1-particle energy: FE(q), form factor: F(q) = (0|O|q)

Liischer correction: Expand around the BY pole £(q) = \/q2 4+ m?2

_ 2nF2(q) r r
") = Ty oww T ke T oty +reaular

Energy correction: E(q) = £(q) {1 - FQ,CO(q) + . }

FF correction F(q) = \/% {1 4+ ifglg%)ﬁl(q) + ... }
™

Leading Luscher correction from v 1-particle state,
relevant pole: p vacuum or 2-particle state 0y

ZTM (w,q) = 225, , |(v|O|p)|2e~Evls(Py — P, 4+ w) {E —F—ig T Eu—Eu+iq}



1-particle energy and form factor from 2-pt function

2
M(w,q) = EZ()q—?—zw + ...

Exact 1-particle energy: E(q), form factor: F(q) = (0|O|q)

Specify to a 1-particle pole

Liischer correction: Expand around the BY pole £(q) = \/(]2 + m?

Lo(q) L1(q)
i€(q))? w—i€(q)

Energy correction: E(q) = £(q) {1

2rF2(q)  —;
LE(q) w—i&(q)

M(w,q) = -+ o= + + regular

o FQLO(Q) I }

FF correction F(q) = \/\/% {1 + folg‘lé)ﬁl(q) + ... }

The main result: energy correction reproduced, form factor

F(q) = 2 {1+ [25,d0 F5*9(0 + im, 0,01 — a5 )embooshd

’I,Fl

F5°9(6,01,05) = F3(0,01,65) — _[1 - S(01 — 02)] + LS (01 —

density of states at Luscher order: p(l) from Luscher quantization

02)



AdS/CFT correspondence (Maldacena 1998)

Il superstrlng on AdSs x S?
L ASISISISIS,
5D sphere N p— 4 D:4 SU(N) SYM
._b '5D '
Lé) antsl ';jaecgltter 1 . o
2= — V(P, W) = [P, ]% + W[, V]
— - PSU(2,2|4)
o = B = 0 superconformal SO0 3xSO(1,4)
extra dimension gaugelnvarlants O Tr(q) ) det( )
S%v2 = R2 —++++-=-R?
B[22 (0, XM Xar + 0.Y M0V ) + . ..
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AdS/CFT correspondence (Maldacena 1998)

II5 superstring on AdSs x S°
A SISISISIS
5D sphere N p— 4 D:4 SU(N) SYM
= D
'—2) antsl ';jaecgltter -
?g B 2 [ d*aTr [3F? = 3(D®P)? +iVPw + V]
r— = V(P W) = L[, d]2 + V[P, V]
== PSU(2,2|4)
= 8 = 0 superconformal < 2)><Sb(1 7y
"M oxva dimension gaugeinvariants:© = Tr(®2), det( )
Do W = I - +++4+-=-R?
B [ 4297 (0, XM X0 + 0.Y M0 Yur) + ...
Dictionary
Coupl.: VA=1L7 g;=42 >0 A=gyy N, N— oo SIELE
(@87
oD QFT strong<s>weak (On(2)0m(0)) = 1520
String energy levels: E()\) 4 Anomalous dim A ()
E(A):E(oo)—l—%—l—%—l—... AN) = A0) + XA+ X200+ ...




AdS/CFT correspondence (Maldacena 1998)

II; superstring on AdSs x S°

A SISISISIS
5D sphere N p— 4 D:4 SU(N) SYM
> 5D _
'—2) antsl ';j:cgltter ) ) o
%:%) _ 7 [ d*aTr [ F? = 3(D®) tzxww + V]
e — - V(P, W) = 2[®, d]? + W[, W]
— B = 0 superconformal A
s == — SO( 3x50(1,4)
" [ exra dimension gaugeinvariants:O = Tr(®<), det( )
SOV2P=R? -4 +++-—=-R
B [ 4292 (9, XM X pr + 0.Y M0Yr) + . ..
. Dictionary
Coupl.: \/XZ%, 932%—)0 A—QYMN N — o0 ?Ianar
oD QFT strong<«sweak (On(z)Om(0)) = 2AnC)
String energy levels: E()\) J Anomalous dim A()\)

E(\) = E(co) + 4+ 2+ ...

2D integrable QFT

AN = A0) + AA1 + N2As + ...

spectrum: Q =1,2,...

,00 dispersion: eq(p)
Exact scattering matrix: Sg.0o,(p1,p2, A)

2

p
2sm 5

Y




Decompactification limit of the string vertex
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Decompactification limit of the string vertex

Decompactify string 2 & 3:




Decompactification limit of the string vertex

Decompactify <>@U©@ ® : @
string 2 & 3: |

S /1NN T | /A




Decompactification limit of the string vertex

Decompactify :<>@U©@ ® : ®
string 2 & 3: |

S N | ®
/) Ty R PR
Form factor equations: : i

Np(01,...,0n) = e PLLNL(6,...,0n,01—2in) = S(0;—0;4-1)NL(...,0,41,0,...)



Decompactification limit of the string vertex

Decompactify §<>@U©® @ 3

string 2 & 3:

S R | ®
</ T RS /1 AN
| L
Form factor equations: _ _
NL(O1, ..., 0n) = e PLENL (0o, . .., 0n,01—2i7) = S(0;—0; 4 1)NL(. .-, 0i11,6;...)

Singularity stucture

B+ 8 6,

—iResy _ogN(6/+im, 0,01 ...,0,) = (1—ePLT]; S(0—6;))N(01,...,60n)

@
@
3
@

<P
@

=]
@
=
@

P
@



The string vertex for L; = 0: diagonal form factor
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The string vertex for L; = 0: diagonal form factor

Decompactify string 2 & 3 but L1 = 0O:




The string vertex for L; = 0: diagonal form factor

Decompactify string 2 & 3




The string vertex for L; = 0: diagonal form factor

Decompactify string 2 & 3

lLLocal operator form factor equations:
No(01,...,0n) = Ng(02,...,0n,01 — 2im) = S(0; — 0;,4.1)No(-..,0;41,0;,...)

—iReSQ/:QNo(Q/—I-i?T, 0,01 ..., Qn) = (1 — Hz S(@— 91‘))N0(91, Ceey Qn)



The string vertex for L; = 0: diagonal form factor

Decompactify string 2 & 3

lLLocal operator form factor equations:
No(01,...,0n) = Ng(02,...,0n,01 — 2im) = S(0; — 0;,4.1)No(-..,0;41,0;,...)

—’iReSQ/ZQNo(@/—I-iW, 0,01 ..., Qn) = (1 — Hz S(@— 92‘))N0((91, Ceey Qn)

HeavyHeavyLight 3pt function strong coupling prescription

[Costa et al., Zarembol: Crur, = fworld sheet V(X [heavy solution (e, 7)])d%o



The string vertex for L; = 0: diagonal form factor

Decompactify string 2 & 3

Local operator form factor equations:
No(01,...,0n) = No(02,...,0n,01 — 2ir) = S(0; — 0;4.1)No(...,0;41,0;,...)

—iReSQ/ZQNO(Q/—I—iTF, 0,041..., Qn) = (1 — |[1l5 S(@— Qi))No(Ql, Ceey Qn)

HeavyHeavyLight 3pt function strong coupling prescription
[Costa et al., Zarembol: Cryr, = fworld sheet V(X [heavy solution (o, 7)])d%o

for multiparticle state: Cyyr, = Jmodulispace {y;} V(X [heavy solution(y;)])d"y



The string vertex for L; = 0: diagonal form factor

Decompactify string 2 & 3

lLocal operator form factor equatibns:
No(01,...,0n) = No(02,...,0n,01 — 2ir) = S(0; — 0,4.1)No(...,0;41,0;,...)
—’iReSQ/ZQNo(@/—I-iW, 0,01 ..., Qn) = (1 — Hz S(@ — 97;))N0((91, cee Qn)

HeavyHeavyLight 3pt function strong coupling prescription
[Costa et al., Zarembol: Crpr, = fworld sheet V(X [heavy solution (o, 7)])d%o

for multiparticle state: Cyur, = modulispace {3} V(X [heavy solution(y;)])d™y

classical diagonal form factors:

F5(01,00)+p1(01)F$(02)+p1(02)F3(6
1,(02,01|V]01,05) 1, = 2(01,02) pl(plz)(ellfej)) p1(62) F7(61)

Explicitly checked at weak coupling [Hollo, Jiang, Petrovskii],
checked from hexagon [Basso, Komatsu, Vieira] by [Jiang]



