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Lagrangian descripton of BQFT-s

LLagrangian:
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Equation of motion, boundary condition
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Quantization of the free theory

Canonical quantization:

oscillators with frequency w(k) = \/m2 + k2

Hilbert space

a(k)|0y=0 ; Vk

k1, ko, ..., kn) = aT(k1)a (ko) ...aT (kn)|O)

Hamiltonian
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H = /O dkw(k)aT (k, a(k, t)

Free propagator
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Adiabatical hypothesis: H;, = H| -0 = H = Hloo = Hour =
Hfree

| final) oyt = Rl|initial);y,

Simplest physical process
OO ~
linitial)s, = / Ak f (k) K)in
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x-dependence: f(z,t) = [*_dkf(k) cos(kz)e ™!

Before reflection
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Transition amplitude

Flux
i [ daf* (2,007, ) = [ dRIF (R
Transition probability into |final)oy
Wi = |(final|;, Rlindtial) |
Computing the interaction part only

R=1+4:T

(final|T|k) = 27n6(E(final) — w(k)){final|T |k)

The connection between a measurable quantity and the
matrix element

Wi = |f(k(E(final)))|?{ final|T|k)|?
In the simplest case

(K'|R|E) = 2n(6(k — k') + 6(k + E))w (k)R (k)



Unitarity of the R-matrix

Unitarity equation

1=RRT=Q+iT)Q—-iTT)=14+i(T-TH) +71TTT
Between one particle states

in(K |11k i, =i (K'|RRY|E)
Supposing boundary states
=i (K|RIB)in in{ BIRF I)in+ [ din (K| R|a)in inlal BF [K)in+. .
Below the two particle threshold
RBR (k) =1 — RERE)=1

Discontinuity, normal thresholds: same equations for T



Analitic structure of the R-matrix
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Other singularities 7

e Anomalous thresholds

e Boundary crossing unitarity



Reduction formula

/ /
out < k |k >in=out< k |CL,Z|7;(]€)|O >in=
Using free fields a;',;(k) = —42 fE)OQ dz cos(kz)e wk)tg, . (z,t)

and that iMoo P(z,t) = 2120, (z,1)
/
—out< k |a(—)|;,t(k)|o >in +
—1/25 [° > iw(k)t '
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— 00 — 00
The connected part after partial integration
22'Z_1/2/d2:ce_iw(k)t cos(kxz) {87 —02+m?+6(x)0:} < K| (z, )]0 >
For the one particle R-matrix

out{k |k >in=2m(8(k — k') + 5(k + K))R(k) =
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Perturbation theory

Compute the Green function

G(z,z,t—t) = (0|T(D(z,t)P(x,t))|0)

Define
t / /
U(t) = T exp {—2/ dt' H, (1 )}
— OO
Then
o / /
R = U(co) = Texp {—z/ dt' H, (1 )}
— OO
and
®(z,t) = U ()P, t)U (L)
that is
e OIT(®in (@, ) Pin (@, 1) exp {i [ d22Lips })|0)
G(x,xz ,t—t) = —

(OIT (exp {i [ d®xLin })|0)
Perturbative expansion
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Feynman rules in coordinate space
For any field associate a dot with coordinate (z,t)
For a term a®®Nin V(&) associate an N leg vertex with

(y,s) and
0 00
z'oz/ dy/ ds
—00 —00

For a term BdM in U(®) associate an M leg vertex with

(0,s) and
w/oo ds

Between any to dots draw a direct
A2k je—tko(t—t")
(2m)2k2 — m2 + e
or a reflected line

(eik(x—x’))

d2k ie—iko(t—t’)

ik(x+z")
(27)2k2 — m2 + ie(e )




Feynman rules in momentum space

Momentum space propagator

G(:I::B t—t)—/ / dw _M(t t)prwwG(pp w)

dk? i
2m)2 k2—m2-+ie

e direct and reflected inner lines: f(

e SPM term from U(P):

boundary vertex with M legs i3276(>_ ko)

o ad term from V():

bulk vertex with N legs ia278(> ko)ms(> k1)



Landau equations

Generic Feynman dgraph

L K Il
dw; dk; 2 2 2, . N—1
M _ 2
/izl |1 o jzl |1 o | | (wy < —m< + ie)

r=1

In Feynman parametrization:
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Singularities =Landau equations

ar =0 or w%—kz%—mQZO , r=1,...,1

I
0 (Zar(wg—k,,?—mz—l—ie)):OH Z a;w; = 0

Ow; \,=1 eachloop

o (< .
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_VITHTTIAlITINUI LU HTILTT PDITLdadLivil, WULAUOSAY [T UITCO
Singularity <~ Landau equation < existence of a spacetime
diagram with particles all on mass shell all moving forward
in time such as draw for

direct propagator « vector o;(w;, k;) of length a;m;

reflected propagator < reflected vector o;(w;, £k;) of length

aimi

bulk vertex < bulk interaction point with energy-momentum
conservation

boundary vertex < boundary interaction point with energy
conservation

Discontinuity at the singularity «»Cutkosky rules

Make the change in the original Feynmal integral

(W2 — k2 _m2 15e) 1 o _omisT (w2 — k2 — m?2)



Coleman-Thun mechanism
Reduced diagrams: o« = O lines are deleted

Summing up the contributions of the diagrams whose re-
duced diagrams are the same «— Coleman-Thun rules: The
actual three level couplings has to be replaced by the exact
vertex functions

The total contribution: poles in the R-matrix

Bound states
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/ ~ / N
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Example for the Coleman-Thun mechanism

Expressing in terms of the physical quantities

1
resR;(iu) = —ERm(Qiu)) resS(2iu)



Integrable models

Infinitely many conserved charges «»No particle production

Introduce w = m cosh

- ST~ S(20)
iTt/2 ) N

¢ R(i m/2-9 ¢ R(im/2+9

Anomalous __

thresholds N\

N = Bound states
/]\ h\ S~ - 4
+ \\ \\ o //1

I R(o) I R(6)

Unitarity:
R(OYR(—0) =1

Boundary crossing unitarity S. Ghoshal, A. Zamolodchikov: IJMPA9
(1994) 3841, 4801.

R(E — 0) = s(0)R(E + 0)



Boundary Yang Baxter Equation

Higher spin conserved charges < Trajectories can be shifted
+— Factorization

Boundary Yang-Baxter (matrix) equation 1. Cherednik, Theor.
Math. Phys. 61,35,997 (1984)

R(01)S(01+02)R(02)S(01—02) = S(01—02)R(02)S(01+062)R(01)



Reflection factors on excited states: boundary bootstrap

Boundary bootstrap, A. Fring, R. Koberle: Nucl.Phys.B421:159-
172,1994

ground state
iu

£)

bound state

Rpoundstate(0) = Rgroundstate(9)5(‘9 + iu)S(0 — iu)



Bootstrap program

. Take a solved bulk model with nontrivial BYBE and

solve the BYBE

. Find Coleman-Thun explanation of poles for 0 < Sm(0) <

7

. For poles without CT associate boundary excited states

. Compute the reflection matrix on the excited boundary
states

. Analyze the pole structure of the excited R-matrix

. T he program is completed if at the end only CT poles
remain



Boundary sine-Gordon model

Lowy? + ™ ® M B @ (0 )
L (09)? + T cos () ocos (5(4(0) - o) )

S -

x=0




Short boundary history:

Integrability, ground state reflection factors: S. Ghoshal, A. Zamolod-
chikov: IJMPA9 (1994) 3841, 4801.

Partial Dirichlet (Mo — oo) spectrum (no Coleman-Thun): S. Skorik,
H. Saleur: JPA28 (1995) 6605.

UV-IR relation: Al. B. Zamolodchikov (unpublished).

General Dirichlet (Mp — oo) spectrum (with Coleman-Thun): P. Matts-
son, P. Dorey: JPA33 (2000) 9065.

Neumann spectrum: Z.B., L. Palla, G. Takacs: NPB614 (2001) 405.

General spectrum, TCSA, TBA verification: Z.B., L. Palla, G. Takacs,
G.Zs. Toth: NPB622 (2002) 548, 565.

Semi-classical issues: L. Palla, M. Kormos:J.Phys. A35 (2002) 5471-
5488.

TBA in reflectionless points: T. Lee, Ch. Rim: Nucl.Phys. B672
(2003) 487, J.-S. Caux, H. Saleur, F. Siano:Nucl.Phys. B672 (2003)
411.



BulkK data

particle spectrum: soliton and antisoliton with S-matrix

(-1 0 0 0 )
—Sin Aw Sin\@ . .
0 sin )_\(77;52'9) sin A(ﬂ)\—vje) 0 I, [ I‘(2(l—1)>\>-\|-0>‘%9)l’(2l>\+1+¥)
sin g —Ssin \w = _ Xif _ 0
O smAG+i0) sna(rrid) O FREEDAFZET2DA+ 1457
0 0 0 -1 )

/(0——0

Bound states: breathers
mpg. = 2M sin -~
2\
Scattering on the solitons
S"={n—-14+AH{n -3+ 2}...
Scattering amoung themselves
S""M=dn+m-1H{n+m—-3}...{n—m+3}{n—m+ 1}

(y+1> (y—l) . .
[y} = 2) 2) (2) = _sin(zm/2 —i6/2)
(y2+_/\1 _ 1) (LL 4 1) sin(zmw/2 4 i0/2)
UV-IR relation
A M mo® "~ 6



1. Solution of the BYBE

Integrability—no particle production and the R-matrix fac-

torizes into the product of two particle S-matrices and one
particle R-matrices

Constraints: boundary Yang-Baxter equation, unitarity, bound-
ary crossing symmetry. The most general solution

PE=cos(i\d) cosncosh ©+(cos—sin) ; Q=cosi\dsini\0



2. Coleman-Thun poles

Boundary independent CT poles in Rg(6)

2n




3-4. Boundary excited states, reflection factors

Boundary dependent poles in o(n,0)

poles at 0 = iy, = (g _ (275\%))

N

n
>
[n> In>

R|n ()‘ n, @) — R()‘ 777 @)a’Il(nae)

My = MC0Stn) R RS = r(A 1)



5. Pole analysis, excited wall
poles at

0 = iwm = ivm(n) 0 =iv,_ i

[n>

| >

[n>

exists only for wy, < vn for wm, > vy, Neéw boundary
boundstate |n,m) : ) = M (cos(vy) + cos(wy,)) if

Min,m

n>

n>



Boundary spectrum

) R(\1n,©O)

0) R(A, 7, ©) n) R(A, 77, ©)an(n, 0)
M cos(vg) 7 M cos(vp)

|n7 m> R<>‘7 n, @)an("?, Q)Qm(ﬁ, 0)
M cos(vy) + M cos(wm,)

|n17 mia,... 7nk> R()‘7 777 @)a’nl (777 Q)Gml (7_77 9) s ank(na 9)
M cos(vn,) + M cos(wmy) + ... + M cos(vn, )

|n17 mia,... 7mk:> R()‘a n, @>a'n1 (777 9)&m1 (777 9) <o a’mk(ﬁa 9)
M cos(vn,) + M cos(wm,) + ... + M cos(wm,,)



Finite volume analysis, fix

points

UV limit
c=1 BCFT r8=+V4nr
H=2L["((M?2+ (0,9)?) dx
Spectrum

A_p, - ..0_p,|n) ; Mo|ln) = %‘n>

H=7% (2“% + Zn#o na_nan)

UV fix point
L=0

IR limit
Bulk spectrum
s,5,BY...B"
S(A) ...
Boundary spectrum
ni,mi,...,mg)

R(A\,n,©)...

IR fix point
L=infinite




Finite volume analysis, near the fix points

Near UV: TCSA
Scaling fields
Vi(z,t) =: e @)
W,(0,t) =: e-®01) .
HYGE — (Vo + Voz)
Hg)s.%t, . %(e—fwo\ul + 6f990\|j_1>
Diagonalize HP"'(mg, Mo)

Near IR: BY lines
Momentum quantization
Bulk: ¢'"F =1, P(L) = "N
Boundary
| |

|
0 L

e?PLRo(P)RL(P) =1 — P(L)
E(L) = /M?+ P(L)?

Near UV p

UV fix point

L=0
|

Near IR

IR fix point
L=infinite




Numerical test

m =
14 |
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Exact calculations

VEV of V, (m07M07ﬁ7 900) —  Epouna. < TBA equation (Ma A, 1, @)




Semi-classical issues

Boundary boundstates related by s <~ 5,7 < 7

. 0) R(\, 7, ©)
| > R(Aﬂ?,@) , MCOS(VQ)
Classical static solutions ¢ ¢

ZTVB ZTVB

T
J/O 0

Semi-classical corrections: linearized fluctuations

Discrete spectrum:

nothing wg > 0

Energy differences — semi-classical UV-IR relation

AEcla,ssical + AEsemi—classical — M COS(”O)
wg <« M cos(v1) — M cos(vg)



Instability for oo =0
Discrete spectrum: w3 < 0

<\

21

resonance pole in ¢(i®,0) at 0 = —vg = —% — iy

with the same energy and width in the classical limit.

Reflection factors, unstable boundstate are confirmed in time delay

analysis as well
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