Integrable Models and Applications
Ecole Normale Supérieure de Lyon, France, 11 - 15 September 2006

Recent developments in Boundary Quantum Field Theories

Z. Bajnok
Institute for Theoretical Physics, Eétvos University, Budapest

in collaboration with Changrim Ahn, G. Bohm, A. George, R. Nepomechie, L. Palla,
Chaiho Rim, L. Samaj, G. Takacs, Alyosha Zamolodchikov



Integrable Models and Applications
Ecole Normale Supérieure de Lyon, France, 11 - 15 September 2006

Recent developments in Boundary Quantum Field Theories

Z. Bajnok
Institute for Theoretical Physics, Eétvos University, Budapest

in collaboration with Changrim Ahn, G. Bohm, A. George, R. Nepomechie, L. Palla,
Chaiho Rim, L. Samaj, G. Takacs, Alyosha Zamolodchikov




Integrable Models and Applications
Ecole Normale Supérieure de Lyon, France, 11 - 15 September 2006

Recent developments in Boundary Quantum Field Theories

Z. Bajnok
Institute for Theoretical Physics, E6tvos University, Budapest

in collaboration with Changrim Ahn, G. Bohm, A. George, R. Nepomechie, L. Palla,
Chaiho Rim, L. Samaj, G. Takacs, Alyosha Zamolodchikov

Relativistic Boundary QFT in 14D (not only integrable)

7

™




Integrable Models and Applications
Ecole Normale Supérieure de Lyon, France, 11 - 15 September 2006

Recent developments in Boundary Quantum Field Theories

Z. Bajnok
Institute for Theoretical Physics, E6tvos University, Budapest

in collaboration with Changrim Ahn, G. Bohm, A. George, R. Nepomechie, L. Palla,
Chaiho Rim, L. Samaj, G. Takacs, Alyosha Zamolodchikov

Relativistic Boundary QFT in 14D (easy presentation) 1+1




Integrable Models and Applications
Ecole Normale Supérieure de Lyon, France, 11 - 15 September 2006

Recent developments in Boundary Quantum Field Theories

Z. Bajnok
Institute for Theoretical Physics, E6tvos University, Budapest

in collaboration with Changrim Ahn, G. Bohm, A. George, R. Nepomechie, L. Palla,
Chaiho Rim, L. Samaj, G. Takacs, Alyosha Zamolodchikov

Relativistic Bulk QFT in 141




Integrable Models and Applications
Ecole Normale Supérieure de Lyon, France, 11 - 15 September 2006

Recent developments in Boundary Quantum Field Theories

Z. Bajnok
Institute for Theoretical Physics, E6tvos University, Budapest

in collaboration with Changrim Ahn, G. Bohm, A. George, R. Nepomechie, L. Palla,
Chaiho Rim, L. Samaj, G. Takacs, Alyosha Zamolodchikov

Relativistic Bulk QFT (x,it) <« (—iT, X)

X=it
—_—

L |

iT=—x




Integrable Models and Applications
Ecole Normale Supérieure de Lyon, France, 11 - 15 September 2006

Recent developments in Boundary Quantum Field Theories

Z. Bajnok
Institute for Theoretical Physics, Eétvos University, Budapest

in collaboration with Changrim Ahn, G. Bohm, A. George, R. Nepomechie, L. Palla,
Chaiho Rim, L. Samaj, G. Takacs, Alyosha Zamolodchikov

Boundary introduced in space




Integrable Models and Applications
Ecole Normale Supérieure de Lyon, France, 11 - 15 September 2006

Recent developments in Boundary Quantum Field Theories

Z. Bajnok
Institute for Theoretical Physics, Eétvos University, Budapest

in collaboration with Changrim Ahn, G. Bohm, A. George, R. Nepomechie, L. Palla,
Chaiho Rim, L. Samaj, G. Takacs, Alyosha Zamolodchikov

Boundary introduced in space In time

1 1 1 I [ []
it . r 1T T 1T |

- =




Motivation: Colloidal solution



Motivation: Colloidal solution

Colloidal solution: Tl

gas

charged or neutral particles

in liquid or in gas

guest particle



Motivation: Colloidal solution

Colloidal solution: Tl

gas

charged or neutral particles

in liquid or in gas

Problem: Calculate the
effective interaction (Hendrik Casimir 1948)

guest particle



Motivation: Colloidal solution

Colloidal solution: B

charged or neutral particles
in liquid or in gas

Problem: Calculate the
effective interaction (Hendrik Casimir 1948)

guest particle

guest particle




Motivation: Colloidal solution

. . liquid
Colloidal solution: gas

charged or neutral particles
in liquid or in gas

Problem: Calculate the
effective interaction (Hendrik Casimir 1948)

7

renormalized charge
saturation hypothesis

_—

guest particle xxi/
liquid
as

F xa b x (P(x)) = Q(pg)e™™* ; Q(x0) <

guest particle




Plan



Plan
Scattering

out<9’17 9’2 81, 92>7Ln




Scattering

out <9/1 : 9’2

81, 92>7Ln

Plan

Green function
G*(pi, iw;)

SNy e

(p4"‘° 4) (Plvw 1)

(0409 &)
AN



Plan
Scattering

o . Green functio
0ut<91’ (92 91, 92>m n

G*(pi, iw;)

/
p out out
(P, (Pyo) 81 /
o (p|w) 1Z
(Py2) () % )
Y} 0, 9n
AN

Reduction formula




Scattering

out <9/1 : (9’2

91, 92>z’n

Green function
G*(pi, iw;)

SNy e

(p4"‘° 4) (Plvw 1)

(0409 &)
AN

Plan

Reduction formula

S bootstrap
FF bootstrap




Scattering

out <9/1 : 9’2

81, 92>7jn

Reflection

out < 0’

-0

Green function
G*(pi, iw;)

SNy e

(p4"‘° 4) (Plvw 1)

(0409 &)
AN

Plan

Reduction formula

S bootstrap
FF bootstrap




Scattering

out <9’1 ’ 9’2

81, 92>7Ln

Reflection

out < 0’

-0

Green function
G*(pi, iw;)

SNy e

(p4,oo 4) (Plvw 1)

(0409 &)
AN

BGreen function
G%(pi, iw;)

(P2i )

(P, i®2)

Plan

Reduction formula

S bootstrap
FF bootstrap




Scattering

0ut<9’17 0’2

91,92>7Ln

Reflection

out < 0’

-0

Green function
G*(pi,iw;)

b\ o}
(p,00)

(o)

BGreen function
G%(pi, iwi)

(P2i )

(P, i®2)

Plan

Reduction formula

BReduction formula

out out
01 /
(p|w) 1Z @
6,
e n

S bootstrap
FF bootstrap

@



Scattering

0ut<9’17 0’2

91,92>z’n

Reflection

out < 0’

-0

Green function
G*(pi,iw;)

b\ o}
(p,00)

(o)

BGreen function
G%(pi, iwi)

(P2i )

(P, i®2)

Plan

Reduction formula

BReduction formula

out out
01 /
(p|w) 1Z @
6,
e n

S bootstrap
FF bootstrap

@

R bootstrap
BFF bootstrap




Plan

Scatterin _
out/g © in Green function _
(01,0,]01,02) Reduction formula

G*(pi, twn) S bootstrap

/
\O\ /O o FF bootstrap
(0, @) (pp0) _ 6, / 7

|

(209 1 NP2
AN

Reflection _
out 1| gy BGreen function BReduction formula R bootstrap
200 i
e G5 (pi, iwi) BFF bootstrap
(P2iwy)
@
o) R
e Y
BState
(Bl01, 62)




. Plan
Scattering

bty - Green function _
10,0501, 02) Reduction formula

G*(pi, iw;) S bootstrap

/
\Q\ /O FF bootstrap
(P, (Pp,)

@
() 1 NP2
AN

Reflection _
out (g |9)im BGreen function BReduction formula R bootstrap
20 i
= Gy (pi; iwi) BFF bootstrap
(i)
@
(P, i) ele//
. v
BState BGreen function
(B|61, 02) G3(—iS%, P;)

P G



. Plan
Scattering

o - Green function
out<91’ 02 91, 92>fm

. Reduction formula
G*(pi, iw;) S bootstrap

/
\Q\ /Q . , FF bootstrap
(P, (P2, - / ,

)
@
(209 1 NP2
AN

Reflection _
out 1| gy BGreen function BReduction formula R bootstrap
2 (. i
e G5 (pi, iwi) BFF bootstrap
(i)
@
o) R
e “e/
BState BGreen function S rlvE e Gar e
(B|61, 62) G%(—iS2, P)




Scattering
out<9’l’ 6’2 @1, 92>m

Reflection
out <6)’ 6)>m

=5

BState
<B|917 €2>

Plan

Green function _
s Reduction formula
G*(pi, iw;) S bootstrap

/
\Q\ /Q . , FF bootstrap
(P, (P2, - / ,

)
@
(209 1 NP2
AN

BGreen function R bootstrap
G(pi, iwi) BFF bootstrap

(P2i )
@

VEV —Casimir

_ 6,—7
(p1 ,m)l) 6, /
5]

BGreen function
G%(—iQ, P)

/ (iQyPy) (iQyPy)




Bulk Hilbert space
Bulk initial state

(energy iw = im CcOsh 6, momentum p = msinh @)

01,05,...,0N5)"
01 >0>>...>0xN




Bulk Hilbert space

Bulk final state

107,05, ..,0,,)°"
0] <0< ...<0y

Bulk initial state

(energy iw = im COSh 0, momentum p = msinh )

101,02,...,0N5)"
01 >0>>...>0xN




Scattering matrix

Bulk final state

/ /
107,05, ...,0,,)°"
/ / /
01 <0y <...<0y

Scattering matrix

/
S, SN {eh =
U9, 0n,...,0,101,00,...,0N)"

Bulk initial state

|917927"'79N>7;n
01 >0>>...>0xN




Form factors

Bulk final state

/ /
107,05, ...,0,,)°"
/ / /
01 <0y <...<0y

Form factors of local operators

/
I / F](\?M({H}’ {9 }) —
OUt<91,92, o ,9M|O(x,it)|91,(92, S ,(9N>Zn

Bulk initial state

|917927"'79N>7;n
01 >0>>...>0xN




Scattering matrix: properties (Lorentz invariance)



Scattering matrix: properties (Lorentz invariance)

Simplest nontrivial scattering matrix S§(|6’1 — 6>]) = S(0) 6 >0




Scattering matrix: properties (Lorentz invariance)

Unitarity

S(8)* = S(—6)



Scattering matrix: properties (Lorentz invariance)

S(8)* = S(—6)

Unitarity




Scattering matrix: properties (Lorentz invariance)

S(6) = S(-0)

Unitarity

Crossing

a.
'@

S(0) = S(Gim—0)



Scattering matrix: properties (Lorentz invariance)

S(8)* = S(—6)

Unitarity

S(0) = S(imr—0)

Crossing




Scattering matrix: properties (Lorentz invariance)

S(8)* = S(—6)

Unitarity

S(0) = S(imr—0)

Crossing

Need for analytical continuation in 6

Need for singularity structure in 6




Scattering matrix: properties (Lorentz invariance)

S(8)* = S(—6)

Unitarity

S(0) = S(im —0)

Crossing

Need for analytical continuation in 6

Need for singularity structure in 6

Reduction formula, Landau equations




Analytic structure: reduction formula



Analytic structure: reduction formula

need: analytic structure of

S matrix

reduction formula

known: analytic structure of

correlators




Analytic structure: reduction formula

need: analytic structure of

known: analytic structure of

< | reduction formula | <

correlators

S matrix

< out|O(x,it)|01,602,...,0n >

276(01 — 0){out\O|O(x,it)|0>,...,0nh >




Analytic structure: reduction formula

need: analytic structure of

known: analytic structure of

< | reduction formula | <

S matrix

< out|O(x,it)|01,602,...,0n >

correlators

276(01 — 0){out\O|O(x,it)|0>,...,0nh >

— 0

_z71/2 / * ait) e 0@ / - dx,e_ip(el)x/{—ﬁi/ - 9%+ m?}




Analytic structure: reduction formula

need: analytic structure of

known: analytic structure of

< | reduction formula | <

S matrix

< out|O(x,it)|01,602,...,0n >

correlators

276(01 — 0){out\O|O(x,it)|0>,...,0nh >

— 0

_z71/2 / * ait) e 0@ / - dm/e_ip(el)x/{—ﬁi/ - 9%+ m?}

< out|T(CD(ac/, it/)O(x, it))|0o,...,0n >




Analytic structure: reduction formula

need: analytic structure of

known: analytic structure of

< | reduction formula | <

S matrix

< out|O(x,it)|01,0o,...,0nh > |=

correlators

276(01 — 0){out\O|O(x,it)|0>,...,0nh >

— 0

_z71/2 / * ait) e 0@ / - dmle_ip(el)ml{—ﬁi/ - 9%+ m?}

Analytic continuation in 67:

(time reversal) it — —it continuation:

Crossing (z,it) — (—iT, X) < (w,ip) — (—iP, ) continuation | § — T —

< O’LLt|T((D(:C/, it/)O(x, it))|0o,...,0n >

0 —1m— 06




Analytic structure: reduction formula

need: analytic structure of

known: analytic structure of

< | reduction formula | <

correlators

S matrix

< out|O(x,it)|01,0o,...,0nh > |=

276(01 — 0){out\O|O(x,it)|0>,...,0nh >

— 0

_z71/2 / * ait) e 0@ / - dmle_ip(el)ml{—ﬁi/ - 9%+ m?}

Analytic continuation in 67:

(time reversal) it — —it continuation:

Crossing (z,it) — (—iT, X) < (w,ip) — (—iP, ) continuation | § — T —

< O’LLt|T((D(:C/, it/)O(x, it))|0o,...,0n >

0 —1m— 06

Analytical properties of the correlators: Landau equations




Correlation functions



Correlation functions

One point function (O|®(x, it)|0) = G1(z,it) = G1

(x,it)



Correlation functions

One point function (0| (x,it)|0) o

(x,it)



Correlation functions

One point function (O|®(x, it)|0) R—

Momentum space formulation (0| (z,it)|0) = [ dzeP® [ d(it) el WGl (p iw)

Gl(p,iw) = (27)26(p)é(iw)GH

(P, &)



Correlation functions

One point function (0| (x,it)|0) o

(x,it)

= [2% dxe'PT 22 d(it)ei(iw)(it)Gl(p, iw)

(piw)



Correlation functions

One point function (0| (x,it)|0) o

(x,it)

= [2% dxe'PT 22 d(it)ei(iw)(it)Gl(p, iw)

(pio) (x,it)



Correlation functions

One point function (O|® (x,it)|0) —
= [2% dxe'PT 22 d(it)ei(iw)(it)Gl(p, iw) .
(Piw —° (x,it)
Two point function
o —e
(xpity (X,it)

(O|T(P(x1,it1)P(x2,it2))|0) = GQ(ajl — X0, 11 — ito)



Correlation functions

One point function (O|®(x,it)|0) —
= [Z dxe'PT 122 d(it)ei(w)(it)Gl(p, iw) _
(Piw —° (x,it)
Two point function
o — o
(xwity (Xyit)

(O|T(P(x1,it1)P(x2,it2))|0) = GQ(:Cl — X2, 1t1 — ito)

G?(p1,iw1, p2,iwz) = (2m)26(p1 + p2)d(w1 + w2) G2(p, iw)

(ppicy) (Pyicd)



Correlation functions

One point function (O|®(x,it)|0) —
= [Z dxe'PT 122 d(it)ei(w)(it)Gl(p, iw) _
(Piw —° (x,it)
Two point function
o — o
(xwity (Xyit)

(O|T(P(x1,it1)P(x2,it2))|0) = Gz(xl — X2, 1t1 — ito)

G?(p1,iw1, p2,iwz) = (2m)26(p1 + p2)d(w1 + w2) G2(p, iw)

(ppicy) (Pyic) (xqity (,it)



Correlation functions

One point function (O|® (x,it)|0) —
= [, dxe'P? 22 d(it)ei(iw)(it)Gl(p, iw) _.
(P ) - (%it)
Two point function
o —e
(xwit) (%,it)

(O|T(P(x1,it1)P(x2,it2))|0) = G’Q(:Iil — X0, 1t1 — 1to)

G?(p1, w1, p2,iwz) = (27)28(p1 + p2)d(wi + w2) G?(p, w)

_— ® —_—e
(Pricy) (i) (xqit) (it )

G?(p,iw) =




Correlation function

One point function (O|® (x,it)|0) —
= [ dze® [ _d(it)el @)D GL(p, iw) _
(Piw) —° (x,it)
Two point function
[ —_—
(xqity (%,it)

(O|T(D(x1,it1)P(x2,it2))]|0) = G?(x1 — o, it1 — ito)

G?(p1, w1, p2,iw2) = (27)%8(p1 + p2)d(wi + w2)G?(p, iw)

A E—— _ [ —
(pricy) (Pyic) (xqity (it )

G?(p,iw) =

—(iw)2—p?2—m?2+ie




Correlation function

One point function (O|®(x,it)|0) E—
= [%9, dzeP® [0 d(it)e! ()G (p, iw) .y
(pi e — (xit)
Two point function
o —e
(xpity (%,it)

(O|T(P(x1,it1)P(x2,it2))|0) = GQ(a?l — X0, 1t1 — ito)

G?(p1,iw1, p2,iwz) = (2m)26(p1 + p2)d(w1 + w2) G (p, iw)

L
é_ [ —
(ppicy) (Pyic)) (xqity (it )
2 : — A o) 12 U(mlz)
G<(p,iw) = —(iw)2—p2—m2+ie T f4m2 dm —(iw)2—p2—m2Fie




Correlation functions: higher

10



Correlation functions: higher

?pl’w])
(P09 ()
Three point function /( \




Correlation functions: higher

; (Prwy)

Three point function

n- point function



Reduction formula revisited

11



Reduction formula revisited

< out|O(x,it)|01,60o,...,0n >

276(01 — 0)(out\O|O(x,it)|0o,...,0n >




Reduction formula revisited

< out|O(x,it)|01,60o,...,0n >

276(01 — 0)(out\O|O(x,it)|0o,...,0n >

— 0

_z-1/2 / ity e~ iw @)t / > dx'e—ipwl)x’{_ai, — 92 4+ m?)

< out|T (P (2, it YO(z,it))|0, . . ., 0p >




Reduction formula revisited

< out|O(x,it)|01,60o,...,0n >

276(01 — 0)(out\O|O(x,it)|0o,...,0n >

— 0

_Z—1/2 /OO d(it/) e—i(iw(el))(it/) /OO dxle—ip(el)xl{_ai, o 8323/ 4 mQ}

Diagrammatically

< out|T (P (2, it YO(z,it))|0, . . ., 0p >




Reduction formula revisited

< out|O(x,it)|01,0o,...,0n > |=| 276(01 — 0){out\O|O(x,it)|0,...,0nh >

_7—1/2 /OO d(it/) e—i(iw(@l))(it/) /OO da:/e_ip(el)x/{—ai, - 35/ i m2}

— 0

< out|T (P (2, it YO(z,it))|0, . . ., 0p >

Diagrammatically

out

Yl




Reduction formula revisited

< 0ut|(9(:v, ’it)|91, 0>,...,0nh >

276(01 — 0)(out\O|O(x,it)|0o,...,0n >

— 0

_7—1/2 /OO d(it/) e—i(iw(@l))(it/) /OO dxle—ip(el)a:/{_ail - 8{3 i m2}

Diagrammatically

< out|T (P (2, it )O(z,it))|02, . ..

79n>

out

Z



Singularity structure: Coleman-Thun mechanism

12



Singularity structure: Coleman-Thun mechanism

Singularity in correlation function= on mass shell particles

/
y (P

(o4

(P 1




Singularity structure: Coleman-Thun mechanism

Singularity in correlation function= on mass shell particles

/ R /

ﬁ (pl,(A) 1) (p4,(x) 4) } (p1,0) 1)
(P03 7 (R,

N\ N\

(o4

(P 1




Singularity structure: Coleman-Thun mechanism

Singularity in correlation function= on mass shell particles

} (pl’('ol) (p4’°° 4) } (ply(*) l)
(p3,w3)% (p,w.)
N\ N\

()

(Py029




Singularity structure: Coleman-Thun mechanism

Singularity in correlation function= on mass shell particles

/ R /

ﬁ (pl’wl) (p4,(x) 4) } (ply(*) 1)
(P03 7 (R,

N\ N\

(g0,

(Py©2) 1

Coleman-Norton interpretation




Singularity structure: Coleman-Thun mechanism

Singularity in correlation function= on mass shell particles

/ R /

ﬁ (pl’wl) (p4,(x) 4) } (ply(*) 1)
(P03 7 (R,

N\ N\

(g0,

(Py©2) 1

Coleman-Norton interpretation




Singularity structure: Coleman-Thun mechanism

Singularity in correlation function= on mass shell particles

/ R /

ﬁ (pl’wl) (p4,00 4) } (ply(*) 1)
(P03 7 (R,

N\ N\

(g0,

(Py©2) 1

Coleman-Norton interpretation




Singularity structure: Coleman-Thun mechanism

Singularity in correlation function= on mass shell particles

/
/ (P

(P,

(P 1

Coleman-Norton interpretation

AN

Cutkosky rules

(G3(uy))?

Qg

(p4’w 4) (pl’w 1)

(P30 1 (Py0,)
AN




Singularity structure: Coleman-Thun mechanism

Singularity in correlation function= on mass shell particles

Qg Q. d
(p4,w 4) (pl'wl) (p4,w4) (pl-(*) 1)
(P23 7 (P9 7 (G

N\ \

Coleman-Norton interpretation

Cutkosky rules

(G3(uy))? (G3(u1))?




Singularity structure: Coleman-Thun mechanism

Singularity in correlation function= on mass shell particles

(R0
(P03 71

Coleman-Norton interpretation

/
/ (po)

AN

Cutkosky rules

(G3(uy))?

Qg
(0, (o))

(XS N
AN

(G3(u1))?

(G3(u2))*G*(u3)



Integrable aspects: S-matrix bootsrap

13



Integrable aspects: S-matrix bootsrap

Integrability: shifting the trajectories —factorization + boostrap

The only nontrivial scattering matrix S§(|91 — 6>]) = S(0)

0>0




Unitarity

Integrable aspects: S-matrix bootsrap

S0~ = S(-0)




Unitarity

Crossing

Integrable aspects: S-matrix bootsrap

S0~ = S(-0)

S(0) = S(imr —6)




Integrable aspects: S-matrix bootsrap

2 2

S~ = 5(-0)

Unitarity / \

S(0) = S(imr —0)

Crossing

sinhf—:sinp
sinh@4isinp

Simplest nontrivial solution S(6) =



Integrable aspects: S-matrix bootsrap

2

S~ = 5(-0)

Unitarity / \

S(0) = S(imr —0)

Crossing

sinhf—:sinp
sinh@4isinp

Simplest nontrivial solution S(6) =

Minimality: all singularity has physical origin: p > O end of the story (sinh-Gordon):



Integrable aspects: S-matrix bootsrap

2

SO~ = 85(-0)

Unitarity

S(0) = S(im —0)

Crossing

sinhf—zsinp
sinh@+4zsinp

Simplest nontrivial solution S(6) =

Minimality: all singularity has physical origin: p > O end of the story (sinh-Gordon):

p < O boundstate



Integrable aspects: S-matrix bootsrap

/s

S~ = 5(-0)

Unitarity / \

S(0) = S(imr —0)

Crossing

sinhf—:sinp
sinh@4isinp

Simplest nontrivial solution S(6) =

Minimality: all singularity has physical origin: p > O end of the story (sinh-Gordon):

Bootstrap |




Integrable aspects: S-matrix bootsrap

/s

S~ = 5(-0)

Unitarity / \

S(0) = S(ir —0)

Crossing

sinhf—zsinp
sinh@4isinp

Simplest nontrivial solution S(6) =

Minimality: all singularity has physical origin: p > O end of the story (sinh-Gordon):

Bootstrap |




Integrable aspects: S-matrix bootsrap

2 2

S(0)~ ! = S(-0)

Unitarity

S(0) = S(imr—0)

Crossing

sinhf—isinp
sinh 64:sinp

Simplest nontrivial solution S(6) =

Minimality: all singularity has physical origin: p > O end of the story (sinh-Gordon):

Bootstrap |:

S’I’LG’UJ(6>



Integrable aspects: S-matrix bootsrap

2 2

SO~ = S(-0)

Unitarity

S(0) = S(im—0)

Crossing

sinh@—isinp
sinh 64-:sinp

Simplest nontrivial solution S(6) =

Minimality: all singularity has physical origin: p > O end of the story (sinh-Gordon):

Bootstrap |

Snew(6) So1d(0 =+ iu)Sp1a(0 — tu)



Integrable aspects: S-matrix bootsrap

/s

S0~ = 5(-0)

Unitarity

S(0) = S(imr —6)

Crossing

sinhf—isinp
sinh@—+4zsinp

Minimality: all singularity has physical origin: p > O end of the story (sinh-Gordon):

Simplest nontrivial solution S(6) =

Bootstrap |

Snew(0) So1d(0 =+ iu) Sp1a(0 — tu)

for p = —% self-fusion: Lee-Yang,

for generic p sine-Gordon By, B3, ..., Bp,s,s



Form factor boostrap

Permutation
FEQ(01,...0;,0,11,...,0n) =

S(6; — 0:41)F2 (61, .- 041,06, - .

, On)
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Form factor boostrap

Permutation
FEQ(01,...0;,0,11,...,0n) =

S(6; — 0:41)F2 (61, .- 041,06, - .

, On)

Un
}/FnD< 0i+1
0.



Form factor boostrap

Permutation

FEQ(01,...0;,0,11,...,0n) =

S0; — 0;41)FP(01,...0;41,0;,...,6n)
Periodicity
F??(Hla'”agn—laen) —
F2(0n 4 2mi,601,...,0n_1)




Form factor boostrap

Permutation

FEQ(01,...0;,0,11,...,0n) =
S(6; — 0i41) Fiy (01, - -

041,05, - ..

, On)

Periodicity

Pﬁ?(en'+'2ﬂ@,91,..

'79n—1)




Form factor boostrap

Permutation
FEQ(01,...0;,0,11,...,0n) =
S(0; — 0;01)FSQ (01, - 0i41,0;,- .., 0n)

Periodicity
FO(01,...,0ph_1,60n) =
FO (0, + 2,01, ...,0n_1)

Kinematical singularities
: . /
ires,_ B (0 4+ im,0,01,...,600) =

= (1111 50 — 6)) FO(61,...,6n)

16, i
On
\
/ 811
e1 ) ei



Form factor boostrap

Permutation
FOOrs. By O 60) = %\ ﬁ<
S(0; — 0;11)FP(01,...0,11,0;,...,00)
Periodicity
F??(Hla'ﬂagn—laen): ﬁ\/
FO(0n 4 27i,01,...,0,_1)

/

/

Kinematical singularities i 6 ° e,
. . /
zresezefF7?+2(9+Z7r,9 ,01,...,0p) = - - B
— (11172, S0 — 6)) FO (01, ..., 0n) . ;



Form factor boostrap

EQ(01,...0;,0;41,...,0n) =
S(0; — ;. 1)ES(01,...0;11,60i,-..,6n)

Permutation

E9(6p + 27,01, ...,0,_1)

Periodicity

res

0=0

/FnO—I—Q(e + i7T7 0/7 917 ey en) —
= (1 -T2, S0 = 6) FP(01,- -, 6n)

Kinematical singularities

ires

=

Dynamical singuralities
. / ,
QIF,’,(LQ_I_Q(Q + iu, 0 —iu,01,...,0p) =
r}qgkl(evela---aen)




Form factor boostrap

Permutation
EQ(01,...0;,0;41,...,0n) =
S(0; — 0,4 1)FEC (01, ... 0,401,064, ,0n)

Periodicity
F2(01,...,6p-1,6n) =
F9(0n 4+ 2mi,01,...,0,_1)

Kinematical singularities
c . /
zreseze/F7?_|_2(0 +im,0,0q1,...,0,) =
= (1~ Iy (0 — 6:)) F (61, .-, 6n)

Dynamical singuralities
: VA
zresezelFS_l_Q(g—l— u,0 —iu,0q,...,0n) =
I_Fn_l_l(e, 91, o oo 7971,)

i+1



Form factor boostrap

Permutation
FEQ(01,...0:,0,11,...,0n) =
S(0;i — 04 1) F2 (01, - 0;41,0, - -, 60n)

Periodicity
F2(01,...,6p-1,6n) =
FO(0n 4+ 2mi,01,...,0,_1)

Kinematical singularities

iresgze/F7?+2(9 + 4, 9/, 01,...,0n) =

= (1111 50 — 6)) FO(61,...,6n)

Res

0 0.
1 92 i 1 92
(¢}
/Qﬁgi
0 / 0. 0
1 92 i 1 92
(V] (V]

A
A

Dynamical singuralities
. A
ZreSQZH/FnO—FQ(?Q_l_ u,0 —iu,0q,...,0n) =
I_Fn_l_l(9791,...,9n)

0 6, o %
en
Res — _
0.
i+1
6+ \\ 0.
o-w 61 & 6+ g1

Bn
S = S
/ +1 / 041
O

6 i+1

(7
1\

6, 9

Form factor solutions for generic p: sinh-Gordon, Lee-Yang, B1form factor in sine-Gordon



Boundary Hilbert space

Boundary initial state

|817827°°°70N;E>%1

0,

HEHHA AR A AH]
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Boundary Hilbert space

Boundary final state

101,05, ..,0,,; B )%t
0] < 0p<..<0p; <O

Boundary initial state

|017027°°°79N;E>%1
01 >60>>...>0N >0

0,

HHEHEEHHHAHAH]

HHEHHA AR A AAAAA]




Reflection matrix

Boundary final state
/ / / /
. t
, |917/927 et 79M'/E >%u
01 <05<...<0,;<0

Reflection matrix

RN ({6; B}, {0 E'})

%Ut<9,179,27°"79;\4;E|917923---79N;E

Boundary initial state

|917927“‘79N;E>%L
01 >0>>...>0n>0

Analytic structure?

)i

16



Boundary form factors

Boundary final state

/ / / O G e2 eM £’
/|91’/927"'79M;/E>B A
Boundary form factors '
|
S Nde:EyL{0 EH = (OO
%Ut<017927“‘76M' |O(O O)|017(927" QNv Zn :

Boundary initial state /

61,02, ...,0N; E)E E

01 >0>>...>0N >0

Analytic structure?

17



Analytic structure: boundary reduction formula
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Analytic structure: boundary reduction formula

need: analytic structure of

R matrix

boundary reduction formula

analytic structure of

boundary correlators




Analytic structure: boundary reduction formula

need: analytic structure of

R matrix

analytic structure of

< | boundary reduction formula | <

boundary correlators

B < out|O(it)|01, 0o, ..

0 >p |= 27‘(‘(5(91 —9)3 < 0ut\9|(9(z’t)|02,...,9n >B




Analytic structure: boundary reduction formula

need: analytic structure of analytic structure of

< | boundary reduction formula | <

R matrix boundary correlators

B < out|O(it)|01,02,...,0n >p |=| 276(01 — 0) g < out \ 0|O(it)|0>,...,0n >R

—27~1/2 1% q(it) ei(iw(61)) (i) [ d:c’cos(p(el)x’){—ai, - 0%+ m2—+5(x)d 1}




Analytic structure: boundary reduction formula

need: analytic structure of analytic structure of

< | boundary reduction formula | <

R matrix boundary correlators

5 < out|O(it)]01,02,...,00 >5 |=] 276(01 — 0) g < out \ O]O(iD) [0, ...,0n >5

—27~1/2 1% q(it) ei(iw(61)) (i) [ d:c,COS(p(Hl):c,){—ﬁi, - 0%+ m2—+5(x)d 1}

B < out|T(P(x,it YO(>it))|02, . .., 0n >5




Analytic structure: boundary reduction formula

need: analytic structure of : analytic structure of
_ < | boundary reduction formula | <
R matrix boundary correlators

B < out|O(it)|01,02,...,0n >p |=| 276(01 — 0) g < out \ 0|O(it)|0>,...,0n >R

—27~1/2 1% q(it) ei(iw(61)) (i) [ d:c’cos<p(91)x’){—a§, - 0%+ m2—+5(x)d 1}

B < out|T(P(x,it YO(>it))|02, . .., 0n >5

Analytic continuation in 61:

(left/right matrix element ) — continuation: | 8 — im + 0

Crossing ?



Analytic structure: boundary reduction formula

need: analytic structure of : analytic structure of
_ < | boundary reduction formula | <
R matrix boundary correlators

5 < out|O(it)]01,0a,...,00 >5 |=] 276(01 — 0) g < out \ O]O(iD)[02,...,0n >5

—27~1/2 1% q(it) ¢i(iw(61)) (it ) i dmlcos(p(Ql)wl){—ﬁi, - 0%+ m2+5(x)0 s}

B < out|T(P(x,it YO(>it))|02, . ..,0n >5

Analytic continuation in 61:

(left/right matrix element ) — continuation: | 8 — im + 6

Crossing 7

Analytical properties of the correlators: Landau equations




Boundary Correlation functions
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Boundary Correlation functions

One point function g{(0|®(x,it)|0) g = G}B(af;, it) = GlB(a?)

(x,it)




Boundary Correlation functions

One point function g{(0|®(x,it)|0)p = G%(az, it) = G%g(aj)

(x,it)




Boundary Correlation functions

One point function g(0|P(z,it)|0) g . /

(x,it) K

IjEpEpEpEgEgs




Boundary Correlation functions

One point function g(0|P(z,it)|0) g . /

(x,it) K

Momentum space formulation g(0|®(x,it)|0) g = [°2 dxePT [ dtei(i“’)(it)G%3 (p,iw)

IjEpEpEpEgEgs

G(p,iw) = (2m)6(iw)G2(p,iw) G5 (p)

(P, 10)




Boundary Correlation functions

One point function g(0|P(z,it)|0) g — Cg
— f(—)Ooo dretPT fgooo dtei(iw)(it)G%g (p,iw) o

L E




Boundary Correlation functions

One point function g(0|P(z,it)|0) g — Cg
— f(—)Ooo dretPT fgooo dtei(iw)(it)G%g (p,iw) o

L E

INENEEERERERE




Boundary Correlation functions

One point function g(0|P(z,it)|0) g — Cg
— f(—)Ooo dretPT fgooo dtei(iw)(it)G%g (p,iw) o

Two point function

s(O|T(P(x1,it1)P(x2,it2))|0)p = G%(:El,iﬂz,itl — itp)

L E

(it

INENEEERERERE

THHHHAAH




Boundary Correlation functions

One point function g(0|P(z,it)|0) g — Cg
— f(—)Ooo dretPT fgooo dtei(iw)(it)G%g (p,iw) o

L E

Two point function

s(O|T(P(x1,it1)P(x2,it2))|0)p = G%(:El,iﬂz,itl — itp)

THHHHAAH

THHHHHH

INENEEERERERE




Boundary Correlation functions

One point function g(0|P(z,it)|0) g — Cg
— f(—)Ooo dretPT fgooo dtei(iw)(it)G%g (p,iw) o

Two point function

s(O|T(P(x1,it1)P(x2,it2))|0)p = G%(:El,iﬂz,itl — itp)

GZ(p1, w1, p2,iw2) = (2m)d(iw1 + iw2) G5 (p1, p2, iw1)

L E

(it

INENEEERERERE

THHHHAAH




Boundary Correlation functions

One point function g(0|P(x,it)|0) . /

EEpEpEpEgEgs

(x,it) K

— fSOOO dreiPT fgooo dtei(iw)(it)Gleg (p,iw) o

Two point function

B{O|T(®(x1,it1) P(x2,it2))|0) g = GZ(x1, 2, it1 — it2)

(Piwy)

GZ(p1,iwt, P2, iw2) = (2m)d(iwr + iw2) G5 (p1, p2, iw1)

Py ‘*)1)/()

L EL L E

(x2it)

INERERERERERE

THHHHHH

IEpEEEEEpEgE|




Boundary Correlation functions

One point function g(0|P(z,it)|0) g — Cg
— f(—)Ooo dretPT fgooo dtei(iw)(it)G%g (p,iw) o

Two point function

s(O|T(P(x1,it1)P(x2,it2))|0)p = G%(:El,iﬂz,itl — itp)

G%(p]-? iw17p27 /LWQ) — (271-)5(7’(*‘)1 + in)G%(p].)pQ) ’LCU]_) (P2l 0))

(P, J “Q/C)

L E

(it

BT ]

THHHHAAH

INENEEERERERE

THHHHHH




Boundary reduction formula revisited
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Boundary reduction formula revisited

B <01,0p,..

5(91—9)B<92,..

OO in\ 0 >3




Boundary reduction formula revisited

B < 01, Upanas 9n|0(t)|7’n

>p = 5(91 —Q)B < 92,...,0n|(9(t)|z'n\9 > B

222—1/2 /OO dt/ e—’iW(@l)t/

— 0

g N T
/_ dz'cos(p(61)2){03 — 0% + m2+6()d /)




Boundary reduction formula revisited

B < 01, Upanas 9n|0(t)|7’n

>p = 5(91 —Q)B < 92,...,0n|(9(t)|z'n\9 > B

222—1/2 /OO dt/ e—’iW(@l)t/

— 0

g N T
/_ dz'cos(p(61)2){03 — 0% + m2+6()d /)

B <02,...,00|T(P(x,)O())|in >p




Boundary reduction formula revisited

B < 01, Vg oo 9n|(9(t)|zn > B

0(01 —0) g <bs,...,0,]0)]in\0 >p

222—1/2 /OO dt/ e—iw(él)t/

— 0

0 / / 2 2 2 /
/_ dz'cos(p(61)z ){03 — 0% + m?+5(2) /}

Diagrammatically

%\(E
out

B <02,...,00T(P(z,t)O(t))|in >p




Boundary reduction formula revisited

B < 01, Vg oo 9n|(9(t)|zn > B

0(01 —0) g <bs,...,0,]0)]in\0 >p

222—1/2 /OO dt/ e—iw(él)t/

— 0

0 / / 2 2 2 /
/_ dz'cos(p(61)z ){03 — 0% + m?+5(2) /}

Diagrammatically

%\(E
out

B <02,...,00T(P(z,t)O(t))|in >p

out

\ﬂ |
T




Boundary reduction formula revisited

B < 01, Vg oo 9n|(9(t)|zn > B

0(01 —0) g <bs,...,0,]0)]in\0 >p

222—1/2 /OO dt/ e—iw(él)t/

— 0

0 / / 2 2 2 /
/_ dz'cos(p(61)z ){03 — 0% + m?+5(2) /}

Diagrammatically

%\(E
out

B <02,...,00T(P(z,t)O(t))|in >p

IEEEEEEEREEE




Singularity structure: Boundary Coleman-Thun mechanism
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Singularity structure: Boundary Coleman-Thun mechanism

Singularity in correlation function= on mass shell particles

(i)

B LB B

(P, ‘*’1)/(>



Singularity structure: Boundary Coleman-Thun mechanism

Singularity in correlation function= on mass shell particles

(P2ico) (p,02)

B LB B

B LB B

CE ‘*’1)/(> (pl’wl)/CD




Singularity structure: Boundary Coleman-Thun mechanism

Singularity in correlation function= on mass shell particles

(P2i ) (P, w2)

ISENEEEEpEEgE
ISEEEEEEpEEgE

(P, “1)/0 (pl"”l)/O




Singularity structure: Boundary Coleman-Thun mechanism

Singularity in correlation function= on mass shell particles

(P2ico) (P,

EEEgE
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Coleman-Norton type interpretation
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Singularity structure: Boundary Coleman-Thun mechanism

Singularity in correlation function= on mass shell particles

(P2ico) (P,
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Singularity structure: Boundary Coleman-Thun mechanism

Singularity in correlation function= on mass shell particles

(P2ico) (P,

EEEgE

B LR B

IgEg.

(P, “’1)/(>

Coleman-Norton type interpretation

(pl’“’l)/CD

\

L L

INENERENERENE
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Singularity structure: Boundary Coleman-Thun mechanism

Singularity in correlation function= on mass shell particles

(P2ico) (p,02)

EEEgs

B LR

IgEg.

(P, ‘*’1)/(>

Coleman-Norton type interpretation

\

<pr°’1>/O

IEEEEEEugEEES

INENERENERENE

Cutkosky type rules

(Gp(u1))?



Singularity structure: Boundary Coleman-Thun mechanism

Singularity in correlation function= on mass shell particles

(P2i ) (P, w)

ISR EEEEpEEgE
ISR EEEEpEEgE

(P, ‘*’1)/(>

Coleman-Norton type interpretation

\h

<pr°°1>/O

EEEEN
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Cutkosky type rules

(Gp(u1))? (G3(u1))Gp(0)



Singularity structure: Boundary Coleman-Thun mechanism

Singularity in correlation function= on mass shell particles

(P2i ) (P, w)

ISR EEEEpEEgE
ISR EEEEpEEgE

(P, ‘*’1)/(>

Coleman-Norton type interpretation

\h

(pr‘*’l)/CD

EEEEN

INSpEpEREpEgE

RN

—

Cutkosky type rules

(Gp(u1))? (G3(u1))Gp(0) (G3(u2))*G%(us)



Integrable aspects: R-matrix bootsrap
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Integrable aspects: R-matrix bootsrap

Integrability: shifting the trajectories —factorization + boostrap

The only nontrivial is the 1pt reflection matrix R(|01|) = R(0)

0 >0




Unitarity

Integrable aspects: R-matrix bootsrap

e@ \
RO~ = R(-0)
YA



Integrable aspects: R-matrix bootsrap

@ RO~ = R(-0)

Unitarity e/ e/

R(0) = S(im — 20)R(iw — 60)

Crossing




Integrable aspects: R-matrix bootsrap

e@ e\
R(O)~! = R(-0)
Unitarity e/ e/

ﬁ @% R(0) = S(im — 20)R(iw — 6)
Crossing

sinh (2 + )

sinh(2—ix)

Simplest models:S(0) = 32234—2221) solution R(0) = (3 ()_(_1__)_ . () =




Integrable aspects: R-matrix bootsrap

‘9 \

R(O)~! = R(-0)

Unitarity e/ e/

0 — 11

R(0) = S(im — 20)R(iw — 60)

Crossing -

sinh (1)

_P
2

Simplest models:S(0) = SINNO—iSINP < ytion R(0) = (%()5_2) ) gm_é ,? —I—% , (z) = Sinh( %)

sinh 4isinp = =1




Integrable aspects: R-matrix bootsrap

@ R(6)"! = R(-0)

Unitarity e/ e/

R(0) = S(im — 20)R(im — 0)
Crossing e -6
Simplest models:S(0) = ::223;2221; solution R(6) = G ()(1 0 :) g;_i% glzjjl% (z) = Z:E%%fé;

Minimality: all singularity has physical origin:



Integrable aspects: R-matrix bootsrap

“ \

R(O)~! = R(-0)

Unitarity e/ e/

Crossing -

sinh (1)

: inh 0—isi - 1-3) (¥~ 2 : _
Simplest models:S(0) = :;I:Egﬂzz?f; solution R(0) = G ()( ) ) gm_H% ﬁ—l—l% , (2) = sinh (2—2)

Minimality: all singularity has physical origin:

L

boundary boundstate =i




Integrable aspects: R-matrix bootsrap

@ f% R(O)~! = R(-0)
Unitarity 9/ N

ﬁ @% R(0) = S(itmr — 20)R(im — 0)
Crossing e -8

w1

sinn(4+)

. i —1 Si : % 1-7 %_% T2 . —
Simplest models:S(0) = :;mg_'_iz'izg solution R(0) = ( ()é(_g) ) gm_p_i_l% g@—i—l% , (z) = Sinh(2—=)

Minimality: all singularity has physical origin:

Bootstrap |




Unitarity

Crossing

Simplest models: S (9) = S0N0—iSIND o) tion R(0) = (6)(1=%) gé—%

Bootstrap |:

Integrable aspects: R-matrix bootsrap

R(O)~! = R(-0)
YA

R(0) = S(im — 20)R(im — 0)

_ sinh(5+57)

sinh +isinp (g_g)

Minimality: all singularity has physical origin:

-

o sinh(4—2=)



Integrable aspects: R-matrix bootsrap

R(0)~! = R(-0)

Unitarity /

ﬁ R(0) = S(im —20)R(im — 0)
Crossing

ipV 1

Simplest models: S (0) = ::223;1321; solution R(0) = G ()3(15;) gn]:_,_ll% E;;% , (z) = Z::%;;g

Minimality: all singularity has physical origin:

@: -

Rnew (9)

Bootstrap |




Integrable aspects: R-matrix bootsrap

Unitarity eﬁ h

RO~ = R(-0)

R(0) = S(im — 20)R(im — 0)

Im -0

Crossing

ipV

Simplest models:S(0) = :img_;iziizp solution R(0) = € ()(1 )p) gz+3 E@_i_

) ()= ICE)
) D=

N =[N =

Minimality: all singularity has physical origin:

@: -

Rnew(0) S(0 + iu) Ry (0)S(6 — iu)

Bootstrap |




Boundary form factor axioms |

FP (61, -
R(0n)FP (01, ..., 01, —6n)

Reflection

) (97?,—17 9n) —
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Boundary form factor axioms |

LGP

Reflection

) (97?,—17 971) —

R(0p)FES (01, ..., 0n_1,—0n)

91

0i+1




Boundary form factor axioms |

Reflection i
Ff,?(91,---,9n—1,9n): p—
R(0n)FS(01,...,0,_1,—0n) 6
0i+1
O

Permutation
FEQ(01,...0;,0,11,...,0n) =
S(0; — 0,4 1)FES (01, ... 0,410,064, 0n)




Boundary form factor axioms |

Reflection
R(00)ES (01, ...,0,1,—6n)

Permutation

FEQ(01,...0;,0,11,...,0n) =

S(0; — Hi-l-l)FnO(Qla ..0,01,0;,. ..

, On)

91

0i+1

Bi+1




Boundary form factor axioms |

Reflection
FO(01,...,0,_1,0n) =
R(0p)FES (01, ..., 0n_1,—0n)

Permutation
FEQ(01,...0;,0,11,...,0n) =
S(0; — 0,4 1)FES (01, ... 0,410,064, 0n)

Boundary periodicity
Fno(917927"'79n) —
R(im — 01)ES (2im — 61,05, . ..,6R)

91

0i+1

0i+1




Boundary form factor axioms |

Reflection
EQ(01,...,0,_1,0n) =
R(0n)FP (01, ., 001, —6n)

Permutation

EQ(01,...0;,0,11,...,0n) =

S(0; — 0;4.1)FY(01,...0;41,0;, . ..

7977,)

Boundary periodicity
F??(917027”‘78n) —

R(im — 01)F9 (2im — 01,05, ...,0p)

9,

0i+1

0i+1

Bi+1




Boundary form factor axioms |l: Singularities

Kinematical singularities

ireSQZQ/FS_I_Q(Q + i, 9/, 01,...,0p) =

(1 -1y S0 —0:)S(0+6,)) FP (01, ...,6n)

irese:e’Fv?—l—Q(_e + i, 9/, 01,...,0p) =
(R(0) — 17— S(0 — 0)R(0)S(0 + 6,)) FP (01, ... ,60n)
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Boundary form factor axioms |l: Singularities

Kinematical singularities e e \ _
iresezelFS_l_z(H—|—7j7r,9/,01,...,9n) — ;
(1-T1%_, 80— 0:)S(0+ 6,)) F2(01, ..., 0n) g

irese:e’Fv?—l—Q(_e + i, 9/, 01,...,0p) =
(R(0) — 17— S(0 — 0)R(0)S(0 + 6,)) FP (01, ... ,60n)




Boundary form factor axioms |l: Singularities

Kinematical singularities e e \ _
iresezelFS_l_z(H—|—i7r,9/,01,...,9n) — ;
(1-T1%_, 80— 0:)S(0+ 6,)) F2(01, ..., 0n) g

ifesezng§+2(—9 + i, 9/, 01,...,0p) =
(R(0) — 17— S(0 — 0)R(0)S(0 + 6,)) FP (01, ... ,60n)

Bulk dynamical singuralities
: VA
ZreSQ:Q’quO—I—Q(?)_'_ u,0 —iu,0q,...,0n) =
I_Fn—l—].(e’ 01, o oo 7971,)
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Kinematical singularities
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Bulk dynamical singuralities
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n_|_1(9 017---7977,) 8-
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Kinematical singularities e e \ _
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Boundary form factor axioms |l: Singularities

Kinematical singularities
iresezelF??_l_z(@—|—i7r,9/,91,...,9n) = ¢
(1 -1y S(0— 0,)S(0 +6;)) F2(01, ... ,6n) g

iI‘eSe:e/Fg)_l_Q(—Q —+ i, 9/, 01,...,0n) =
(R(0) — 17— S(6 — 6,)R(0)S(0 + 6;)) FP (01, ... ,60n)

Bulk dynamical singuralities
. A
ZreSQZH/FnO—I‘Q(?)_I_ u,0 —iu,0q,...,0n) =
I_Fn—l_].(e’ 91, 00 C ,97/)})

Boundary dynamical singuralities
iresezqu7?+1(91, ey On,0) =
gFO(Qla Tty 97”6)
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Crossing with a boundary

One point function g{(0|®(x,it)|0)p = G}B(af;, it) = GlB(a?)

®
(x,it) \
i




Crossing with a boundary

Path integral representation:

B(0|®(x,it)|0)p

(x,it)

= Z~ 1 p(0|Up (o0, it) P (z,it)Up(it, —00)|0) p

UB(idt)=e_HB(idt)
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Path integral representation:
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Crossing with a boundary

Path integral representation:

5(0|®(x,it)|0)p

= Z715(0|Up (00, it)®(x, it)Ug(it,—00)|0) 5

= [ D & (z,it)e S P@:it)]

= [ D® & (—iT, X)e SIP (=T X)]

(x,it)

UB(idt):e_HB(idt)
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A dt




Path integral representation:

Crossing with a boundary

5(0|®(x,it)|0)p

(x,it)

Z715(0|Ug (o0, it)®(x,it)Ug(it, —00)|0) 5

UB(idt):e_HB(idt)

AHHHHHHBEHBEH]

A dt

It
| Db d(z,it)eSIP@it)] L

[ DD & (—iT, X )e SIP (=T X)]

l(—n1X)
Z~YB|U (00, iT)®(—iT, X)U(—iT, —00)|0)

U(idt)=e_H(idT)

dT )




Crossing with a boundary

Path integral representation:

p(0|®(x,it)|0)p

(x,it)

= Z715(0|Ug (00, it)®(x, it Ug(it, —c0)|0) 5

UB(idt)=e_HB(idt)

it
= [Dd dD(a:',it)e—S[qD(w’it)] T#

= [ D® &(—iT, X )e ST X)] l
(=iT,X)
= Z Y B|U(c0,iT) P (—iT, X)U(—iT, —c0)|0)

U(idt)=e_H(idT)

= (B|®(—iT, X)|0) ST

dT A
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Boundary correlation functions: crossed channel

One point function g{(0|®(x,it)|0)p = GlB(ac, it) = GlB(a?)

(x,it)




Boundary correlation functions: crossed channel

One point function (B|®(—iT, X)|0)""* = G%(—iT, X) = G%g(—iT)

\_/

(x=—I1T,it=x)




Boundary correlation functions: crossed channel

One point function (B|®(—iT, X)|0)""* = G%(—iT, X) = G%g(—iT)

(x==iT,it=x)



Boundary correlation functions: crossed channel

One point function (B|®(—iT, X)|0)""* = G%(—iT, X) = G%g(—iT)

(x==iT,it=x)

Momentum space: (B|®(—iT, X)|0)= [ dxet'* [ d(iT)ei(_iQ)(_iT)G}g(P, —iQQ)

G1(P,—iQ) = (2m)3(P)G?(P, —iQ)GE(—iR)

(-Q .P)



Boundary correlation functions: crossed channel

One point function (B|®(—iT, X)|0)""* = G%(—iT, X) = G%g(—iT)

(x==iT,it=x)

= [ dXetPX [ d(—iT)e (DT GL (P, —iQ)
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Boundary correlation functions: crossed channel

One point function (B|®(—iT, X)|0)""* = G%(—iT, X) = G%g(—iT)

= [ dXetPX [ d(—iT)e (DT GL (P, —iQ)

(-Q ,P)
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Boundary correlation functions: crossed channel

One point function (B|®(—iT, X)|0)""* = G%(—iT, X) = G%g(—iT)

= [ dXetPX [ d(—iT)e (DT GL (P, —iQ)

(-Q ,P)

Two point functon =

(B|T(P(—iT1, X1)P(—iT2, X2))|0) = G (—iTy, —iTs, X1 — X>)

(iT.X9




Boundary correlation functions: crossed channel

One point function (B|®(—iT, X)|0)"" = GH(—iT, X) = GH(—iT)

(x==iT,it=x)

= [ dXetPX [ d(—iT)e—# D (=T)GL (P, —iQ)

(-Q ,P)

Two point function

(B|T(P(—iT1, X1)P(—iT2, X2))|0) = G2 (—iTy, —iTs, X1 — X>)

(iT1.X9

G2 (P, i1, P2,i82) = (2m)8(P1 + Po)G%(P1,1€21,1822) \_/

/ (iQyPy QP M




Boundary correlation functions: crossed channel

One point function (B|®(—iT, X)|0)"" = GL(—iT, X) = GH(—iT)

(x=—iT,it=x)

= [ dXetPX [ d(—iT)e(—# D (=T GL (P, —iQ)

(-Q ,P)

Two point function

(B|T(®(—iT1, X1)P(—iT>, X2))|0) = GH(—iTy, —iTh, X1 — X2)

(iT.X9

G%(P1,i821, P2,i22) = (2m)6(P1 + P2)G3( P, 1821,1822) \_/ _
érpﬁ ('QB
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Boundary state: definition
One point function

(B|®(iT, X)|0) = G1(iT, X) = g{0|®(z,it)|0) g = Gx (=, it)




Boundary state: definition

One point function

(B|®(iT, X)|0) = G1(iT, X) = g{0|®(z,it)|0) g = Gx (=, it)

Two point function
<B|T(¢(iT1,X1)¢(iTQ,X2))|O> = GQB(’iTl,’iTQ,Xl—XQ) — B<O|T(¢($1,it1)¢(£€2,itz))|O>B

(i)

TIHHHAH




Boundary state: determination

28



Boundary state: determination

One particle contribution

(B|©®)"" = K1275(P(©))




Boundary state: determination

One particle contribution

(B|©®)"" = K1275(P(©))

Two particle contribution

(B|©1,02)" = K2(©1)278(P(©1) + P(©2))




Boundary state: determination

One particle contribution n particle contribution

<B|@>m=K127T5(P(@)) (B|©1,05,...,0,)" =

K"(©1,...,0,)276(>; P(©;))

Two particle contribution

(B|©1,02)" = K2(©1)278(P(©1) + P(©2))




Boundary state: determination

One particle contribution

(B|©®)"" = K1275(P(©))

Two particle contribution

n particle contribution

(B|©®1,05,...,0,)" =

K"(©1,...,0,)276(>; P(©;))

(B|@1,05)" = K?(©1)276(P(©1) +2

Cr

Co nection to correlators?

[ M\ \
&
SS écf/c hannel reduction formula
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Crossed channel boundary reduction formula

<@1,92,...,9n|B>




Crossed channel boundary reduction formula

<@1,92,...,9n|B>

o0 0 , I /
i7=1/2 / ax’ / 4T’ e OVTHPODX {52 | 952, 4 m2 6T )(0,0 + i€
— O — 0




Crossed channel boundary reduction formula

<@1,92,...,9n|B>

o0 0 , I /
i7=1/2 / ax’ / 4T’ e OVTHPODX {52 | 952, 4 m2 6T )(0,0 + i€
— O — 0

< 0o,...,00|P(x,t)|B >
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<91,92,...,9n|B>
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< 0o,...,00|P(x,t)|B >

Diagrammatically




Crossed channel boundary reduction formula

<91,92,...,9n|B>

i7—1/2 / dX / T IRODTHPODX 52, 52, 4 m2-§(iT') (8,0 + iQ

< 0o,...,00|P(x,t)|B >

Diagrammatically




Crossed channel boundary reduction formula

<91,92,...,9n|B>

i7—1/2 / dX / T IRODTHPODX 52, 52, 4 m2-§(iT') (8,0 + iQ

< 0o,...,00|P(x,t)|B >

Diagrammatically
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Crossing: Boundary state, reflection

One particle contribution <= One particle emission (reflection)

Kl(e =97 -0) R1(0)

ISR RENEREE




Crossing: Boundary state, reflection

One particle contribution <» One particle emission (reflection)

INEREpEpEpEgE

K'(©e=7-0) R1(6)

Two particle contribution <= One particle reflection

K2(© = T —¢) Z X R1 () A
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R! from R%: clustering

Reflection factor is related to the twopoint function

BO|T(P(xq1,it1)P(x2,it2))|0)p

THHHHAH




R! from R%: clustering

Reflection factor is related to the twopoint function

B(O|T(P(xq1,it1)P(x2,it2))|0)p

Choosing large separation in t1 — to

M (4, —1,) =00 BO|T (P (21,it1)P(22,it2))|0) g =

(X¢it)

(%2t

THHAAHA




R! from R%: clustering

(xqity)
Reflection factor is related to the twopoint function (ait)
T
. c | T
BO|T(P(z1,it1)P(x2,it2))|0) B b
Choosing large separation in t1 — to &
iM 4, —t) =00 BOIT(P(21,it1)P(22,it2))[0) g = ™ "

B(0|®(x2,1t2)|0) pp(0|P(z2,it2)|0)

THHHHHH

THHHHHH]




R! from R%: clustering

(X¢it)
Reflection factor is related to the twopoint function (ait)
| T
B(O|T(®(z1,it1)P(z2,it2))[0) B &
Choosing large separation in t1 — to T
M (4, —t,)—o0 BOIT (P (21,it1)P(22,it2))[0)p = ™ |
1—12 051t
B{0|®(z2,1t2)|0) pp{0|P(z2,:t2)[0) 5
Reflection factor | R1 ()|, ix = & Lo = % & = K2(O)
eflection tactor 1 60— = z(@—— — 550 —
'Emission’ factor | R = % = K1
Bample R(0) = QA EDEL - p= feotaZ cot 20 tan 2 tann 2

THHHHHE

THHHHHH]
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One point function revisited

One point function:

(B|®(—iT, X)|0) =

(x==iT,it=x)




One point function revisited

One point function: Vacuum+

(B|®(—iT, X)|0) = (B|0)x
(O] (=T, X)|0)+

(X=—iIT,it=x)
(-IT,X)




One point function revisited
One point function: Vacuum+ 1pt term+

(B|®(—T, X)|0) = (B|0)x (B|©)x
(0]®(—iT, X)[0)+ (O|P(—iT, X)|0)+

(x=—IT,it=x)

(—iT,X)




One point function revisited

One point function: Vacuum-+ 1pt term- 2pt term+

(B|®(—iT, X)|0) = (B|0)x (B|©)x (B|©1, ©5)
<O|¢(_iT7 X)|O>+ <@|¢(_iT’ X)|O>+ <@1, @2|¢(—iT, X)|O>

(x=—IT,it=x)

(—iT,X)
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Ground state energy: partition function

Ground state energy from the partition function

iMp oo Z(L,R) = limp_,o, Tr(e HB(L)R)

— e EoL)R L Ey(L) = —limp .o R~110g Z(L, R)

THHH]
THHH]




Ground state energy: partition function

Ground state energy from the partition function

iMp oo Z(L,R) = limp_,o, Tr(e HB(L)R)

-
= e Eo(L)R L E (L) = —limg_ . R 1log Z(L, R) %
=

-HEHHHHEHHHHEHH]

Alternative calculation from the crossed channel

imp_ oo Z(L,R) =

iM p_.oo(Bole H (BB )

R — 1 =
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Partition function:

Z(L,R) =
(Bole HL|B )

--— —t -

o P T T T e

Cluster (large L) expansion
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Z(L,R) =
(Bole H(BL|B )

--— —t -

0IIIIIIIIIIIII

Cluster (large L) expansion
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Partition function:

Z(L,R) =
(Bole H(BL|B )
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Cluster (large L) expansion
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Partition function:

Z(L,R) =
(Bole H(BL|B )

--— —t -

0IIIIIIIIIIIII

Cluster (large L) expansion

Vacuum-+

IIIIIIIIIIIIIII
|||||||||

OEIIIIIIIIII T T IIIIIIIIIJ‘

1pt term+

(Bol0) x
2m (0| By e L+

IIIIIIIIIIIIIII
||||||||||||||||

OEIIIIIIIIIIIIIIIIIIIIIIIIIIJ‘

2pt term+

> 40, cosh 6(Bgp|0, —0) x

—00 27

<9, —9|BL>62m cosh 0L_|_

IIIIIIIIIIIIIII
||||||||||||||||

O!|||I|||I|I|I|I|I|I|I|‘|I|IJ‘R




Ground state: Casimir energy

35



Ground state: Casimir energy
Nonvanishing g:

Eo(L) = —2mK}K{*e ™+

N
/)




Ground state: Casimir energy

Nonvanishing g: vanishing g

Eo(L) = —2mKjK{*e b4 7 8. cosh OK2(0) K2+ (0)e~2meosh oL |

3 )




Ground state: Casimir energy

Nonvanishing g: vanishing g

Eo(L) = —2mKjK{*e b4 7 8. cosh OK2(0) K2+ (0)e~2meosh oL |

5 )

free theory

EQ (L) = [ X m coshflog(l + KZ(0) K3*(0)e2mcosholy




