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Consequence: equivalences between different boundary conditions
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Non-equilibrum statistical model of the asymmetric exclusion process:

J. de Gier, F. H. L. Essler, Phys. Rev. Lett. 95, 240601 (2005)

Raise and Peel models

P Pyatov, JSTAT P09003 (2004)

Lattice sine-Gordon, lattice Liouville

A. Doikou, J. Stat. Mech. (2006) P09010

Sine-Gordon field theory on the strip

Sergei Skorik, Hubert Saleur, J.Phys.A28:6605-6622,1995

Changrim Ahn , M. Bellacosa, F. Ravanini, Phys.Lett.B595:537-546,2004

Changrim Ahn, Rafael I. Nepomechie, Nucl.Phys.B676:637-658,2004

Changrim Ahn, Z. Bajnok, R. I. Nepomechie, L. Palla, G. Takacs,Nucl.Phys.B714:307-335,2005
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i
1ai

(ui)L
j
1aj

(uj) = Lj
1aj

(uj)L
i
1ai

(ui)Saiaj
(ui − uj)

i

1
i

j

j

1

Sab = πa ⊗ πb(R)

Exchange Li
1ai

(u)Li−1
1ai−1

(u) with S−1
aiai−1

(0)Li−1
1ai−1

(u)Li
1ai

(u)Saiai−1(0):



Equivalence in closed chains: spin order is spectrally irrelevant

Transfer matrix: generating functional for conserved charges

t(u) = Tr1(LN+1
1aN+1

(u) . . . Li+1
1ai+1

(u)Li
1ai

(u)Li−1
1ai−1

(u)Li−2
1ai−2

(u) . . . L1
1a1

(u))

aa

...

a a

...

a1a2i−1

W W W W W WN i i−1 2 1N+1

NN+1

1

i

SLL equation: suppose there exists Saiaj
(ui − uj) ∈ End(Wi ⊗Wj) such that

Saiaj
(ui − uj)L

i
1ai

(ui)L
j
1aj

(uj) = Lj
1aj

(uj)L
i
1ai

(ui)Saiaj
(ui − uj)

i

1
i

j

j

1

Sab = πa ⊗ πb(R)

Exchange Li
1ai

(u)Li−1
1ai−1

(u) with S−1
aiai−1

(0)Li−1
1ai−1

(u)Li
1ai

(u)Saiai−1(0):

Equivalent chain:

S t(u)S−1 = Tr1(LN+1
1aN+1

(u) . . . Li+1
1ai+1

(u)Li−1
1ai−1

(u)Li
1ai

(u)Li−2
1ai−2

(u) . . . L1
1a1

(u))

aa

...

a a

...

a1a2i−1

W W W W WW i−1 2 1i

1

N+1

N+1 N

N

i
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Building up the open spin chain

Boundary Yang-Baxter equation

R12(u1 − u2)T −1 (u1)R12(u1 + u2)T −2 (u2) = T −2 (u2)R12(u1 + u2)T −1 (u1)R12(u1 − u2)
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Boundary Yang-Baxter solution (left boundary) T +(u) = T −(−u− η)t



Building up the open spin chain

Boundary Yang-Baxter equation

R12(u1 − u2)T −1 (u1)R12(u1 + u2)T −2 (u2) = T −2 (u2)R12(u1 + u2)T −1 (u1)R12(u1 − u2)
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�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�

1

2

2

1

Boundary Yang-Baxter solution (left boundary) T +(u) = T −(−u− η)t

Transfer matrix: generating functional for conserved charges

t(u) = Tr1(T +
1 (u)T −1 (u)) ; T +

1 (u) = K+
1 (u) , T −1 (u) = T1−(u)K−

1 (u)T−1
1− (−u))

T1−(u) = L1aN+1(u) . . . L1ai
(u) . . . L1a1(u) solution of the RTT equation
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�
�
�
�
�
�
�
�
�
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1

1

... ...

a a aN 1i
K1

−K1
+
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Boundary Yang-Baxter equation
R12(u1 − u2)T −1 (u1)R12(u1 + u2)T −2 (u2) = T −2 (u2)R12(u1 + u2)T −1 (u1)R12(u1 − u2)
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1

2

2

1

Boundary Yang-Baxter solution (left boundary) T +(u) = T −(−u− η)t

Transfer matrix: generating functional for conserved charges

t(u) = Tr1(T +
1 (u)T −1 (u)) ; T +

1 (u) = K+
1 (u) , T −1 (u) = T1−(u)K−

1 (u)T−1
1− (−u))

T1−(u) = L1aN+1(u) . . . L1ai
(u) . . . L1a1(u) solution of the RTT equation
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�
�
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�
�
�

�
�
�
�
�
�
�
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�
�
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������������������

1

1

... ...

a a aN 1i
K1

−K1
+

Hamiltonian: H ∝ t
′
(0)
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1 (u)QGI = diag(eu, e−u)



Building up the boundary XXZ model

Trivial BYBE solution K−
1 (u)QGI = diag(eu, e−u)

General diagonal solution by dressing

K−
1 (u, α)diag = T1a(u, α)K−QGI

1 T−1
1a (−u, α) ∝

(
P+ 0
0 P−

)
=

(
cosh(u + α) 0

0 cosh(u− α)

)



Building up the boundary XXZ model

Trivial BYBE solution K−
1 (u)QGI = diag(eu, e−u)

General diagonal solution by dressing

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

b

α

β

α

β

1

1

2

2

γ
1

d

c

R0

θ

θ

−θ

a

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

a

b

α

β

R1

θ

T1a(u, α) = Γ1

(
eu+αq−J0 J−qJ0

−J+q−J0 eu+αqJ0

)
Γ2

K−
1 (u, α)diag = T1a(u, α)K−QGI

1 T−1
1a (−u, α) ∝

(
P+ 0
0 P−

)
=

(
cosh(u + α) 0

0 cosh(u− α)

)
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Trivial BYBE solution K−
1 (u)QGI = diag(eu, e−u)

General diagonal solution by dressing

K−
1 (u, α)diag = T1a(u, α)K−QGI

1 T−1
1a (−u, α) ∝

(
P+ 0
0 P−

)
=

(
cosh(u + α) 0

0 cosh(u− α)

)

General nondiagonal solution acting in the quantum space dimWa = ∞

K−
1a(u, α, β, γ) = T1a(u, β)K−

1 (u, α)diagT−1
1a (−u, β) ∝

(
eβP+ + e−βP− −J−eiγ sinh2u
J+e−iγ sinh2u eβP− + e−βP+

)

scalar nondiagonal solution K−
1 (u, α, β, γ) = K−

1a(u, α, β, γ, J± → e∓iθ)



Building up the boundary XXZ model

Trivial BYBE solution K−
1 (u)QGI = diag(eu, e−u)

General diagonal solution by dressing

K−
1 (u, α)diag = T1a(u, α)K−QGI

1 T−1
1a (−u, α) ∝

(
P+ 0
0 P−

)
=

(
cosh(u + α) 0

0 cosh(u− α)

)

General nondiagonal solution acting in the quantum space dimWa = ∞

K−
1a(u, α, β, γ) = T1a(u, β)K−

1 (u, α)diagT−1
1a (−u, β) ∝

(
eβP+ + e−βP− −J−eiγ sinh2u
J+e−iγ sinh2u eβP− + e−βP+

)

scalar nondiagonal solution K−
1 (u, α, β, γ) = K−

1a(u, α, β, γ, J± → e∓iθ)

Transfer matrix: generating functional for conserved charges

t(u) = Tr1(K+
1 (u)T1−(u)K−

1 (u)T−1
1− (−u)) T1−(u) = L1aN+1(u) . . . L1ai

(u) . . . L1a1(u)



Building up the boundary XXZ model

Trivial BYBE solution K−
1 (u)QGI = diag(eu, e−u)

General diagonal solution by dressing

K−
1 (u, α)diag = T1a(u, α)K−QGI

1 T−1
1a (−u, α) ∝

(
P+ 0
0 P−

)
=

(
cosh(u + α) 0

0 cosh(u− α)

)

General nondiagonal solution acting in the quantum space dimWa = ∞

K−
1a(u, α, β, γ) = T1a(u, β)K−

1 (u, α)diagT−1
1a (−u, β) ∝

(
eβP+ + e−βP− −J−eiγ sinh2u
J+e−iγ sinh2u eβP− + e−βP+

)

scalar nondiagonal solution K−
1 (u, α, β, γ) = K−

1a(u, α, β, γ, J± → e∓iθ)

Transfer matrix: generating functional for conserved charges

t(u) = Tr1(K+
1 (u)T1−(u)K−

1 (u)T−1
1− (−u)) T1−(u) = L1aN+1(u) . . . L1ai

(u) . . . L1a1(u)

Hamiltonian: with K−
1 (u, α−, β−, γ−) and K+

1 (−u− η, α+, β+, γ+)

H ∝ t
′
(0) =

1

2

N−1∑
n=1

(σx
nσx

n+1 + σy
nσy

n+1 + cosh η σx
nσx

n+1) + γz
1σ

z
1 + γx

1σx
1 + γy

1σy
1 + (1 ↔ N)
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Equivalence in open spin chains: spin order is spectrally irrelevant

Transfer matrix: generating functional for conserved charges

t(u) = Tr1(T +
1 (u)T −1 (u)) ; T +

1 (u) = K+
1 (u) , T −1 (u) = T1a(u)K−

1 (u)T−1
1a (−u))

T1−(u) = LN
1aN

(u) . . . Li+1
1ai+1

(u)Li
1ai

(u)Li−1
1ai−1

(u)Li−2
1ai−2

(u) . . . L1
1a1

(u)

�
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�
�
�
�
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�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�

������������������

������������������

1

a1aN

... ... 1

ai ai−1

W N Wi Wi−1 W1

1
+ K−K 1

K−
1a(u) = T1a(u)K−

1 (u)T−1
1a (−u) ; L1

1a1
= T1a(u)



Equivalence in open spin chains: spin order is spectrally irrelevant

Transfer matrix: generating functional for conserved charges

t(u) = Tr1(T +
1 (u)T −1 (u)) ; T +

1 (u) = K+
1 (u) , T −1 (u) = T1a(u)K−

1 (u)T−1
1a (−u))

T1−(u) = LN
1aN

(u) . . . Li+1
1ai+1

(u)Li
1ai

(u)Li−1
1ai−1

(u)Li−2
1ai−2

(u) . . . L1
1a1

(u)

�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�

������������������

������������������

1

a1aN

... ... 1

ai ai−1

W N Wi Wi−1 W1

1
+ K−K 1

K−
1a(u) = T1a(u)K−

1 (u)T−1
1a (−u) ; L1

1a1
= T1a(u)

SLL equation:

i

1
i

j

j

1



Equivalence in open spin chains: spin order is spectrally irrelevant

Transfer matrix: generating functional for conserved charges

t(u) = Tr1(T +
1 (u)T −1 (u)) ; T +

1 (u) = K+
1 (u) , T −1 (u) = T1a(u)K−

1 (u)T−1
1a (−u))

T1−(u) = LN
1aN

(u) . . . Li+1
1ai+1

(u)Li
1ai

(u)Li−1
1ai−1

(u)Li−2
1ai−2

(u) . . . L1
1a1

(u)
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�
�
�
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�
�
�

�
�
�
�
�
�
�
�
�
�
�

������������������

������������������

1

a1aN

... ... 1

ai ai−1

W N Wi Wi−1 W1

1
+ K−K 1

K−
1a(u) = T1a(u)K−

1 (u)T−1
1a (−u) ; L1

1a1
= T1a(u)

Equivalent chain: T1−(u) = LN
1aN

(u) . . . Li+1
1ai+1

(u)Li−1
1ai−1

(u)Li
1ai

(u)Li−2
1ai−2

(u) . . . L1
1a1

(u)
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�
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1

a1aN

... ... 1

a a

W N W W W1i−1

ii−1

i

1
+ K−K 1

K+
1a(u)t1 = T1a(u)t1K+

1 (u)t1T−1
1a (−u)t1
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Equivalence in two boundary XXZ

Equivalence between different boundary conditions

�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�

������������������

������������������

1 1......

aN a a1i
K

1a
−

KT1a 1
−diag

K1
+ �
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1 1......

aN a a1i

K1
−diag

K1 T1a

K1a
+

+



Equivalence in two boundary XXZ

Equivalence between different boundary conditions

�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�

������������������

������������������

1 1......

aN a a1i
K

1a
−

KT1a 1
−diag

K1
+ �
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������������������

1 1......

aN a a1i

K1
−diag

K1 T1a

K1a
+

+

QGI + nondiagonal = diagonal on both sides
[
K+

1 (u) = K−
1 (−u− η)QGI

]
+ K−

1a(u, α, β, γ) ≡
[
K+

1a = K−
1 (u, β)diag

]
+ K−

1 (u, α)diag
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Equivalence between different boundary conditions
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−
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−diag

K1
+ �

�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�

������������������

������������������

1 1......

aN a a1i

K1
−diag

K1 T1a

K1a
+

+

QGI + nondiagonal = diagonal on both sides
[
K+

1 (u) = K−
1 (−u− η)QGI

]
+ K−

1a(u, α, β, γ) ≡
[
K+

1a = K−
1 (u, β)diag

]
+ K−

1 (u, α)diag

diag(e−u−η, eu+η) +

(
eβP+ + e−βP− −J−eiγ sinh2u
J+e−iγ sinh2u eβP− + e−βP+

)
≡

(
P̃+ 0
0 P̃−

)
+

(
P+ 0
0 P−

)

P± = cosh(u± α) ; P̃± = cosh(−u− η ± β)

K+
1a =

1

2

(
eβ−−u−η + e−β−+u+η eµ2(e−2u−2η − e2u+2η)qJ0J−qJ0

0 eβ−+u+η + e−β−−u−η

)
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1 1......

aN a a1i

K1
−diag

K1 T1a

K1a
+

+

QGI + nondiagonal = diagonal on both sides
[
K+

1 (u) = K−
1 (−u− η)QGI

]
+ K−

1a(u, α, β, γ) ≡
[
K+

1a = K−
1 (u, β)diag

]
+ K−

1 (u, α)diag

nondiagonal on both sides = diagonal + dynamical

K+
1 (u, α+, β+, γ+) + K−

1a(u, α−, β−, γ−) ≡ K−
1 (u, α−)diag + K+

1a(u)t1 = T1a(u)t1K+
1 (u)t1T−1

1a (−u)t1



Equivalence in two boundary XXZ
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1 1......

aN a a1i

K1
−diag

K1 T1a

K1a
+

+

QGI + nondiagonal = diagonal on both sides
[
K+

1 (u) = K−
1 (−u− η)QGI

]
+ K−

1a(u, α, β, γ) ≡
[
K+

1a = K−
1 (u, β)diag

]
+ K−

1 (u, α)diag

nondiagonal on both sides = diagonal + dynamical

K+
1 (u, α+, β+, γ+) + K−

1a(u, α−, β−, γ−) ≡ K−
1 (u, α−)diag + K+

1a(u)t1 = T1a(u)t1K+
1 (u)t1T−1

1a (−u)t1

K+
1a =

(
P+

+a q−2J0e−µ−−ηQ+
+a

q2J0eµ−−ηQ+
−a P+

−a

) P+
±a =

∑
ε=±

(e±εβ−P+
ε ∓ e±ε(u±µ−)Q+

ε J−ε)

Q+
±a =

∑
ε=±

ε(e±ε(u+η)P+
ε ± e±ε(β−+η±µ−)Q+

ε J−ε)J±
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H =
1

2
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n=1

(bulk) + γz
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1σx
1 + γy

1σy
1 + γz

Nσz
N + γx

Nσx
N + γy

Nσy
N

γz
1,N = ±1

2
sinh η coth α̂∓ tanh β̂∓ ; γx

1,N ∝ cosh θ̂∓ ; γy
1,N ∝ i sinh θ̂∓
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Global symmetry: rotation in the x− y plane → spectrum depends on θ̂+ − θ̂−.
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This can be implemented by the defect Γ = diag(e−θ̂−, eθ̂−)
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More complicated defects perform local gauge transformations


