JSTATP06010
hep-th/0601107

Workshop and Summer School: From Statistical Mechanics to Conformal and Quantum Field Theory
8 January - 8 February, 2007, Melbourne, Australia

Equivalences between spin models induced by defects

Zoltan Bajnok
Ebtvds University, Budapest



JSTATP06010
hep-th/0601107

Workshop and Summer School: From Statistical Mechanics to Conformal and Quantum Field Theory

—= ]

8 January - 8 February, 2007, Melbourne, Australia

Equivalences between spin models induced by defects

Zoltan Bajnok
E6tvos University, Budapest

Closed spin chain Equivalent closed spin chain
Wh+1 (W W Wg W, W Wh+1 (WA Wor (W W Wy
an+1 1ay a; -1 a a an+1 lan aj-1 g a a



JSTATP06010
hep-th/0601107

Workshop and Summer School: From Statistical Mechanics to Conformal and Quantum Field Theory
8 January - 8 February, 2007, Melbourne, Australia

Equivalences between spin models induced by defects

Zoltan Bajnok
E6tvos University, Budapest

Open spin chain Equivalent open spin chain
WN W W W ] A WN W1 W Wi
1 1 1 1
K1 ay la lay lap  Kidl K1 ay laglag lay Ki



JSTATP06010

hep-th/0601107
Workshop and Summer School: From Statistical Mechanics to Conformal and Quantum Field Theory

8 January - 8 February, 2007, Melbourne, Australia

Equivalences between spin models induced by defects

Zoltan Bajnok
E6tvos University, Budapest

+

1 Kq

W

W

W1

Open spin chain

Wi

an

gj

-1

a1

1

Dressed left boundary

Ky §

1 Kq

Equivalent open spin chain

+

W

Wi-1

U

Wi

an

-1

g
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Motivation: the two boundary XXZ
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Motivation: the two boundary XXZ

N-1
1
H = 5 (onongs +olony, +coshnojonis) +9iof + 9701 + 707 + (1 = N)
n=1
1 A sinh 7 cosh 6.  sinhnsinh 6.
vy = +=sinhncothartanhBe: A%y = — ! = oy = i
’ 2 ’ 2sinh az cosh B+ ’ 2sinh ax cosh B+

Diagonal solution (BA=reference state) 7 , = 7%,1\[ = 0: B+ — o0

F. C. Alcaraz, M. Barber, M. T. Batchelor, R. J. Baxter, G. R. W. Quispel, J. Phys. A20, 6397 (1987)

Nondiagonal, constrained solution (BA): a— + 3— +ay + 8+ =6_ — 64 +n
R.l. Nepomechie, J. Stat. Phys. 111 1363 (2003), J.Phys. A37 433 (2004) (root of unity)

J. Cao, H.-Q. Lin, K.-J. Shi, Y. Wang, Nucl. Phys. B663 487 (2003)

Constrained solution (BA)+spectral equivalences between different BC-s:
J. de Gier, P. Pyatov, JSTAT 0403 P002 (2004)
A. Nichols, V. Rittenberg, J. de Gier, J. Stat. Mech. P0O3003 (2005)
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Application: the two boundary XXZ

Non-equilibrum statistical model of the asymmetric exclusion process:

J. de Gier, F. H. L. Essler, Phys. Rev. Lett. 95, 240601 (2005)

Raise and Peel models

P Pyatov, JSTAT P09003 (2004)

Lattice sine-Gordon, lattice Liouville

A. Doikou, J. Stat. Mech. (2006) P09010

Sine-Gordon field theory on the strip

Sergei Skorik, Hubert Saleur, J.Phys.A28:6605-6622,1995

Changrim Ahn , M. Bellacosa, F. Ravanini, Phys.Lett.B595:537-546,2004

Changrim Ahn, Rafael I. Nepomechie, Nucl.Phys.B676:637-658,2004

Changrim Ahn, Z. Bajnok, R. |. Nepomechie, L. Palla, G. Takacs,Nucl.Phys.B714:307-335,2005
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Building up the closed model

Y-B eq. (symmetric, unitary, crossing symmetric) solutionon V@ V

Rio(u1 —up)Ri3(u1 — uz)Roz(up —u3z) = Ro3(ux —uz)Riz(uir — uz)Rio(us — up)

1>%[ j}<2
? 3 3 ' Ris(ur —un) = 7qu1 & Wg2(7€)

RTT eq. with a solution in the quantum space W, (= V, T13(u1) = Riz(u1 — u3))
Rio(u1 — u2)T1a(u1)Toq(u2) = Toa(u2)Tiq(u1) Ri2(u1 — u2)

S
? a a ! T]_a(’u,l) = 7T71L1 X WQ(R)

Transfer matrix: generating functional for conserved charges

t(u) = Tr1(idyT1—(uw)) T1—(uw) = Ligy,,(w) ... Lig(u) ... L1gy(u)
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Building up the closed model

Y-B eq. (symmetric, unitary, crossing symmetric) solutionon V@ V

Ris(u1 —u2)Ri13(u1 — uz)Roz(up —u3) = Ro3(up —u3)Ri3(u1 — uz)Ri2(u1 — u2)

1>%; j}<2
? 3 3 . Ris(ur —un) = 71'11L1 & ﬂ'gz(']—\’,)

RTT eq. with a solution in the quantum space W, (= V, T13(u1) = Riz(u1 — u3))
Rio(u1 — u2)Tha(u1)Toq(u2) = Toq(u2)T1a(u1) Ri2(u1 — u2)

=
a Y Tia(ur) = T ® T (R)

Transfer matrix: generating functional for conserved charges

t(u) = Tr1(idyT1—(u)) Ti—(u) = Ligy,,(u)...L1g;(u) ... L1g, ()
W+ (W W W1 W, Wy

Hamiltonian: H o« (log t)'(O)
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Yang-Baxter solution with dimV = 2 (quantum group:U,(si>))

sinh(u + n) 0 0 0
B 0 sinhuw sinhn 0
Rio(u) = 0 sinhn sinhu 0
0 0 0 sinh(u+n)
RTTE solution acting in the quantum space V/
Lo (u) = (SN + 3 +09) SMinper:
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Building up the closed XXZ model

Yang-Baxter solution with dimV = 2 (quantum group:U,(sl»))

sinh(u + n) 0 0 0
mw=| S I m ¢
0 0 0  sinh(u—+n)
RTTE solution acting in the quantum space V/
Lo (1) = ( Sinh(’l;‘:h%(lj- oi)) h sinhﬂngi—_ Z )
17 =i (u—|—2(1 Gi))

RTT solution acting in the quantum space dimW, = oo (g oscillator reps.)

€u+5q—Jo J_qu > . _ >
Tha(u,B) =T _Jeq entBgk Mo Jo= ) jejj : Je= D ejz1

where ¢ = e " and I'; = diag(e¥, e )
Transfer matrix: generating functional for conserved charges
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Building up the closed XXZ model

Yang-Baxter solution with dimV = 2 (quantum group:U,(si>))

sinh(u + n) 0 0 0
B 0 sinhuw sinhn 0
Rio(u) = 0 sinhn sinhu 0
0 0 0 sinh(u+n)
RTTE solution acting in the quantum space V/
Lo (u) = (SN + 3 +09) SMinper:
la,\UW) — Sinhno'j_ S|nh(u+ g(l - O-Zz))

RTT solution acting in the quantum space dimW, = oo (g oscillator reps.)

(0.}

utBo—Jo  J_gJo -
€ — -
Tra(u,B) =T1 < _J+Z—JO €u+quo > 2 Jo= Z jejj 5 JE= Z CiiF1

where ¢ = e " and I'; = diag(eY, e )
Transfer matrix: generating functional for conserved charges

t(u) = Tr1(edyT1—(uw)) Ti—(uw) = Ligyy,(w) ... Lig,(u) ... Lig, (v)

Hamiltonian: H = (logt)’(0) 3N (0802, +oho¥ | 4+ coshnolo® ;)
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Transfer matrix: generating functional for conserved charges

t(u) = Tra(Ly, " (u) ... LY (w)LY, (w)L," (L2 (u) ... L1, (u))

N+1
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Transfer matrix: generating functional for conserved charges
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1CL1

SLL equation: suppose there exists S, (u; — u;) € End(W; ® W;) such that
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Equivalence in closed chains: spin order is spectrally irrelevant

Transfer matrix: generating functional for conserved charges
t(u) = Tra(Ly, " (u) ... LY (w)LY, (w)L," (w)L7? (u) ... L1, (u))

N+1

SLL equation: suppose there exists S,.q, (u; — uj) € End(W; ® W;) such that

Saiaj (ul - fu’j)L%I_al(uZ)LJ]_a] (uj) — Ljiaj(uj)LZiai(ui)Saiaj (uZ - u])

i i
>< ' . >< Sap = Ta @ 71'b(7z)
i j

Example: RTT equation Rio> — Lio, Thq — L14, and 75,1 — So,

Toa(uz) *Rio(ur — u2)Tia(u1) = Tia(u1)Rio(u1 — u2)Toe(u2) 1

1 2
2 1
a a
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Transfer matrix: generating functional for conserved charges

t(u) = Tra(Ly, ) (u) ... LYE (u) Ly, ()L, (w)L52 (u) ... L, (1))

1CL1

SLL equation: suppose there exists S, (u; — u;) € End(W; ® W;) such that

Saa,(ui — w) Lo (i) L, (w) = L4, ()L, (us)Saq, (ui — uy)

j i
X — X Su=ma®m(R)
i\

Exchange Lﬁai(u)L (u) with S} (o)L, (u)L (u)Sa.4.,(0):



Equivalence in closed chains: spin order is spectrally irrelevant

Transfer matrix: generating functional for conserved charges

t(u) = Tra(Ly, ! (w) .. LTEY () Ly, (W)L, () L5.2 (u) . .. L1, (u))

10,1

SLL equation: suppose there exists S,.q, (u; — u;) € End(W; ® W;) such that
Saa,(wi — w) Lo (w) L, (w) = L4, (ui)Li, (us)Saq, (ui — uy)

i i
§< ! - ;< Sabzﬂ'a@ﬂ'b(R)
i i

Exchange Lilai(u)L (uw) with S; 1 (0)L%, (u)L (u)Saa,,(0):
Equivalent chain:

St(u) S~ = Tri(Ly,  (u) ... LY () L,! (w) Ly, (u)Li,2 (u) ... L1, (u))

1@1
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Building up the open spin chain

Boundary Yang-Baxter equation
Rio(u1 — u2)7y (u1)Ria(ui +u2)7, (u2) = 7, (u2)Ri2(u1 + u2)7y (u1) Ri2(u1 — u2)

5=
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Boundary Yang-Baxter equation
Rio(uy —u2)7y (u1)Rio(ur + u2)75 (u2) = 7, (u2)Riz(ur + u2)7; (u1)Rio(ur — u2)

S

Boundary Yang-Baxter solution (left boundary) 7+ (u) = 7= (—u — n)?



Building up the open spin chain

Boundary Yang-Baxter equation
Rio(u1 —u2)7y (u1)Rio(u1 +u2)7; (u2) = 75 (u2)Rio(u1r + u2)7y (u1)Rio(ur — u2)

5 -

Boundary Yang-Baxter solution (left boundary) 7+ (u) = 7-(—u — )t

Transfer matrix: generating functional for conserved charges
t(w) =T (L (W7 (w) 3 7w =K (W), 77 (w)=T1-(wK; ()T (-w))

Ti—(u) = Liay,,(w) ... L1s(u) ... L1, (u) solution of the RTT equation
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Building up the open spin chain

Boundary Yang-Baxter equation
Rio(u1 —u2)7y (u1)Ria(ui +u2)7Z,y (u2) = 7, (u2)Ri2(u1 + u2)7y (u1) Ri2(u1 — u2)

5 -

Boundary Yang-Baxter solution (left boundary) 7+ (uv) = 7-(—u — n)?

Transfer matrix: generating functional for conserved charges
t(u) = T (T (u) Ty (w) T (w) = K (w), Ty (u) =T (wK; (w)T1 1 (—u))

T1—(u) = Lia,,,(uw) ... L1, (u) ... L1, (u) solution of the RTT equation

1

Hamiltonian: H o ¢ (0)
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Building up the boundary XXZ model
Trivial BYBE solution K7 (u)?¢! = diag(e®, e™%)

General diagonal solution by dressing

Ro Ry

(@

_ e'tag J_q”
Tla(“’) Ck) - I_]- ( —J+q_JO eu—i‘ano ) I_2

_ ia _ _ P 0] cosh 0
K (u, )9 = T1,(u, @) K; QGITlal(—u,oz) o ( - P ) = ( (g e cosh(u — ) )



Building up the boundary XXZ model
Trivial BYBE solution K7 (u)?¢! = diag(e®, e™%)

General diagonal solution by dressing

_ i _ _ P 0 cosh(u + « 0
K7 (u, )49 = T, (u, a)K; QGITlal(—%a) o ( O+ P ) — ( (O e cosh(u — o) )

General nondiagonal solution acting in the quantum space dimW,; = oo

_ _ GG — e P e BPP_ —J_e" sinh2u
Ko (w0, 8,) = Tia(u, B)KT () 9T (—u, B) o ( +

Jre sinh2u  ePP_ + e PPy

scalar nondiagonal solution K (u, o, 8,7v) = K, (u, o, 8,7, J& — )



Building up the boundary XXZ model
Trivial BYBE solution K7 (u)®¢! = diag(e®, e™%)
General diagonal solution by dressing

K (00" = Tl K T ) o (T ) = (NG 8
General nondiagonal solution acting in the quantum space dimW, = oo

: SPy +ePP. —J_esinh2u
- — - diagrp—1, ey T¢€ e
K]_a(,uﬂa)ﬁ)f}/) _Tla(u7/6)K]_ (u7a> T]_a( u?ﬁ)oc ( J+€—zfysinh 2u e'BP_+€_/8P+

scalar nondiagonal solution K; (u, o, 3,7v) = K1, (u, o, 3,7, J& — eT)

Transfer matrix: generating functional for conserved charges

t(u) = Tr1(Ki(u)Tl_(u)Kl_(u)Tl__l(—u)) Ti_(u) = Ligy,,(u) ... Lig,(u) ... Lig, (u)



Building up the boundary XXZ model

Trivial BYBE solution K| (w)QCT = diag(et, e )

General diagonal solution by dressing
K7 (u, )9 = Ty, (u, OC)K:L_QGIT;L_Gl(_u7a) & ( Ii)+ f(’)_ ) - ( COSh(g‘I'O‘) COSh(?L — @) )
General nondiagonal solution acting in the quantum space dimW, = oo

. PP, +ePP. —J_e"sinh?2
_ . — diagrp—1¢ & + € € u
Kla(u7 &, 5,7) — Tla(u7B)Kl (’U,, Oﬁ) Tla ( . B) . < J—|—€_7ny sinh 2u G’BP— _I_ e_ﬁP‘F

scalar nondiagonal solution K (u, o, 8,7v) = K1, (u, o, 8,7, J& — eT?)

Transfer matrix: generating functional for conserved charges
t(u) = Tr1(Kf‘(u)Tl_(u)Kl_(u)Tl__l(—u)) Ti-(u) = Ligy,,(u) ... Lig,(u) ... Lig, (u)
Hamiltonian: with K; (u,a_,3-,~-) and Kf_(—u — 1, a4, By, V+)

H o t(0) = Z (030p41 + 0ho, 11+ coshnoyon 1) + 101 + 7701 +vio] + (1 < N)
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Equivalence in open spin chains: spin order is spectrally irrelevant

Transfer matrix: generating functional for conserved charges
t(u) = Tri(7; (w) Ty (w)) T,"(uw) = K{ (v), 7y (u) = Twa(u) Ky (w)T5, (—u))

Ty (u) = LY, (u)... LT (w)Li, (w)L," (w)Ly? (u)... L1, (u)

W W W W

1] .. 1

. _
Xl an g la, lay Ki

K, (v) = T (WK ()T (—w) 5 Li, = Ti(w)



Equivalence in open spin chains: spin order is spectrally irrelevant

Transfer matrix: generating functional for conserved charges
t(uw) =T (" (W (w) 5 77 (w) =K (), 77 (v) = Tw(w)K] (W), (—u))

Ty (u) = LY, (u)... L7 (u)Li, (w)L," (w)Ly? (u)... L, (u)

1] ..

W W W1 W
1 §
ap Kl

.
K1 an a la

K1 (u) = Tia(u) Ky (u)Ty,' (=u) ;  Li, = Tia(u)

SLL equation:



Equivalence in open spin chains: spin order is spectrally irrelevant

Transfer matrix: generating functional for conserved charges
t(u) = T (T (u) Ty (w)) T (w) = K (u), 77 (w) = Tha(u) Ky (u)T (—u))

Ty (u) = LY, (u)... L7 (u)Li, (w)L," (w)Ly? (uw) ... L, (u)

1 §

.
K1 ay a lay Iy

K1, (u) = T (W) K7 ()T, (u) 5 L, = Tie(u)

Equivalent chain: 71 (u) = LY, (u)... L7 (w)Lt (w)Li, (w)Ly? (uw) ... L, (u)

W Wor W Wy
§ 1] ... 1 §
K1 ay laqla lay K

Ki';(u)tl — Tla(u)thf'(u)tlTl_al(—u)tl
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Equivalence in two boundary XXZ

Equivalence between different boundary conditions

Tia K'ydiag Kia K 1diag
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Equivalence between different boundary conditions

T4 Kdiag K1a K 7diag

QGI + nondiagonal = diagonal on both sides

K (w) = Ky (—u—mO| + Ky, (w,0,8,9) = |K{, = K (u, )%+ K (u, a)%s



Equivalence in two boundary XXZ

Equivalence between different boundary conditions

. .
Tya K920 K1ia

-y
1 1 F@ §<{ 1 1
an g & LI

KIdiag

K1 K. KT aN ai i
QG + nondiagonal = diagonal on both sides
K (w) = Ky (—u—m@| + Ky, (w,0,8,9) = |K{, = K (u, )%+ K (u, a)%s

8P, + e BP_ —J_e"sinh2u P. 0 P. 0
e —u—n Lu+n i — ainl +
diag(e™™", ") + ( Jiesinh2u #P.4+efp, )=\ 0 B )T\ 0 P

Py =cosh(u£a) ; Py = cosh(—u —n =+ )

K+ o l 66—_u_7’] —|— e_ﬁ—+u+n e:uQ(e_Qu_Qn — 62u+277)qJ0J_qJ0

N



Equivalence in two boundary XXZ

Equivalence between different boundary conditions

T4 Kdiag K1a K 7diag

QGI + nondiagonal = diagonal on both sides

K (u) = KT (—u— )| + Kp,(w,0,8,7) = |K{, = K7 (u, 8)%|+ K7 (u, )%
nondiagonal on both sides = diagonal + dynamical

Kf_('uﬂ x4, 64-7 fY-}-) + K]__a(ua a—, B—a '7—) = Kl_(ua a_)diag + Kitl(u)tl — Tla(u)thi*_(u)tlT]__al(_u)tl
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Equivalence between different boundary conditions

—di + .
Tla K 1d|ag Kla Kldlag

m q!
1 1 F@ §<{ 1 1
ay 3 a _ ay 3 a

+ +
K1 Kla K1 T1a

QG + nondiagonal = diagonal on both sides

K (w) = KT (—u—n)] + K5,(w,0,8,7) = |K{, = K7 (u, 8)%9 |+ K7 (u, )%

nondiagonal on both sides = diagonal + dynamical

K7 (u, a_)%ag 4 Kitl(u)tl — Tla(u)thf'(u)tlTl_al(—u)tl

KII_(’U,, x4, ﬁ—|—7 ’Y-f-) + K]__a(u7 a—, 6—7 7—)

P:—I:|_a — Z (ezl:eﬁ,Pe—I— == e:l:e(u:l:,u,)Qj—J_e)
P+ —2Joe—u_—nQ+ ==t
+ +a q +a
K, ( q2Joe,u7—77Q-_|‘a Pj—a QI@ = Z e(eie(u+n)P€+ i eie(ﬁfi-??:I:,tL)Qj‘{]_6){]i

e==



Equivalence in two boundary XXZ

Equivalence between different boundary conditions

T4 Kdiag K1a K 7diag

QGI + nondiagonal = diagonal on both sides

K (w) = Ky (—u—mO| + Ky, (w,0,8,9) = |K{, = K (u, )%+ K (u, a)%s
nondiagonal on both sides = diagonal + dynamical

Kf_('uﬂ x4, 54—7 fY-l—) + K]__a(ua a—, 6—7 ’7—) = Kl_(ua a_)diag + Kii;(u)tl — Tla(u)thil_(u)tlT]_—al(_u)tl

one constraint 3+ ¥ (a+ —v+) = 8- F (a— — v-) + n dynamical = uppetr/lower triangular
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Equivalence between different boundary conditions

Tyq K7diag Kla K ;diag

M
1 1 F@ §<{ 1 1
N g Gl LI ay g &

= +
K1 Kia K1 Tia

QGl + nondiagonal = diagonal on both sides

KT () = Ky (—u— ) + K (wa,8,7) = [Kf, = Ki (u, )%+ Ki (u, a)%s
nondiagonal on both sides = diagonal + dynamical

KT (u,ayq, B4,74) + K, (u,a-, 8-,7-) = Ki(u,a )%+ Kf (u)h = Tha(u) K (u)" T (—u)h
one constraint 8; ¥ (a4 — v+) = 8- F (a— — v-) + n dynamical = upper/lower triangular
two constraints s = 8- +1n ; ay — v+ = a_ — - dynamical = diagonal

Kf—(ua Oé_|_,6_|_,’7+) + Kl_a(u7 Cli_,ﬁ_,’y_) = K;-(’UH a+)diag + Kl_(u7 a_)diag
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Tja K7diag Kia Kydig
L
1 1 F@ §<{ 1 1
N an g & LI an & &

Equivalence between different boundary conditions by moving the dressing defect
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Conclusions
Dressing with a defect is a useful tool to calculate K matrices

My
1 1 }>§ §<{ 1 1
an & & LT aN & &

* +
K1 Kia K1 T1a

Equivalence between different boundary conditions by moving the dressing defect

No constraint — no BA, dynamical BC. Solve the defect in the closed case first.
N—-1

1 xr _X z z xr Xz
Ho= 5> (bulk) +~io] +1iof + ot + viok + ok + vhok

n=1

1 _ _ o
yf’N:igsinhncoth&q:tanhB;; Yi,y X Cosh bz ] y ocisinh b
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Dressing with a defect is a useful tool to calculate K matrices

Tyq K729 Kla K 7diag

rary
1 1 F@ §<{ 1 1
ay g Gl LI ay 9 &

* +
K1 Kia K1 Tia

Equivalence between different boundary conditions by moving the dressing defect

No constraint — no BA, dynamical BC. Solve the defect in the closed case first.
N—-1

1 &7 7,45 ey L g%
H = 5Z(bUlk)+’Y1‘71+’Y101+7?U¥+7N0N+’VNUN+%?JVJ}JV

n=1

1 _ _ o
yf’N:iisinhncoth&q:tanhB;; Yi,y X Cosh bz ] y ocisinh b

Global symmetry: rotation in the = — y plane — spectrum depends on 6, — 6_.



Conclusions
Dressing with a defect is a useful tool to calculate K matrices

Tyq K729 Kla K 7diag

rary
1 1 F@ §<{ 1 1
ay g Gl LI ay 9 &

* +
K1 Kia K1 T1a

Equivalence between different boundary conditions by moving the dressing defect

No constraint — no BA, dynamical BC. Solve the defect in the closed case first.
N—-1

1 &7 7,45 ey L g%
H = EZ(bUlk)‘F’YlUl‘I"hUl+7?U¥+7NJN+7NUN+%?<’U}JV

n=1

1 _ _ o
yf’N:igsinhncoth&q:tanhB;; Yi,y X Cosh bz ] y ocisinh b

Global symmetry: rotation in the  — y plane — spectrum depends on 4 — §_.

—~

This can be implemented by the defect ' = dz’ag(e_g—, ef-)



Conclusions

Dressing with a defect is a useful tool to calculate K matrices

Ty K7diag Kla K diag

raary
1 1 F@ §<{ 1 1
ay g Gl LI ay 9 &

+ +
K1 Kia K1 T1a

Equivalence between different boundary conditions by moving the dressing defect

No constraint — no BA, dynamical BC. Solve the defect in the closed case first.
N-1

1 B a3 z _z 98 4%
0w = 3 ) (bulk) + viot +vioT + Vot + viok + kR + %ok

n=1

1 _ _ _
yf’N:igsinhncoth&q:tanhB;; Yi,N < Cosh bz, ] y ocisinh s
Global symmetry: rotation in the x — y plane — spectrum depends on 6 — 6_.

This can be implemented by the defect ' = diag(e_g—, e§_>

More complicated defects perform local gauge transformations




