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Massive integrable boundary QFT in 1+1 D (diagonal)
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Perturbed boundary Lee-Yang
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Integrable perturbations

S = SBCFT−λbulk
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∫ 0
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Assumptions:
Hilbert space does not change

spectrum, operator algebra smoothly changes →
Operator content

Bulk operators Φ(x, t)
Boundary operators ϕB(t)
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∑∞
n=0

∫∞
−∞

dθ1...dθn
n!(2π)n 〈0|Φ(x, t)|θ1, . . . , θn〉〈θ1, . . . , θn|B〉e−mx

∑n
i=1 cosh θi

l l
Bulk form factor boundary state
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Expansion for large x using bulk form factors and the boundary state
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l l
Bulk form factor boundary state

Expansion for large x using bulk form factors and the boundary state

Boundary operators x = 0 → new (boundary) technic is needed
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∑∞
n=0
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dθ1...dθn
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Correlation functions II: boundary operators

�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������

�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������
�����������������������

�����������������
�����������������
�����������������
�����������������

�����������������
�����������������
�����������������
�����������������

��
��
��
��

��
��

��
��

��
��

��
��

��
��
��
��

��
��

��
��

��
��

��
��

x t

Boundary two point function B〈0|ϕB(t)ϕB(0)|0〉B =

∑∞
n=0

∫∞
0

dθ1...dθn
n!(2π)n B〈0|ϕB(t)|θ1, . . . , θn〉B B〈θ1, . . . , θn|ϕB(0)|0〉B

time dependence:

∑∞
n=0

∫∞
0

dθ1...dθn
n!(2π)n |F

ϕB
n (θ1, . . . , θn)|2e−mt

∑n
i=1 cosh θi
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Boundary two point function B〈0|ϕB(t)ϕB(0)|0〉B =

∑∞
n=0

∫∞
0

dθ1...dθn
n!(2π)n B〈0|ϕB(t)|θ1, . . . , θn〉B B〈θ1, . . . , θn|ϕB(0)|0〉B

time dependence:

∑∞
n=0

∫∞
0

dθ1...dθn
n!(2π)n |F

ϕB
n (θ1, . . . , θn)|2e−mt

∑n
i=1 cosh θi

boundary form factor

F
ϕB
n (θ1, . . . , θn) =B 〈0|ϕB(t)|θ1, . . . , θn〉inB

Boundary correlation functions, large t expansion→ boundary form factors |>
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Integrability→ factorizability:
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out
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θ1 > 0

|θ1〉B = R(θ1)| − θ1〉B

Unitarity: R∗(θ) = R−1(θ)
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|θ1〉
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out
B

θ1 > 0

|θ1〉B = R(θ1)| − θ1〉B

Unitarity: R∗(θ) = R−1(θ) = R(−θ)
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Free in particle ← R-matrix → Free out particle

|θ1〉
in
B = R(|θ1|)|θ1〉

out
B

θ1 > 0
|θ1〉B = R(θ1)| − θ1〉B

Unitarity: R∗(θ) = R−1(θ) = R(−θ)

Integrability→ factorizability:

|θ1, θ2, . . . , θn〉B =
∏

i<j

S(θi − θj)
∏

i

R(θi)| − θ1,−θ2, . . . ,−θn〉B
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Boundary form factor axioms II: Singularities

Kinematical singularities
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)
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A = A(2,5) + g
∫

d2xΦ
(1
5,15)

Φ
(1
5,15)

= Φ field with smallest scaling dimension

〈0|Φ(x,0)Φ(0,0)|0〉 = x
4
5 + x

2
5CΦ

ΦΦ〈Φ〉+ . . .
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Perturbed boundary Lee-Yang model

Boundary theory with S(θ) = −
[

1
3

]

, R(θ) =
(

1
2

) (

1
6

) (

−2
3

) [

b+1
6

] [

b−1
6

]

20



Perturbed boundary Lee-Yang model

Boundary theory with S(θ) = −
[

1
3

]

, R(θ) =
(

1
2

) (

1
6

) (

−2
3

) [

b+1
6

] [

b−1
6

]

Step 1. Solution of the one particle case F1(θ) = r(θ)



Perturbed boundary Lee-Yang model

Boundary theory with S(θ) = −
[

1
3

]

, R(θ) =
(

1
2

) (

1
6

) (

−2
3

) [

b+1
6

] [

b−1
6

]

Step 1. Solution of the one particle case F1(θ) = r(θ)

r(θ) =
tanh(θ)

(sinh θ + i sin π
6
(b + 1))(sinh θ − i sin π

6
(b + 1))

u(θ)

u(θ) = −2i exp

{

∫ ∞

0

dt

t

[

1

sinh t
2

− 2 cosh
t

2
cos

(

iπ

2
− θ

)

t

π

sinh 5t
6

+ sinh t
2
− sinh t

3

sinh2 t

]}

minimality: dynamical poles at θ = iπ(b±1)
6 , iπ

2 , zero at θ = 0, growth: eθr(θ)→ 1



Perturbed boundary Lee-Yang model

Boundary theory with S(θ) = −
[

1
3

]

, R(θ) =
(

1
2

) (

1
6

) (

−2
3

) [

b+1
6

] [

b−1
6

]

Step 1. Solution of the one particle case F1(θ) = r(θ)

r(θ) =
tanh(θ)

(sinh θ + i sin π
6
(b + 1))(sinh θ − i sin π

6
(b + 1))

u(θ)

u(θ) = −2i exp

{

∫ ∞

0

dt

t

[

1

sinh t
2

− 2 cosh
t

2
cos

(

iπ

2
− θ

)

t

π

sinh 5t
6

+ sinh t
2
− sinh t

3

sinh2 t

]}

minimality: dynamical poles at θ = iπ(b±1)
6 , iπ

2 , zero at θ = 0, growth: eθr(θ)→ 1

Step 2. The Ansatz satisfying the permutation and periodicity axioms



Perturbed boundary Lee-Yang model

Boundary theory with S(θ) = −
[

1
3

]

, R(θ) =
(

1
2

) (

1
6

) (

−2
3

) [

b+1
6

] [

b−1
6

]

Step 1. Solution of the one particle case F1(θ) = r(θ)

r(θ) =
tanh(θ)

(sinh θ + i sin π
6
(b + 1))(sinh θ − i sin π

6
(b + 1))

u(θ)

u(θ) = −2i exp

{

∫ ∞

0

dt

t

[

1

sinh t
2

− 2 cosh
t

2
cos

(

iπ

2
− θ

)

t

π

sinh 5t
6

+ sinh t
2
− sinh t

3

sinh2 t

]}

minimality: dynamical poles at θ = iπ(b±1)
6 , iπ

2 , zero at θ = 0, growth: eθr(θ)→ 1

Step 2. The Ansatz satisfying the permutation and periodicity axioms

Fn(θ1, . . . , θn) = HnQn(y1, . . . , yn)
∏

i

r(θi)
∏

i<j

f(θi − θj)f(θi + θj)

yi + yj
; Hn =< O >

(

31/4

21/2v(0)

)n



Perturbed boundary Lee-Yang model

Boundary theory with S(θ) = −
[

1
3

]

, R(θ) =
(

1
2

) (

1
6

) (

−2
3

) [

b+1
6

] [

b−1
6

]

Step 1. Solution of the one particle case F1(θ) = r(θ)

r(θ) =
tanh(θ)

(sinh θ + i sin π
6
(b + 1))(sinh θ − i sin π

6
(b + 1))

u(θ)

u(θ) = −2i exp

{

∫ ∞

0

dt

t

[

1

sinh t
2

− 2 cosh
t

2
cos

(

iπ

2
− θ

)

t

π

sinh 5t
6

+ sinh t
2
− sinh t

3

sinh2 t

]}

minimality: dynamical poles at θ = iπ(b±1)
6 , iπ

2 , zero at θ = 0, growth: eθr(θ)→ 1

Step 2. The Ansatz satisfying the permutation and periodicity axioms

Fn(θ1, . . . , θn) = HnQn(y1, . . . , yn)
∏

i

r(θi)
∏

i<j

f(θi − θj)f(θi + θj)

yi + yj
; Hn =< O >

(

31/4

21/2v(0)

)n

Step 3. Recursion relations from the singularity axioms



Perturbed boundary Lee-Yang model

Boundary theory with S(θ) = −
[

1
3

]

, R(θ) =
(

1
2

) (

1
6

) (

−2
3

) [

b+1
6

] [

b−1
6

]

Step 1. Solution of the one particle case F1(θ) = r(θ)

r(θ) =
tanh(θ)

(sinh θ + i sin π
6
(b + 1))(sinh θ − i sin π

6
(b + 1))

u(θ)

u(θ) = −2i exp

{

∫ ∞

0

dt

t

[

1

sinh t
2

− 2 cosh
t

2
cos

(

iπ

2
− θ

)

t

π

sinh 5t
6

+ sinh t
2
− sinh t

3

sinh2 t

]}

minimality: dynamical poles at θ = iπ(b±1)
6 , iπ

2 , zero at θ = 0, growth: eθr(θ)→ 1

Step 2. The Ansatz satisfying the permutation and periodicity axioms

Fn(θ1, . . . , θn) = HnQn(y1, . . . , yn)
∏

i

r(θi)
∏

i<j

f(θi − θj)f(θi + θj)

yi + yj
; Hn =< O >

(

31/4

21/2v(0)

)n

Step 3. Recursion relations from the singularity axioms

kinematical Qn+2 = PnQn with βk(b) = 2cos(π
6
(b + k)) and y± = 2cosh(θ ± iπ

3
)

Pn =
(y2 − β2

1(b))(y
2 − β2

−1(b))

2(y+ − y−)

(

n
∏
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Perturbed boundary Lee-Yang: minimal form factor solution

Step 4. Solve recursion and classify them: 2pt function and operator content

Q1 = σ1; Q2 = σ2 + 3− β2
−3(b);

Q3 = σ1(σ2 + β2
1(b))(σ2 + β2

−1(b))− (σ2 + 3)(σ1σ2 − σ3) . . .

The solution with minimal degree is unique.
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A = ABCFT(2,5) + g
∫ ∞

−∞
dt
∫ 0

−∞
dxΦ

(1
5,15)

(x, t) + h
∫ ∞

−∞
dt ϕ1

5
(t)

ϕ1
5
= ϕ boundary field with smallest scaling dimension

〈0|ϕ(t)ϕ(0)|0〉 = −t
2
5 + t

1
5C

ϕ
ϕϕ〈ϕ〉+ . . .
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Conformal limit compared to form factor expansion 〈0|ϕ(t)ϕ(0)|0〉
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