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Analytical properties of the bulk form factors

Bulk form factor 01 >0>>...>0n

FO(61,...,6n) = (0]0(0,0)|61,...,0n)
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Bulk form factor 01 >0>>...>0n

FO(61,...,6n) = (0]0(0,0)|61,...,0n)
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Bulk form factor

Example

/
FO (6,...

Permutation

Analytical properties of the bulk form factors

2 (O o

FO(n, ..

01 >60>>...>0p

., 0n) = (0]O(0,0)[01, . .., 0n)

.,01) = (0|O(0,0)|0n, . .., 07)

FS(01,05) = S(61 — 02)FS (62, 601)

/ / /
0,101, ...,00) = (01,...,0,10(0,0)|01,...,6n)

O 7
sz(e]-, o o o

0,,101,02) = S(01 — 02)FO, (67, ... ,0,,]02,01)




Analytical properties of the bulk form factors

Bulk form factor 01 >60>>...>0n
FR(61,...,0n) = (0|0(0,0)[01,. .., 0n)
F,,?(Qn, R 01) — <O|O(O7 O)|0n7 oty 01>
Example F$(01,02) = S(61 — 62) F5 (62,61)
/ / / /
FQ (01,...,0,,101,...,0n) = (01,...,0,.|0(0,0)|01,...,60n)
Permutation | F9,(05,...,0,,101,02) = S(01 — 02)F95(0,,...,0,,]02,01)
Y (0101,...,60n) = 1(61,...,9n,0 — %)
Crossing from reduction formula @ 1006 Hn)}z) (91’” On—1)
-|-5(9 Qn) 1Op—1,- -, 91)
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Analytical properties of the boundary form factors

Boundary form factor 01 > 0> >

..>0,>0

FO(01,...,0n) =5 (0|O(0)|61,...,00) 5

FO(=01,...,—60,) =5 (0|00 = 61,...,—0)5
Example Flo(Hl) = R(Hl)Flo(—Hl)

/ / / /
FQ (01,...,6,101,...,6n) = p01,...,60,,]00)|01,...,60n) 5

For (87, -, 6,|01) = R(01)FL1 (0], -, 6| — 61)
F{ (61161, . ..,6n) = R(=01)Ff) (=61161, . ..,6n)

Reflection




Analytical properties of the boundary form factors

Boundary form factor 01 >60>>...>60,>0
FO(01,...,0n) =5 (0|0(0)|01,...,00) R
Fy (=61,...,—6n) =p (0]O(0)| = 61,...,~n)p
Example Flo(ﬁl) = R(@l)Flo(—Ql)
/ / / /
FT(;L)n(Qla ceey 9m|017 0 00 g en) — B<017 sy 9m|0(0)|917 <o 79n>B
O 7 7 .
FO(0101,...,00) = FO (6 +im,01,...,60)
Crossing from +4(0 — 91)F0 1(627--- On)
. 7/
reduction formula FO(—60'| —0y,... Hn) = F +1( 0 +im,—01,...,—60n)
1500~ 01)EO (02, —0n)




Comparison to other approaches

Consistency egs.: F,rgl (9//1, e 9,/m|91) = R(612F£1(6/17 s (9;n| —01)
derived FL (0101, ..,0n) = R(—0,)FY (—01161,...,6n)

FO(0101,...,0n) = FO (0 +im,01,...,60)
+6(0 — 01)FS 1(62,...,6n)

FO(—0]—01,...,—0n) = FO (=0 +im, —01,...,—0p)

n

+6(0' = 01)F 1 (—02,...,—0n)
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Consistency egs.: Fgl (9/1, . m|91) = R(@l) 1(91, ey 0] —01)
derived Fﬁ(elwl,...,@n) = R(—0,)FO (—01|01,...,60n)

FO (0'161,...,0n) = F +1(9 +im,01,...,00)
+6(0 — 1) FC 1(92,... 0n)
FO (=0 —01,..., Hn)_F_H( 0 +im, —01,...,—60n)
+8(0 — 01)FC 1(—02,...,—0n)

Similar equations in spin models:

M. Jimbo, R. Kedem, H. Konno

XXZ,XYZ T Miwa, R. Weston Nucl.Phys. B448 (1995) 429-456
Higher rank XXZ Y .-H. Quano Int.J.Mod.Phys. A15 (2000) 3699-3716
Belavin's Z,,-symmetric Y.-H. Quano J.Phys. A33 (2000) 8275
A face model Y -H. Quano J.Phys. A34 (2001) 8445-8464

Continuum limit —sine-Gordon (similar equations in bosonization):

B. Hou, K. Shi, Y. Wang, W.-I. Yang: Int.J.Mod.Phys. A12 (1997) 1711-1741
Equations are DERIVED — | valid for any QF I for form factors of local operators! |
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Permutation
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Kinematical singularities
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Kinematical singularities
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Periodicity
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Kinematical singularities
. /
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Bulk dynamical singuralities

g 3 4 3 +IU
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Boundary dynamical singuralities
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Solving the bulk form factor equations

Bulk theory with S(0):
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Solving the bulk form factor equations

Bulk theory with S(6): FF axioms + minimality — Solution of the FF equations

Step 1. Solve first the two particle case F5(01 — 0>) = f(0)

f0) =500)f(=0) ; [flr+0)=f(ir—0)

minimality: only dynamical poles, one zero at & = O, minimal growth at § — oo

Step 2. Take the Ansatz to satisfy the permutation and the periodicity axioms

1
Fn(01,...,0n) = HnQn(z1,...,2n) [ £(6; —0,)——— ; z=¢°
i<j Ti T T
Qn(xq,...,2n): completely symmetric polynomial
Step 3. Derive recursion relations from the singularity axioms
kinematical Q4 o(—2,x,71,...,%n) = Pa(x|z1,...,20)Qn(T1,...,Tn)
dynamical Qn_l_l(ei“x, e Wx, xq,...,xn) = Rp(z|z1,...,20)Qn(z, 21, ..., 2n)

Step 4. Solve recursion, classify the solutions: operator content
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sinh 847 sin %

sinh 80—z sin %

Bulk theory with S(0) =

Step 1. Solution of the two particle case F»(61 — 6>) = f(0)

coshfg —1
cosh @ —1—%

f(0) =

oirnCirt0) w0 =ep e [t ST

00 inh Z cinh Z cinh £
d_xewx/ﬂsmh > sinh = sinh 6}
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sinh 847 sin %
sinh 6—: sin %

Bulk theory with S(0) =

Step 1. Solution of the two particle case F»(07 — 6>) = f(0)

coshéd — 1 ©dr . sinh £sinh £sinh £
f(0) = —o(im—0)v(—in+0) ; v(f) = exp{Z/ e L 6}
cosh 6 + 5 o T sinh“ x

minimality: dynamical pole at = 22% zero at @ = O, growth: f(6) — 1 for 6 — oo

Step 2. The Ansatz satisfying the permutation and periodicity axioms

f(0i — 6;) 314 \"
Fn 0 9 o o o9 Hn = Hn n 9 o o o9 n , Hn :< O >
(61 ) Qn(z1 T )H . 21720(0)
1<) J
Qn(xq,...,2n): completely symmetric polynomial

Step 3. Recursion relations from the singularity axioms

kinematical Q4 o(—x,x,z1,...,2n) = Po(x|21,...,20)Qn(x1,...,Tn)
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2(x4 —x_)
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Perturbed Lee-Yang model

sinh 847 sin %

sinh 80—z sin %

Bulk theory with S(0) =

Step 1. Solution of the two particle case F»(67 — 6>) = f(0)

cosh6f — 1 X dx . sinh£sinhZsinh £
7(0) = [o(im-0)u(=in+6) ; v(e)=exp{2 [ Term2T sl
cosh0—|—§ o T sinh< x

minimality: dynamical pole at = 22% zero at @ = O, growth: f(6) — 1 for 6 — oo

Step 2. The Ansatz satisfying the permutation and periodicity axioms

f(0i —6;) 31/4 \"
Fn H ’ o o o ’ Hn : Hn n ’ o o o ’ n ; Hn : O
(61 ) Qn(z1 w)H —— < 0> 51735005
1<) J
Qn(xq,...,2n): completely symmetric polynomial

Step 3. Recursion relations from the singularity axioms

kinematical Q4 o(—x,x,71,...,2n) = Po(x|21,...,20)Qn(x1, ..., Tn)

(~1)a2
2(xy —x_)

IE((88 B3 o o o o TB)) =

(H(mz + aj-l-)(wz — 33—) — H(CEZ — :E_|_)(ajz -+ :E)) T+ = et
=1 i=1

dynamical Q,+1(x4, 2, x1,...,2n) = ¢ [[[mq(x + 2;)Qn(x, 21,...,2n)



Perturbed bulk Lee-Yang: minimal form factor solution

Step 4. Solve recursion and classify them: 2pt function and operator content

Q1=1, Qr=o01;, Q3=0100... |, _(x+x;) = Z:ofﬂk%—k

The solution with minimal degree is unique.
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Perturbed bulk Lee-Yang: minimal form factor solution

Step 4. Solve recursion and classify them: 2pt function and operator content

Qi=1, Qx=o01; Q3z=o100... , I[qi(@+z)="0_oz%, 4

The solution with minimal degree is unique. Which operator is it? Compute 2pt:

(0]0(x,0)0(0,0)|0) = X5 o(—1)" [§° S5Tn F2 (81, - ., ) |26~ 2im1 COSN i

Large distance expansion <+ Compare to short distance (UV) expansion
A= Aps)+g [ dad
(2,5) T 9 .

P y = & field with smallest scaling dimension

~
Q=
o=

(0]®(z,0)® (0, 0)[0) = 25 + 250 (d) + ...




Perturbed bulk Lee-Yang two point function

Conformal limit compared to form factor expansion

(0| (z,0)®(0,0)[0)
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Perturbed bulk Lee-Yang two point function

Conformal limit compared to form factor expansion

0.12

0.1

0.08 |-

0.06 -

0.04 - a2

0.02

|
0 0.05

1
0.1

|
0.15

0.2

(0| (z,0)®(0,0)[0)

4 2
1 Conformal limit: 25 +25Cg 4 (D)

FF expansion 0+1+2pt: |F5D|2—|—

co db |F1Cl>|2€—mac cosh 6

— [ 5

df1do
+ fgooo 2(577)22|F2¢(617 92)|2

.e—mxz(cosh 01 +cosh 07)



Perturbed bulk Lee-Yang two point function

Conformal limit compared to form factor expansion (0|®(z,0)P(0,0)|0)
T 1 | T l T ! ! I T 1 I I T I |
- k2 ] onforma . 5 5
il s " mal limit: 5+« C¢¢<d)>
i2 e ] FF expansion 0+1+24-3pt: |F6b|2—|—
05 [~ ;
I , - oo dO | pd |12 _— Ccosh
] —<X>§Eﬂlil| e—mx COS 0
PPN B o e i s oo oo db1dbr | 2
’ 05 1 15 2 + f_OO 2(2m)2 |F2 (617 62)|
Fig. 3. Convergence of the large-distance expansion for small mir. Empty triangles: zcro- and one- e_mx(COSh Hl—I_COSh 02)

particle contributions. Empty circles: the same plus two-particle term. Full circles: up to three-particle
state contributions. Full curve; the short-distance data.

df1d0->d0
+ f(—)ooo 61(273)33|F:§b(617 0>, 63)|2 e




Perturbed bulk Lee-Yang two point function

Conformal limit compared to form factor expansion

T 1 T T l T I ! T T [ ] f T I T

G(r)

0 | AR (S | 1 1 | | I ! I 1 1 I l i i |

0 .05 A .15
mr

Fig. 3. Convergence of the large-distance expansion for small mr. Empty triangles: zero- and one-
particle contributions. Empty circles: the same plus two-particle term. Full circles: up to three-particle
state contributions. Full curve: the short-distance daia.

Al. B. Zamolodchikov NPB348 (1991) 619.

(0| (z,0)®(0,0)[0)

4 2
Conformal limit: 25 + aﬁC’ESdD (D)

FF expansion 0+1+4-2+43pt: |F6D|2—|—

(oo df |F1Cb|2€—ma: cosh 6

0o 27

df1db
+ 125, 21903 P (01, 602) 2

.e—mz(cosh §1+cosh 62)

df1dO>do
_I_ fSOOO 61(273)33|F:§D(017 927 93)|2 e
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Step 1. Solve first the one particle case F1(0) = r(0)

r(0) = R()r(—0) : r(ir—0) = R(®)r(ir + 6)

minimality: only dynamical poles, one zero at & = O, minimal growth at § — oo

Step 2. Take the Ansatz to satisfy the reflection, permutation and the bperiodicity axioms

1

Fn(01,...,0n) = Hn@Qn(y1,--.,Yn) "“(Hz) f(0; + ej)f(ei - Hj)
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Boundary theory with S(6),R(0): BFF axioms + minimality — Solution of the BFF eqs

Step 1. Solve first the one particle case F7(0) = r(0)

r(0) = R()r(—0) : r(ir—0) = R(®)r(ir + 6)

minimality: only dynamical poles, one zero at & = O, minimal growth at § — oo

Step 2. Take the Ansatz to satisfy the reflection, permutation and the bperiodicity axioms

1

Fn(01,...,0n) = HQn(y1, ..., yn) HT(@;) 1] 7C6; +06,)f(6; —0,)

i< yi + Yj

Qn(y1,...,yn): completely symmetric polynomial of y = ef -+ e—0

Step 3. Derive recursion relations from the singularity axioms

kinematical Q,,4-2(=4, 4,91, ---,Yn) = Pu(yly1, -, yn)Qn(y1, .-, yn)
dynamical Q41 (¥+,¥—,¥1,---,Yn) = Rn(W|y1, .-, yn)@n(y, y1,- -, yn)

Step 4. Solve recursion, classify the solutions: operator content
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Perturbed boundary Lee-Yang model

Boundary theory with S(8) = — [%] . R(6) = (%) <%) <_%) [b—gl] [bgl}

Step 1. Solution of the one particle case 1 (0) = r(60)

tanh(6)
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Step 1. Solution of the one particle case 1 (0) = r(60)

tanh(6)
(sinh @ 4+ isinZ(b+ 1))(sinh & —isinZ(b+ 1))

dt| 1 ¢ - tsinh2t 4+ sinh £ — sinh £
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Boundary theory with S(8) = — [%] . R(6) = (%) <%) <_%) [b—gl] [bgl}

Step 1. Solution of the one particle case 1 (0) = r(60)

tanh(6)
(sinh @ 4+ isinZ(b+ 1))(sinh & —isinZ(b+ 1))

dt| 1 ¢ - tsinh2t 4+ sinh £ — sinh £
u(f) = —2iexp / — | = — 2 cosh —cos Z—W—G — S : 22 3
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Perturbed boundary Lee-Yang model
Boundary theory with S(8) = — [%] . R(9) = (%) (%) (_%) [b—gl] [bgl}

Step 1. Solution of the one particle case 'y (0) = r(60)

tanh(6)
(sinh & +isinZ(b+ 1))(sinh 6 —isinZ(b+ 1))

dt| 1 ¢ - tsinh2t 4+ sinh £ — sinh £
u(f) = —2iexp / — | —=——F — 2cosh —cos Z—W—G — S : 22 3
o t |sinhs 2 2 s sinh<t

minimality: dynamical poles at 6 = m(%il) Zg zero at 6 = 0, growth: e?r () — 1

r(0) = u ()

Step 2. The Ansatz satisfying the permutation and periodicity axioms

F(0; —0)f(6; +6;) ( 31/4 )
Fo(01,...,0,) = Hy,Qn(y1,...,Yn 0; . H,=<0O -
(61 ) = HuQn(y1, - -, yn) | I )Z|<j| v+, =2\ 217240y

Step 3. Recursion relations from the singularity axioms
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(y? — B7(b)) (y? — B21(D))
2(y+ —y-)

P, = (H(yz+y+)(yz—y )—H(yz—y+)(yz+y ))



Perturbed boundary Lee-Yang model
Boundary theory with S(0) = — [%] , R() = (%) <%) <—%) [b_gl] [bgl}
Step 1. Solution of the one particle case 1 (0) = r(60)

tanh(6)
(sinh @ 4+ isinZ(b+ 1))(sinh§ —isinZ(b+ 1))

dt | 1 ¢ ' tsinh2 4 sinh £ —sinh &
u(f) = —2iexp / — | ——— —2cosh = cos T _p)l 6+_ Z 3
o t |sinhs 2 2 s sinh<t

minimality: dynamical poles at 6 = m(%il) Zg zero at = 0, growth: e/r(6) — 1

r(0) = u(6)

Step 2. The Ansatz satisfying the permutation and periodicity axioms

£(0; —0,)f(6; +0> ( 31/4 )
F,(01,...,0,) = HpnQn(y1, ..., yn 0; H, =<0
(61, -,60) = HuQu(y1, -, yn) | I )Z|<j| v+, =¥ 2\ 217200

Step 3. Recursion relations from the singularity axioms

kinematical Q,,4-> = PnQn with 8,(b) = 2cos(Z(b+ k)) and y+ = 2cosh(6 + %)

A2 b A2 b
P ﬁ;i;fj’y S <H<yz+y+><yz—y >—H<yz—y+><y@+y >>

dynamical Q1.1 (Y1, Y=, Y1, - - -, yn) = (¥?+623(0)) y 17— 1 (v+v:) Qn(y, y1,s - -, yn)



Perturbed boundary Lee-Yang: minimal form factor solution

Step 4. Solve recursion and classify them: 2pt function and operator content

Q1 =01, Qx=o2+3—325(b);
Q3 = o1(o2 + B7(b)) (02 + B2 ,(b)) — (02 + 3) (0102 — 03) ...

The solution with minimal degree is unique.
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Perturbed boundary Lee-Yang: minimal form factor solution

Step 4. Solve recursion and classify them: 2pt function and operator content

Q1 =01, Qx=o02+3—325(b);
Q3 = o1(0n + B2(b)) (02 + B2,(b)) — (02 + 3) (6102 — 03) . ..

The solution with minimal degree is unique. Which operator is it? Compute 2pt:

(0]O()O(0)|0) = >20L o(—)™ J§° %“77?(91, 0] >, cosho;

Large distance expansion. <+ Compare to short distance (UV) expansion
00 0 00
A= Apcrr(2;5) + 9/ dt/ dz® 1 1y(z,1) + h/ dt p1(t)
— 00 — 00 5’5 — 00 5

1 = ¢ boundary field with smallest scaling dimension

1
5

(0p(£)¢(0)[0) = —t5 + t5CE () + ...
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Conformal limit compared to form factor expansion (0|p(t)(0)|0)
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Perturbed boundar Lee-Yang two point function

Conformal limit compared to form factor expansion

0.8
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0

(0]o(2)¢(0)]0)
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Conformal limit: —t5 4 t5C 5, ()

BFF expansion 0+1-+2+3pt: |FCS)0|2_|_

do —
_ fgo Z|Ff|2€ mt cosh 6

+ J6° Sl 5 (01,6022

.e—mt(cosh 01 +cosh 67)
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