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Brane–anti-brane system in flat space:

open strings are oriented we need 2

spectrum massive for a > acrit
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a = 0 spectrum contains tachyon

with m2 = − 1
2α′

tachyons condensate, branes decay [A. Sen]
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Aim: test brane–anti-brane system in curved space using
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. . . Ȳ kN−1

lN−1
(ZJ)kN

iN

Integrable description: R-matrix p

−p

i

j



Plan of talk

Open strings connecting brane–anti-brane

S5

S3

Gauge theory dual to open strings OZJZJ ′

Y Ȳ
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. . . Ȳ kN−1

lN−1
(ZJ)kN

iN

Integrable description: R-matrix p

−p

i

j

Finite size spectrum: asymptotic BA:

p

J

Wrapping corrections:
p

−p

a

Z Z Z

Z Z Z

Y

Y Y

Y

Y-system→ BTBA



Plan of talk

Open strings connecting brane–anti-brane

S5

S3

Gauge theory dual to open strings OZJZJ ′

Y Ȳ
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The Illusion of Gravity - Juan Maldacena, Scientific American (2005)
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AdS/CFT correspondence (Maldacena 1998)

IIB superstring on AdS5 × S5

S5
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gaugeinvariants:O = Tr(Φ2), det( )
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|x|2∆n(λ)

Anomalous dim ∆(λ)
∆(λ) = ∆(0) + λ∆1 + λ2∆2 + . . .

2D integrable QFT

spectrum: Q = 1,2, . . . ,∞, (α, α̇) dispersion: ǫQ(p) =

√

Q2 + λ
π2 sin

2 p
2

Exact scattering/reflection matrix: SQ1Q2
(p1, p2, λ), RQ(p, λ)

Finite size correction: Lüscher, TBA



AdS/CFT correspondence: closed strings

BPS string configuration:BMN
S5

J

Z plane

EBPS(λ) = J

J

S5

p −p

classical energy+loop corrections

↔

V (Φ,Ψ) = 1
4
[Φ,Φ]2 +Ψ[Φ,Ψ]

supersymmetric BPS operators
Z = Φ5 + iΦ6, Y = Φ3 + iΦ4

X = Φ1 + iΦ2

OBPS = Tr(ZJ)↔ | ↑↑ . . . ↑〉
∆BPS = J

nonsupersymmetric operator: Konishi
OK = Tr(ZY ZY + ...)↔ | ↑↓↑↓〉+ .
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AdS/CFT correspondence: open strings, single brane
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AdS/CFT correspondence: open strings, brane–anti-brane
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= ǫ

j1...jN
i1...iN

Y
i1
j1

. . . Y
iN−1
jN−1(Z

J ′)iNlN
ǫ
l1...lN
k1...kN

Ȳ
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= ǫ

j1...jN
i1...iN

Y
i1
j1

. . . Y
iN−1
jN−1(Z

J ′)iNlN
ǫ
l1...lN
k1...kN

Ȳ
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Spectral problem
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Y=0 brane

parametrization:X = (1, 1̇),Y = (1, 2̇), Ȳ = (2, 1̇)

BMN Tr(ZJ): PSU(2,2|4) −→PSU(2|2)2
Brane PSU(2|2)2 → SU(1|2)2
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BMN Tr(ZJ): PSU(2,2|4) −→PSU(2|2)2
Brane PSU(2|2)2 → SU(1|2)2

S5

S3

X=0

Y=0

S5

S3

Y=0

Y=0

S5

S3

JJ’

(1,2)→
(

cos θ sin θ
− sin θ cos θ

)

(1,2) is broken θ = π
2
, θ̇ = 0 θ = θ̇ = π

2
,

R-matrix=scalar.matrix

matrix Q = 1 reps







1
2
3
4






⊗









1̇
2̇
3̇
4̇









[R,∆(Q)] = 0 R(p) =









−ei p

2 0 0 0

0 e−i
p

2 0 0
0 0 1 0
0 0 0 1








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Y − Ȳ brane system, large J spectrum for 1 particle
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From the string excitation point of view
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Y − Ȳ brane system, large J spectrum for 1 particle
S5

S3

J

From the string excitation point of view

p

J

Asymptotic Bethe Ansatz:

periodicity of wavefunction

J
p

J
p

ei2pJRY (p)RȲ (p) = 1→p

EBA = E(p, λ) =

√

1+ λ
π2(sin

p
2)

2

0ne loop gauge theory check: 〈OZJ−1X ZJ ′

Y Ȳ
(0)OZ̄J−1X̄ Z̄J ′

Ȳ Y
(x)〉

OZJZJ ′

Y Ȳ
= ǫ

j1...jN
i1...iN

Y
i1
j1

. . . Y
iN−1
jN−1(Z

J ′)jNlN
ǫ
l1...lN
k1...kN

Ȳ
k1
l1

. . . Ȳ
kN−1
lN−1

(ZJ)
kN
iN

spin chains decouple into two one loop Hamiltonians:

H = λ
8πQ

Ȳ
1QY

J

[

∑J
j=1(Ij,j+1 − Pj,j+1 + 1

2Kj,j+1 +2−QY
1 −QȲ

J

]

QY
J QȲ

1

agrees with BA!



Y − Ȳ brane system, large J spectrum

Asymptotic Bethe Ansatz: periodicity of wavefunction

J
p

p pp
1 2 n
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1

−p

ei2p1J
∏

i>1 S(p1, pi)RY (p1)
∏

i>1 S(pi,−p1)RȲ (p1) = 1→p1

EBA =
∑

iE(pi, λ)
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Y − Ȳ brane system, large J spectrum

Asymptotic Bethe Ansatz: periodicity of wavefunction

J
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p pp
1 2 n

1

1
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ei2p1J
∏

i>1 S(p1, pi)RY (p1)
∏

i>1 S(pi,−p1)RȲ (p1) = 1→p1

EBA =
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iE(pi, λ)

Double row transfer matrix
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1
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a
p
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p

2
p

n

1

1

Ta(p) = sTra(
∏

i S(p, pi)RY (p)
∏

i S(pi,−p)RC
Ȳ
(p))

Bethe Ansatz: e2ip1JT1(p1) = −1 Finite size correctionEFS = −∑

a
∫ dq
2πTa(q)e

−2ǫ̃aJ

Generic eigenvalue in terms ofQ2(u) =
∏m2

l=1(u−µ̃l)(u+µ̃l) , B1R3 =
∏m1

j=1 (x(p)− yj) (x(p) + yj)

T(p) =

(

x+(p)
x−(p)

)m1 R(−)+
R(+)+ρ1

[

R(+)+

R(−)+
B−1 R−3
B+
1 R+

3

+
B−1 R−3
B+
1 R+

3

Q++
2
Q2

+
u+R+

1 B+
3

u−R−1B−3

Q−−2
Q2

+u+B(−)−
u−B(+)−

R+
1 B+

3

R−1B
−
3

]

Magnonic BA: R(+)+Q2

R(−)+Q++
2

|x+(p)=yj
= −1 ; ρ3

ρ4

R−1B
−
1 R−3B

−
3 Q++

2

R+
1 B+

1 R+
3 B+

3 Q−−2
|u=µ̃l

= −1



Y − Ȳ brane system, large J spectrum

Asymptotic Bethe Ansatz: periodicity of wavefunction

J
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p pp
1 2 n
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ei2p1J
∏
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EBA =
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p
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1
p

2
p

n

1

1

Ta(p) = sTra(
∏

i S(p, pi)RY (p)
∏

i S(pi,−p)RC
Ȳ
(p))

Bethe Ansatz: e2ip1JT1(p1) = −1 Finite size correctionEFS = −∑

a
∫ dq
2πTa(q)e

−2ǫ̃aJ

Generic eigenvalue in terms ofQ2(u) =
∏m2

l=1(u−µ̃l)(u+µ̃l) , B1R3 =
∏m1

j=1 (x(p)− yj) (x(p) + yj)

T(p) =

(

x+(p)
x−(p)

)m1 R(−)+
R(+)+ρ1

[

R(+)+

R(−)+
B−1 R−3
B+
1 R+

3

+
B−1 R−3
B+
1 R+

3

Q++
2
Q2

+
u+R+

1 B+
3

u−R−1B−3

Q−−2
Q2

+u+B(−)−
u−B(+)−

R+
1 B+

3

R−1B
−
3

]

Magnonic BA: R(+)+Q2

R(−)+Q++
2

|x+(p)=yj
= −1 ; ρ3

ρ4

R−1B
−
1 R−3B

−
3 Q++

2

R+
1 B+

1 R+
3 B+

3 Q−−2
|u=µ̃l

= −1

One particle Lüscher correction: J = 1 ; p = π
2: EFS = 8g8(4ζ3 − 5ζ5)



Ground state energy: large volume

Asymptotic BA trivial, finite size correction from transfer matrices

EFS = −∑

a
∫ dq
2πsTra(RY (q)RC

Ȳ
(q̄)e−2ǫ̃aJ= − 4g4J

4J−1
(

4J
2J

)

ζ4J−3
p

−p

a

16



Ground state energy: large volume

Asymptotic BA trivial, finite size correction from transfer matrices

EFS = −∑

a
∫ dq
2πsTra(RY (q)RC

Ȳ
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Ground state energy: large volume

Asymptotic BA trivial, finite size correction from transfer matrices
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Ȳ
(q̄)e−2ǫ̃aJ= − 4g4J
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Gauge theory calculation: 〈OZJ−1X ZJ ′

Y Ȳ
(0)OZ̄J−1X̄ Z̄J ′

Ȳ Y
(x)〉

OZJZJ ′

Y Ȳ
= ǫ

j1...jN
i1...iN

Y
i1
j1

. . . Y
iN−1
jN−1(Z

J ′)jNlN
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. . . Ȳ
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kN
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wrapping contribution:
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Z Z Z

Z Z Z
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Ground state energy: large volume

Asymptotic BA trivial, finite size correction from transfer matrices

EFS = −∑

a
∫ dq
2πsTra(RY (q)RC

Ȳ
(q̄)e−2ǫ̃aJ= − 4g4J

4J−1
(

4J
2J

)

ζ4J−3
p

−p

a

divergent for L = 1, tachyon??

Gauge theory calculation: 〈OZJ−1X ZJ ′

Y Ȳ
(0)OZ̄J−1X̄ Z̄J ′

Ȳ Y
(x)〉

OZJZJ ′

Y Ȳ
= ǫ

j1...jN
i1...iN

Y
i1
j1

. . . Y
iN−1
jN−1(Z

J ′)jNlN
ǫ
l1...lN
k1...kN

Ȳ
k1
l1

. . . Ȳ
kN−1
lN−1

(ZJ)
kN
iN

wrapping contribution:

〈Tr(Y (x)ZJ(0)Ȳ (x)Y (0)Z̄J Ȳ (0))〉
−〈Tr(Ȳ (x)ZJ(0)Ȳ (x)Y (0)Z̄JY (0))〉 Z Z Z

Z Z Z

Y

Y Y

Y

I2 = λ2

(4π)4
( 1
2ǫ2
− 1

2ǫ + reg) [Schnetz]: I2j = −4(λ24π)2J
1
J2

(

4J−2
2J−1

)

ζ4J−3

for L = 1 we are missing something! Large N limit?



Ground state energy: BTBA

We need strong coupling→ BTBA: Claim there is no BTBA for non-diagonal bulk scatterings
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Ground state energy: BTBA

We need strong coupling→ BTBA: Claim there is no BTBA for non-diagonal bulk scatterings

Exceptions: q − q̄ potential
[Correa,Maldacena,Sever]

[Drukker]
(but it is not really boundary)

From the lattice: Y-system+analyticity→ TBA (tricritical Ising, Lee-Yang)
[Ahn,Pearce,Chim]

[ZB,Deeb,Pearce]

T-system: T+
a,sT

−
a,s = Ta−1,sTa+1,s + Ta,s−1Ta,s+1

Y-system: Ya,s =
Ta,s+1Ta,s−1
Ta−1,sTa+1,s

; Ya,0 = u[−a]
u[a]

T2
a,1

(

z−
z+

)2L

generating functional for generic angle: Wsu(2) =
∑∞

s=0DsT1,sDs

Wsu(2) = f(Du+

u−D)
−1(1−Du+

u−D)(1−D
2)f(D2)−1 with f(z) =

√

1− 2 cos(2θ)z + z2

Y-system+discontinuity = BTBA equations:

ǫj(q) = νj(q) + δ
j
QẼQ(q)L−

∫

K
j
i (q, q

′) log(1 + e−ǫi(q))dq′

Energy:E(J, g) = −∑

Q
∫ dq
2π log(1 + YQ(q))



Ground state energy: Solving the BTBA equations

Numerical solution: BTBA breaks down at gcrit(J):

J=1.5
J=2.0
J=2.5
J=3.0

1 2 3 4 5
g

-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

EBTBA

Apparently singular

0 1 2 3 4 5
g

1.5

2.0

2.5

3.0
J

TBA cannot describe state with E < Ecrit
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Ground state energy: Solving the BTBA equations

Numerical solution: BTBA breaks down at gcrit(J):

J=1.5
J=2.0
J=2.5
J=3.0

1 2 3 4 5
g

-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

EBTBA

Apparently singular

0 1 2 3 4 5
g

1.5

2.0

2.5

3.0
J

TBA cannot describe state with E < Ecrit

Analytically: E(J, g) = −∑

Q
∫ dq
2π log(1 + YQ(q)) should makes sense

For q →∞: YQ ∼ q−4(J+E) integral exists if E > −J + 1
4

For Q→∞: YQ ∼ Q3−4(J+E) sum exists if E > −J +1

compatible with Luscher



Conclusion

We analyzed the spectrum of open strings on a brane-anti-brane system

S5

S3

formulated the gauge theory dual and derived a one-loop integrable open spin chain

described the asymptotic large volume spectrum

compared the vacuum Luscher correction to gauge theory calculations

derived BTBA and solved them numerically

found a breakdown of BTBA at large coupling which might signal the tachyon
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Conclusion

We analyzed the spectrum of open strings on a brane-anti-brane system

S5

S3

formulated the gauge theory dual and derived a one-loop integrable open spin chain

described the asymptotic large volume spectrum

compared the vacuum Luscher correction to gauge theory calculations

derived BTBA and solved them numerically

found a breakdown of BTBA at large coupling which might signal the tachyon

Open problems

derive asymptotic BA for generic angle

understan the L = 1 discrepancy from the gauge theory point of view

derive BTBA for generic angle

go beyond the critical coupling by FiNLIE or Pµ-system


