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given in terms of a probability distribution, p(r|s). This response
distribution then very naturally encodes the posterior distribution
over s, p(s|r), through Bayes’ theorem8,9,

pðsjrÞ / pðrjsÞpðsÞ ð1Þ
To take a specific example, for independent Poisson neural varia-

bility, equation (1) becomes,

pðsjrÞ /
Y

i

e#fiðsÞfiðsÞri

ri!
pðsÞ;

where fi(s) is the tuning curve of neuron i. In this case, the posterior
distribution, p(s|r), converges to a Gaussian as the number of neurons
increases (assuming a flat prior over s, an assumption we make now
only for convenience, but drop later). The mean of this distribution is
close to the stimulus at which the population activity peaks (Fig. 1).
The variance, s2, is also encoded in the population activity—it
is inversely proportional to the amplitude of the hill of activity13–15.
Using g (for gain; see Fig. 1) to denote the amplitude of the hill of
activity, we have g / 1=s2. Thus, for independent Poisson neural
variability (and, in fact, for many other noise models, as we discuss
below), it is possible to encode any Gaussian probability distribution
with population activity. This type of parameterization is sometimes
known as a product of experts16.

A simple case study: multisensory integration
Although it is clear that population activity can represent probability
distributions, can they carry out any optimal computations—or
inference—in ways consistent with human behavior? Before asking
how neurons can do this, however, we need to define precisely what we
mean by ‘optimal’.

In a cue combination task, the goal is to integrate two cues, c1 and c2,
both of which provide information about the same stimulus, s. For

instance, s could be the spatial location of a stimulus, c1 could be a
visual cue for the location, and c2 could be an auditory cue. Given
observations of c1 and c2, and under the assumption that these
quantities are independent given s, the posterior over s is obtained
via Bayes’ rule, pðsjc1; c2Þ / pðc1jsÞpðc2jsÞpðsÞ.

When the prior is flat and the likelihood functions, p(c1|s) and
p(c2|s), are Gaussian with respect to s with means m1 and m2 and
variances s1

2 and s2
2, respectively, the mean and variance of

the posterior, m3 and s3
2, are given by the following equations

(from ref. 17):

m3 ¼ s2
2

s2
1+s2

2
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1

s2
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2

m2 ð2Þ
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s2
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¼ 1

s2
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+
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s2
2

ð3Þ

Experiments show that humans perform a close approximation to
this Bayesian inference—meaning their mean and variance, averaged
over many trials, follow equations (2) and (3)—when tested on cue
combination2,3,18,19.

Now that we have a target for optimality—equations (2) and
(3)—we can ask how neurons can achieve it. Again we consider
two cues, c1 and c2, but here we encode them in population activities,
r1 and r2, respectively, with gains g1 and g2 (Fig. 2). These probabilistic
population codes (PPCs) represent two likelihood functions,
p(r1|s) and p(r2|s). We also assume (for now) that (i) r1 and r2 have
the same number of neurons, and (ii) two neurons with the same
index i share the same tuning curve profile; that is, the mean value
of both r1i and r2i are proportional to fi(s). What we now show is
that when the prior is flat (p(s) ¼ constant), taking the sum of
the two population codes, r1 and r2, is equivalent to optimal Bayesian
inference. By taking the sum, we mean that we construct a third
population, r3 ¼ r1 + r2, which is the sum of r1 and r2 on a neuron-
by-neuron basis: r3i¼ r1i + r2i. If r1 and r2 follow Poisson distributions,
so will r3. Therefore, r3 encodes a likelihood function with variance
s3

2, where s3
2 is inversely proportional to the gain of r3. Notably, the

gain of the third population, denoted g3, is simply the sum of the gains
of the first two: g3 ¼ g1 + g2 (Fig. 2). Because gk is proportional to 1/sk

2

(k¼ 1, 2, 3), with a constant of proportionality that is independent of k,
this relationship between the gains implies that 1/s3

2 ¼1/s1
2 +1/s2

2.
This is exactly equation (3). Consequently, the variance of the dis-
tribution encoded by r3 is precisely the variance of the posterior
distribution, p(s|c1,c2).

General theory and the exponential family of distributions
Does the strategy of adding population codes lead to optimal
inference under more general conditions, such as non-Gaussian dis-
tributions over the stimulus and non-Poisson neural variability? In
general, the sum, r3 ¼ r1 + r2, is Bayes-optimal if p(s|r3) is equal to
p(s|r1)p(s|r2) or, equivalently, if pðr1 + r2jsÞ / pðr1jsÞpðr2jsÞ. This is
not the case for most probability distributions (such as additive
Gaussian noise with fixed variance; see Supplementary Note online)
but, as shown in Supplementary Note, the sum is Bayes-optimal if
all distributions are what we call Poisson-like; that is, distributions of
the form

pðrkjs; gkÞ ¼ fkðrk; gkÞ expðhTðsÞrkÞ ð4Þ
where the index k can take the value, 1, 2 or 3, and the kernel h(s)
obeys

h0ðsÞ ¼
X#1

k
ðs; gkÞf 0kðs; gkÞ ð5Þ
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Figure 1 Certainty and gain. (a) The population activity, r, on the left is the
single trial response to a stimulus whose value was 70. All neurons were
assumed to have a translated copy of the same generic Gaussian tuning curve
to s. Neurons are ranked by their preferred stimulus (that is, the stimulus
corresponding to the peak of their tuning curve). The plot on the right shows
the posterior probability distribution over s given r, as recovered using Bayes’
theorem (equation (1)). When the neural variability follows an independent
Poisson distribution (which is the case here), it is easy to show that
the gain, g, of the population code (its overall amplitude) is inversely
proportional to the variance of the posterior distribution, s2. (b) Decreasing
the gain increases the width of the encoded distribution. Note that the
population activity in a and b have the same widths; only their amplitudes
are different.
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where fi(s) is the tuning curve of neuron i. In this case, the posterior
distribution, p(s|r), converges to a Gaussian as the number of neurons
increases (assuming a flat prior over s, an assumption we make now
only for convenience, but drop later). The mean of this distribution is
close to the stimulus at which the population activity peaks (Fig. 1).
The variance, s2, is also encoded in the population activity—it
is inversely proportional to the amplitude of the hill of activity13–15.
Using g (for gain; see Fig. 1) to denote the amplitude of the hill of
activity, we have g / 1=s2. Thus, for independent Poisson neural
variability (and, in fact, for many other noise models, as we discuss
below), it is possible to encode any Gaussian probability distribution
with population activity. This type of parameterization is sometimes
known as a product of experts16.

A simple case study: multisensory integration
Although it is clear that population activity can represent probability
distributions, can they carry out any optimal computations—or
inference—in ways consistent with human behavior? Before asking
how neurons can do this, however, we need to define precisely what we
mean by ‘optimal’.

In a cue combination task, the goal is to integrate two cues, c1 and c2,
both of which provide information about the same stimulus, s. For

instance, s could be the spatial location of a stimulus, c1 could be a
visual cue for the location, and c2 could be an auditory cue. Given
observations of c1 and c2, and under the assumption that these
quantities are independent given s, the posterior over s is obtained
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Experiments show that humans perform a close approximation to
this Bayesian inference—meaning their mean and variance, averaged
over many trials, follow equations (2) and (3)—when tested on cue
combination2,3,18,19.

Now that we have a target for optimality—equations (2) and
(3)—we can ask how neurons can achieve it. Again we consider
two cues, c1 and c2, but here we encode them in population activities,
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population codes (PPCs) represent two likelihood functions,
p(r1|s) and p(r2|s). We also assume (for now) that (i) r1 and r2 have
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This is exactly equation (3). Consequently, the variance of the dis-
tribution encoded by r3 is precisely the variance of the posterior
distribution, p(s|c1,c2).

General theory and the exponential family of distributions
Does the strategy of adding population codes lead to optimal
inference under more general conditions, such as non-Gaussian dis-
tributions over the stimulus and non-Poisson neural variability? In
general, the sum, r3 ¼ r1 + r2, is Bayes-optimal if p(s|r3) is equal to
p(s|r1)p(s|r2) or, equivalently, if pðr1 + r2jsÞ / pðr1jsÞpðr2jsÞ. This is
not the case for most probability distributions (such as additive
Gaussian noise with fixed variance; see Supplementary Note online)
but, as shown in Supplementary Note, the sum is Bayes-optimal if
all distributions are what we call Poisson-like; that is, distributions of
the form

pðrkjs; gkÞ ¼ fkðrk; gkÞ expðhTðsÞrkÞ ð4Þ
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obeys

h0ðsÞ ¼
X#1

k
ðs; gkÞf 0kðs; gkÞ ð5Þ

25

20

15

10A
ct

iv
ity

5

0

25

20

15

10A
ct

iv
ity

5

0

0 45 90 135 0 45 90 135

Preferred stimulus

0 45 90 135
Preferred stimulus

Stimulus

0 45 90 135
Stimulus

g

g
Bayesian
decoder

Bayesian
decoder

0.04

0.02P
(s

 r)

0

0.04

0.02

0

a

b

σ

σ

P
(s

 r)

Figure 1 Certainty and gain. (a) The population activity, r, on the left is the
single trial response to a stimulus whose value was 70. All neurons were
assumed to have a translated copy of the same generic Gaussian tuning curve
to s. Neurons are ranked by their preferred stimulus (that is, the stimulus
corresponding to the peak of their tuning curve). The plot on the right shows
the posterior probability distribution over s given r, as recovered using Bayes’
theorem (equation (1)). When the neural variability follows an independent
Poisson distribution (which is the case here), it is easy to show that
the gain, g, of the population code (its overall amplitude) is inversely
proportional to the variance of the posterior distribution, s2. (b) Decreasing
the gain increases the width of the encoded distribution. Note that the
population activity in a and b have the same widths; only their amplitudes
are different.
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where fi(s) is the tuning curve of neuron i. In this case, the posterior
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increases (assuming a flat prior over s, an assumption we make now
only for convenience, but drop later). The mean of this distribution is
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Experiments show that humans perform a close approximation to
this Bayesian inference—meaning their mean and variance, averaged
over many trials, follow equations (2) and (3)—when tested on cue
combination2,3,18,19.

Now that we have a target for optimality—equations (2) and
(3)—we can ask how neurons can achieve it. Again we consider
two cues, c1 and c2, but here we encode them in population activities,
r1 and r2, respectively, with gains g1 and g2 (Fig. 2). These probabilistic
population codes (PPCs) represent two likelihood functions,
p(r1|s) and p(r2|s). We also assume (for now) that (i) r1 and r2 have
the same number of neurons, and (ii) two neurons with the same
index i share the same tuning curve profile; that is, the mean value
of both r1i and r2i are proportional to fi(s). What we now show is
that when the prior is flat (p(s) ¼ constant), taking the sum of
the two population codes, r1 and r2, is equivalent to optimal Bayesian
inference. By taking the sum, we mean that we construct a third
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by-neuron basis: r3i¼ r1i + r2i. If r1 and r2 follow Poisson distributions,
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tribution encoded by r3 is precisely the variance of the posterior
distribution, p(s|c1,c2).

General theory and the exponential family of distributions
Does the strategy of adding population codes lead to optimal
inference under more general conditions, such as non-Gaussian dis-
tributions over the stimulus and non-Poisson neural variability? In
general, the sum, r3 ¼ r1 + r2, is Bayes-optimal if p(s|r3) is equal to
p(s|r1)p(s|r2) or, equivalently, if pðr1 + r2jsÞ / pðr1jsÞpðr2jsÞ. This is
not the case for most probability distributions (such as additive
Gaussian noise with fixed variance; see Supplementary Note online)
but, as shown in Supplementary Note, the sum is Bayes-optimal if
all distributions are what we call Poisson-like; that is, distributions of
the form
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Figure 1 Certainty and gain. (a) The population activity, r, on the left is the
single trial response to a stimulus whose value was 70. All neurons were
assumed to have a translated copy of the same generic Gaussian tuning curve
to s. Neurons are ranked by their preferred stimulus (that is, the stimulus
corresponding to the peak of their tuning curve). The plot on the right shows
the posterior probability distribution over s given r, as recovered using Bayes’
theorem (equation (1)). When the neural variability follows an independent
Poisson distribution (which is the case here), it is easy to show that
the gain, g, of the population code (its overall amplitude) is inversely
proportional to the variance of the posterior distribution, s2. (b) Decreasing
the gain increases the width of the encoded distribution. Note that the
population activity in a and b have the same widths; only their amplitudes
are different.
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observations of c1 and c2, and under the assumption that these
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Experiments show that humans perform a close approximation to
this Bayesian inference—meaning their mean and variance, averaged
over many trials, follow equations (2) and (3)—when tested on cue
combination2,3,18,19.

Now that we have a target for optimality—equations (2) and
(3)—we can ask how neurons can achieve it. Again we consider
two cues, c1 and c2, but here we encode them in population activities,
r1 and r2, respectively, with gains g1 and g2 (Fig. 2). These probabilistic
population codes (PPCs) represent two likelihood functions,
p(r1|s) and p(r2|s). We also assume (for now) that (i) r1 and r2 have
the same number of neurons, and (ii) two neurons with the same
index i share the same tuning curve profile; that is, the mean value
of both r1i and r2i are proportional to fi(s). What we now show is
that when the prior is flat (p(s) ¼ constant), taking the sum of
the two population codes, r1 and r2, is equivalent to optimal Bayesian
inference. By taking the sum, we mean that we construct a third
population, r3 ¼ r1 + r2, which is the sum of r1 and r2 on a neuron-
by-neuron basis: r3i¼ r1i + r2i. If r1 and r2 follow Poisson distributions,
so will r3. Therefore, r3 encodes a likelihood function with variance
s3

2, where s3
2 is inversely proportional to the gain of r3. Notably, the

gain of the third population, denoted g3, is simply the sum of the gains
of the first two: g3 ¼ g1 + g2 (Fig. 2). Because gk is proportional to 1/sk

2

(k¼ 1, 2, 3), with a constant of proportionality that is independent of k,
this relationship between the gains implies that 1/s3

2 ¼1/s1
2 +1/s2

2.
This is exactly equation (3). Consequently, the variance of the dis-
tribution encoded by r3 is precisely the variance of the posterior
distribution, p(s|c1,c2).

General theory and the exponential family of distributions
Does the strategy of adding population codes lead to optimal
inference under more general conditions, such as non-Gaussian dis-
tributions over the stimulus and non-Poisson neural variability? In
general, the sum, r3 ¼ r1 + r2, is Bayes-optimal if p(s|r3) is equal to
p(s|r1)p(s|r2) or, equivalently, if pðr1 + r2jsÞ / pðr1jsÞpðr2jsÞ. This is
not the case for most probability distributions (such as additive
Gaussian noise with fixed variance; see Supplementary Note online)
but, as shown in Supplementary Note, the sum is Bayes-optimal if
all distributions are what we call Poisson-like; that is, distributions of
the form

pðrkjs; gkÞ ¼ fkðrk; gkÞ expðhTðsÞrkÞ ð4Þ
where the index k can take the value, 1, 2 or 3, and the kernel h(s)
obeys

h0ðsÞ ¼
X#1
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Figure 1 Certainty and gain. (a) The population activity, r, on the left is the
single trial response to a stimulus whose value was 70. All neurons were
assumed to have a translated copy of the same generic Gaussian tuning curve
to s. Neurons are ranked by their preferred stimulus (that is, the stimulus
corresponding to the peak of their tuning curve). The plot on the right shows
the posterior probability distribution over s given r, as recovered using Bayes’
theorem (equation (1)). When the neural variability follows an independent
Poisson distribution (which is the case here), it is easy to show that
the gain, g, of the population code (its overall amplitude) is inversely
proportional to the variance of the posterior distribution, s2. (b) Decreasing
the gain increases the width of the encoded distribution. Note that the
population activity in a and b have the same widths; only their amplitudes
are different.
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given in terms of a probability distribution, p(r|s). This response
distribution then very naturally encodes the posterior distribution
over s, p(s|r), through Bayes’ theorem8,9,

pðsjrÞ / pðrjsÞpðsÞ ð1Þ
To take a specific example, for independent Poisson neural varia-

bility, equation (1) becomes,

pðsjrÞ /
Y

i

e#fiðsÞfiðsÞri

ri!
pðsÞ;

where fi(s) is the tuning curve of neuron i. In this case, the posterior
distribution, p(s|r), converges to a Gaussian as the number of neurons
increases (assuming a flat prior over s, an assumption we make now
only for convenience, but drop later). The mean of this distribution is
close to the stimulus at which the population activity peaks (Fig. 1).
The variance, s2, is also encoded in the population activity—it
is inversely proportional to the amplitude of the hill of activity13–15.
Using g (for gain; see Fig. 1) to denote the amplitude of the hill of
activity, we have g / 1=s2. Thus, for independent Poisson neural
variability (and, in fact, for many other noise models, as we discuss
below), it is possible to encode any Gaussian probability distribution
with population activity. This type of parameterization is sometimes
known as a product of experts16.

A simple case study: multisensory integration
Although it is clear that population activity can represent probability
distributions, can they carry out any optimal computations—or
inference—in ways consistent with human behavior? Before asking
how neurons can do this, however, we need to define precisely what we
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In a cue combination task, the goal is to integrate two cues, c1 and c2,
both of which provide information about the same stimulus, s. For

instance, s could be the spatial location of a stimulus, c1 could be a
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observations of c1 and c2, and under the assumption that these
quantities are independent given s, the posterior over s is obtained
via Bayes’ rule, pðsjc1; c2Þ / pðc1jsÞpðc2jsÞpðsÞ.

When the prior is flat and the likelihood functions, p(c1|s) and
p(c2|s), are Gaussian with respect to s with means m1 and m2 and
variances s1

2 and s2
2, respectively, the mean and variance of

the posterior, m3 and s3
2, are given by the following equations

(from ref. 17):

m3 ¼ s2
2

s2
1+s2

2

m1+
s2

1

s2
1+s2

2

m2 ð2Þ

1

s2
3

¼ 1

s2
1

+
1

s2
2

ð3Þ

Experiments show that humans perform a close approximation to
this Bayesian inference—meaning their mean and variance, averaged
over many trials, follow equations (2) and (3)—when tested on cue
combination2,3,18,19.
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p(r1|s) and p(r2|s). We also assume (for now) that (i) r1 and r2 have
the same number of neurons, and (ii) two neurons with the same
index i share the same tuning curve profile; that is, the mean value
of both r1i and r2i are proportional to fi(s). What we now show is
that when the prior is flat (p(s) ¼ constant), taking the sum of
the two population codes, r1 and r2, is equivalent to optimal Bayesian
inference. By taking the sum, we mean that we construct a third
population, r3 ¼ r1 + r2, which is the sum of r1 and r2 on a neuron-
by-neuron basis: r3i¼ r1i + r2i. If r1 and r2 follow Poisson distributions,
so will r3. Therefore, r3 encodes a likelihood function with variance
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2, where s3
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(k¼ 1, 2, 3), with a constant of proportionality that is independent of k,
this relationship between the gains implies that 1/s3
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2.
This is exactly equation (3). Consequently, the variance of the dis-
tribution encoded by r3 is precisely the variance of the posterior
distribution, p(s|c1,c2).

General theory and the exponential family of distributions
Does the strategy of adding population codes lead to optimal
inference under more general conditions, such as non-Gaussian dis-
tributions over the stimulus and non-Poisson neural variability? In
general, the sum, r3 ¼ r1 + r2, is Bayes-optimal if p(s|r3) is equal to
p(s|r1)p(s|r2) or, equivalently, if pðr1 + r2jsÞ / pðr1jsÞpðr2jsÞ. This is
not the case for most probability distributions (such as additive
Gaussian noise with fixed variance; see Supplementary Note online)
but, as shown in Supplementary Note, the sum is Bayes-optimal if
all distributions are what we call Poisson-like; that is, distributions of
the form

pðrkjs; gkÞ ¼ fkðrk; gkÞ expðhTðsÞrkÞ ð4Þ
where the index k can take the value, 1, 2 or 3, and the kernel h(s)
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Figure 1 Certainty and gain. (a) The population activity, r, on the left is the
single trial response to a stimulus whose value was 70. All neurons were
assumed to have a translated copy of the same generic Gaussian tuning curve
to s. Neurons are ranked by their preferred stimulus (that is, the stimulus
corresponding to the peak of their tuning curve). The plot on the right shows
the posterior probability distribution over s given r, as recovered using Bayes’
theorem (equation (1)). When the neural variability follows an independent
Poisson distribution (which is the case here), it is easy to show that
the gain, g, of the population code (its overall amplitude) is inversely
proportional to the variance of the posterior distribution, s2. (b) Decreasing
the gain increases the width of the encoded distribution. Note that the
population activity in a and b have the same widths; only their amplitudes
are different.
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mean ~ peak of population activity
std ~ height of population activity
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Multi-szenzoros integráció
Ernst & Banks, Nature (2002)

•Két információforrás: 

• vizuális

• haptikus/tapintás

• Egy inferálandó változó: magasság
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Gaussian Scale Mixtures ismét
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l a r g e n u m b e r o f v a r i a b l e s , s u c h a s t h o s e d e s c r i b i n g t h e p o s i t i o n , p o s e , c o l o u r , a n d o t h e r a t t r i b u t e s o f
m u l t i p l e o b j e c t s c o n s t i t u t i n g a v i s u a l s c e n e 1 5 , 1 6 .

I n d e e d , a p o w e r f u l c l a s s o f m o d e l s h a v e b e e n d e v e l o p e d t h a t r e l a t e s t h e a c t i v i t y o f v i s u a l c o r t i c a l
n e u r o n s t o p r o b a b i l i s t i c i n f e r e n c e u n d e r a s t a t i s t i c a l m o d e l o f n a t u r a l i m a g e s c o n t a i n i n g a h i g h n u m -
b e r o f l a t e n t v a r i a b l e s 1 7 – 2 0 . I r o n i c a l l y , t h o u g h , t h e s e m o d e l s h a v e a l m o s t e x c l u s i v e l y c o n c e n t r a t e d
o n m a x i m u m a posteriori i n f e r e n c e ( b u t s e e R e f s . 2 1 , 2 2 ) w h i c h b y d e fi n i t i o n d o e s n o t a l l o w f o r
r e p r e s e n t i n g u n c e r t a i n t y i n o n e ’ s i n f e r e n c e s . A s a r e s u l t , w h i l e t h e s e m o d e l s h a v e s u c c e s s f u l l y a c -
c o u n t e d f o r a n u m b e r o f r e c e p t i v e fi e l d a n d t u n i n g c u r v e p r o p e r t i e s o f v i s u a l c o r t i c a l c e l l s , t h e y d i d
n o t c a p t u r e a n y a s p e c t s o f n e u r a l v a r i a b i l i t y .

W e p r o p o s e t h a t n e u r a l a c t i v i t i e s r e p r e s e n t s a m p l e s f r o m t h e ( p o s t e r i o r ) d i s t r i b u t i o n t h a t r e s u l t s f r o m
B a y e s i a n i n f e r e n c e . T h a t i s , a t a n y m o m e n t i n t i m e , t h e v e c t o r o f a c t i v i t y p a t t e r n s i n a p o p u l a t i o n
o f n e u r o n s r e p r e s e n t s a s a m p l e f r o m a m u l t i v a r i a t e d i s t r i b u t i o n o v e r t h e h i g h - d i m e n s i o n a l s p a c e
s p a n n e d b y m u l t i p l e l a t e n t v a r i a b l e s . T h e i d e a t h a t t h e b r a i n u s e s s a m p l e s t o r e p r e s e n t p o s t e r i o r
d i s t r i b u t i o n s h a v e b e e n p u t f o r w a r d t o i n t e r p r e t a d i v e r s e s e t o f p s y c h o l o g i c a l d a t a 2 3 – 2 7 , b u t i t s
r a m i fi c a t i o n s f o r n e u r a l d a t a h a v e o n l y b e e n m i n i m a l l y e x p l o r e d s o f a r 1 6 , 2 2 .

W e s p e l l o u t t h e s a m p l i n g h y p o t h e s i s i n t h e c o n t e x t o f a w e l l - k n o w n c l a s s o f n a t u r a l i m a g e m o d e l s ,
G a u s s i a n s c a l e m i x t u r e s ( G S M ) 2 8 , t h a t h a s p r o v e n t o b e e f fi c i e n t i n c o m p u t e r v i s i o n a p p l i c a t i o n s 2 9

a n d h a s a l s o b e e n s u c c e s s f u l l y u s e d t o a c c o u n t f o r s e n s o r y g a i n c o n t r o l p r o p e r t i e s o f n e u r o n s i n t h e
p r i m a r y v i s u a l c o r t e x ( V 1 ) 1 9 a s w e l l a s f o r a n u m b e r o f p e r c e p t u a l e f f e c t s i n l o w - l e v e l v i s i o n 3 0 . I n
s e c t i o n 2 w e d e fi n e t h e G S M , d e r i v e e q u a t i o n s f o r B a y e s i a n i n f e r e n c e u n d e r i t a n d f o r l e a r n i n g i t s p a -
r a m e t e r s t h r o u g h E x p e c t a t i o n M a x i m i s a t i o n . I n s e c t i o n 3 w e d e s c r i b e i n d e t a i l t h e m a p p i n g b e t w e e n
t h e v a r i a b l e s o f t h e G S M a n d n e u r a l a c t i v i t i e s i n V 1 . I n s e c t i o n 4 w e s h o w t h a t B a y e s i a n i n f e r e n c e
u n d e r t h e G S M r e p r o d u c e s a n u m b e r o f r e c e n t e x p e r i m e n t a l r e s u l t s a b o u t t h e d e t a i l e d p a t t e r n s o f
( c o ) v a r i a b i l i t y a n d s p o n t a n e o u s a c t i v i t y o f V 1 s i m p l e c e l l s u n d e r o u r s a m p l i n g - b a s e d i n t e r p r e t a t i o n .
F i n a l l y , i n s e c t i o n 5 w e d i s c u s s o u r fi n d i n g s , i n p a r t i c u l a r i n t h e l i g h t o f o t h e r r e c e n t p r o p o s a l s r e -
l a t i n g n e u r a l v a r i a b i l i t y t o p r o b a b i l i s t i c i n f e r e n c e 2 2 , 3 1 , a n d m a k e e x p e r i m e n t a l p r e d i c t i o n s u n i q u e t o
o u r a p p r o a c h .

2 Bayesian inference and maximum likelihood learning in the GSM model

Generative model. I n a G a u s s i a n S c a l e M i x t u r e s ( G S M ) m o d e l ( F i g . 1 ) , N ( w h i t e n e d ) i m a g e
p i x e l s , x ⇥ RN , a r e a s s u m e d t o b e t h e l i n e a r c o m b i n a t i o n o f M l a t e n t v a r i a b l e s , y ⇥ RM , w i t h
a d d i t i v e ( s p h e r i c a l w h i t e ) G a u s s i a n n o i s e :

P(x|y) = N
�
x;Ay, ⇥2

xI
⇥

( 1 )

w h e r e A i s t h e m i x i n g m a t r i x ( c o l u m n i c o n t a i n i n g t h e ‘ p r o j e c t i v e fi e l d ’ o f yi ) , ⇥2
x i s t h e v a r i a n c e

o f t h e o b s e r v a t i o n n o i s e , a n d I i s t h e N � N i d e n t i t y m a t r i x . F o r s i m p l i c i t y , w e c o n s i d e r e d t h e
u n d e r c o m p l e t e c a s e , w i t h x b e i n g a n 8� 8 g r a y s c a l e i m a g e p a t c h ( N = 64) a n d M = 32.

L a t e n t v a r i a b l e s y a r e m o d e l l e d a s t h e ( d e t e r m i n i s t i c ) p r o d u c t o f a
u z

y

x

F i g u r e 1 : G r a p h i c a l m o d e l o f
t h e G S M u s e d i n t h i s p a p e r .

z e r o - m e a n m u l t i v a r i a t e G a u s s i a n r a n d o m v a r i a b l e , u ⇥ RM , a n d a
n o n - n e g a t i v e s c a l a r z f o r w h i c h w e c h o s e a G a m m a p r i o r ( a l t h o u g h
t h e e x a c t s h a p e o f t h i s p r i o r d o e s n o t s u b s t a n t i a l l y i n fl u e n c e o u r
r e s u l t s )

y = z u ( 2 )
P(u) = N (u;0,C) ( 3 )
P(z) = Gamma(z; k, �) ( 4 )

w h e r e C i s t h e M � M c o v a r i a n c e m a t r i x o f t h e G a u s s i a n r a n -
d o m v a r i a b l e s u, a n d k = 2 a n d � = 2 a r e t h e s h a p e a n d s c a l e
p a r a m e t e r s o f t h e G a m m a p r i o r o v e r z , r e s p e c t i v e l y .

Bayesian inference. W h e n t h e m o d e l i s p r e s e n t e d a n i m a g e x, i t s t a s k i s t o i n f e r t h e v a l u e s o f
t h e l a t e n t v a r i a b l e s u a n d z t h a t m a y h a v e p r o d u c e d i t ( n o t e t h a t o n c e t h e s e a r e k n o w n , y i s a l s o
t r i v i a l l y k n o w n t h r o u g h E q . 2 ) . D u e t o o b s e r v a t i o n n o i s e ( E q . 1 ) a n d a m b i g u i t y ( E q . 2 ) t h e s e v a l u e s
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large number of variables, such as those describing the position, pose, colour, and other attributes of
multiple objects constituting a visual scene15,16.

Indeed, a powerful class of models have been developed that relates the activity of visual cortical
neurons to probabilistic inference under a statistical model of natural images containing a high num-
ber of latent variables17–20. Ironically, though, these models have almost exclusively concentrated
on maximum a posteriori inference (but see Refs. 21,22) which by definition does not allow for
representing uncertainty in one’s inferences. As a result, while these models have successfully ac-
counted for a number of receptive field and tuning curve properties of visual cortical cells, they did
not capture any aspects of neural variability.

We propose that neural activities represent samples from the (posterior) distribution that results from
Bayesian inference. That is, at any moment in time, the vector of activity patterns in a population
of neurons represents a sample from a multivariate distribution over the high-dimensional space
spanned by multiple latent variables. The idea that the brain uses samples to represent posterior
distributions have been put forward to interpret a diverse set of psychological data23–27, but its
ramifications for neural data have only been minimally explored so far16,22.

We spell out the sampling hypothesis in the context of a well-known class of natural image models,
Gaussian scale mixtures (GSM)28, that has proven to be efficient in computer vision applications29

and has also been successfully used to account for sensory gain control properties of neurons in the
primary visual cortex (V1)19 as well as for a number of perceptual effects in low-level vision30. In
section 2 we define the GSM, derive equations for Bayesian inference under it and for learning its pa-
rameters through Expectation Maximisation. In section 3 we describe in detail the mapping between
the variables of the GSM and neural activities in V1. In section 4 we show that Bayesian inference
under the GSM reproduces a number of recent experimental results about the detailed patterns of
(co)variability and spontaneous activity of V1 simple cells under our sampling-based interpretation.
Finally, in section 5 we discuss our findings, in particular in the light of other recent proposals re-
lating neural variability to probabilistic inference22,31, and make experimental predictions unique to
our approach.

2 Bayesian inference and maximum likelihood learning in the GSM model

Generative model. In a Gaussian Scale Mixtures (GSM) model (Fig. 1), N (whitened) image
pixels, x ⇥ RN , are assumed to be the linear combination of M latent variables, y ⇥ RM , with
additive (spherical white) Gaussian noise:

P(x|y) = N
�
x;Ay, ⇥2

xI
⇥

(1)

where A is the mixing matrix (column i containing the ‘projective field’ of yi), ⇥2
x is the variance

of the observation noise, and I is the N � N identity matrix. For simplicity, we considered the
undercomplete case, with x being an 8� 8 grayscale image patch (N = 64) and M = 32.

Latent variables y are modelled as the (deterministic) product of a
u z

y

x

Figure 1: Graphical model of
the GSM used in this paper.

zero-mean multivariate Gaussian random variable, u ⇥ RM , and a
non-negative scalar z for which we chose a Gamma prior (although
the exact shape of this prior does not substantially influence our
results)

y = z u (2)
P(u) = N (u;0,C) (3)
P(z) = Gamma(z; k, �) (4)

where C is the M � M covariance matrix of the Gaussian ran-
dom variables u, and k = 2 and � = 2 are the shape and scale
parameters of the Gamma prior over z, respectively.

Bayesian inference. When the model is presented an image x, its task is to infer the values of
the latent variables u and z that may have produced it (note that once these are known, y is also
trivially known through Eq. 2). Due to observation noise (Eq. 1) and ambiguity (Eq. 2) these values
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large number of variables, such as those describing the position, pose, colour, and other attributes of
multiple objects constituting a visual scene15,16.

Indeed, a powerful class of models have been developed that relates the activity of visual cortical
neurons to probabilistic inference under a statistical model of natural images containing a high num-
ber of latent variables17–20. Ironically, though, these models have almost exclusively concentrated
on maximum a posteriori inference (but see Refs. 21,22) which by definition does not allow for
representing uncertainty in one’s inferences. As a result, while these models have successfully ac-
counted for a number of receptive field and tuning curve properties of visual cortical cells, they did
not capture any aspects of neural variability.

We propose that neural activities represent samples from the (posterior) distribution that results from
Bayesian inference. That is, at any moment in time, the vector of activity patterns in a population
of neurons represents a sample from a multivariate distribution over the high-dimensional space
spanned by multiple latent variables. The idea that the brain uses samples to represent posterior
distributions have been put forward to interpret a diverse set of psychological data23–27, but its
ramifications for neural data have only been minimally explored so far16,22.

We spell out the sampling hypothesis in the context of a well-known class of natural image models,
Gaussian scale mixtures (GSM)28, that has proven to be efficient in computer vision applications29

and has also been successfully used to account for sensory gain control properties of neurons in the
primary visual cortex (V1)19 as well as for a number of perceptual effects in low-level vision30. In
section 2 we define the GSM, derive equations for Bayesian inference under it and for learning its pa-
rameters through Expectation Maximisation. In section 3 we describe in detail the mapping between
the variables of the GSM and neural activities in V1. In section 4 we show that Bayesian inference
under the GSM reproduces a number of recent experimental results about the detailed patterns of
(co)variability and spontaneous activity of V1 simple cells under our sampling-based interpretation.
Finally, in section 5 we discuss our findings, in particular in the light of other recent proposals re-
lating neural variability to probabilistic inference22,31, and make experimental predictions unique to
our approach.

2 Bayesian inference and maximum likelihood learning in the GSM model

Generative model. In a Gaussian Scale Mixtures (GSM) model (Fig. 1), N (whitened) image
pixels, x ⇥ RN , are assumed to be the linear combination of M latent variables, y ⇥ RM , with
additive (spherical white) Gaussian noise:

P(x|y) = N
�
x;Ay, ⇥2

xI
⇥

(1)

where A is the mixing matrix (column i containing the ‘projective field’ of yi), ⇥2
x is the variance

of the observation noise, and I is the N � N identity matrix. For simplicity, we considered the
undercomplete case, with x being an 8� 8 grayscale image patch (N = 64) and M = 32.

Latent variables y are modelled as the (deterministic) product of a
u z

y

x

Figure 1: Graphical model of
the GSM used in this paper.

zero-mean multivariate Gaussian random variable, u ⇥ RM , and a
non-negative scalar z for which we chose a Gamma prior (although
the exact shape of this prior does not substantially influence our
results)

y = z u (2)
P(u) = N (u;0,C) (3)
P(z) = Gamma(z; k, �) (4)

where C is the M � M covariance matrix of the Gaussian ran-
dom variables u, and k = 2 and � = 2 are the shape and scale
parameters of the Gamma prior over z, respectively.

Bayesian inference. When the model is presented an image x, its task is to infer the values of
the latent variables u and z that may have produced it (note that once these are known, y is also
trivially known through Eq. 2). Due to observation noise (Eq. 1) and ambiguity (Eq. 2) these values
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l a r g e n u m b e r o f v a r i a b l e s , s u c h a s t h o s e d e s c r i b i n g t h e p o s i t i o n , p o s e , c o l o u r , a n d o t h e r a t t r i b u t e s o f
m u l t i p l e o b j e c t s c o n s t i t u t i n g a v i s u a l s c e n e 1 5 , 1 6 .

I n d e e d , a p o w e r f u l c l a s s o f m o d e l s h a v e b e e n d e v e l o p e d t h a t r e l a t e s t h e a c t i v i t y o f v i s u a l c o r t i c a l
n e u r o n s t o p r o b a b i l i s t i c i n f e r e n c e u n d e r a s t a t i s t i c a l m o d e l o f n a t u r a l i m a g e s c o n t a i n i n g a h i g h n u m -
b e r o f l a t e n t v a r i a b l e s 1 7 – 2 0 . I r o n i c a l l y , t h o u g h , t h e s e m o d e l s h a v e a l m o s t e x c l u s i v e l y c o n c e n t r a t e d
o n m a x i m u m a posteriori i n f e r e n c e ( b u t s e e R e f s . 2 1 , 2 2 ) w h i c h b y d e fi n i t i o n d o e s n o t a l l o w f o r
r e p r e s e n t i n g u n c e r t a i n t y i n o n e ’ s i n f e r e n c e s . A s a r e s u l t , w h i l e t h e s e m o d e l s h a v e s u c c e s s f u l l y a c -
c o u n t e d f o r a n u m b e r o f r e c e p t i v e fi e l d a n d t u n i n g c u r v e p r o p e r t i e s o f v i s u a l c o r t i c a l c e l l s , t h e y d i d
n o t c a p t u r e a n y a s p e c t s o f n e u r a l v a r i a b i l i t y .

W e p r o p o s e t h a t n e u r a l a c t i v i t i e s r e p r e s e n t s a m p l e s f r o m t h e ( p o s t e r i o r ) d i s t r i b u t i o n t h a t r e s u l t s f r o m
B a y e s i a n i n f e r e n c e . T h a t i s , a t a n y m o m e n t i n t i m e , t h e v e c t o r o f a c t i v i t y p a t t e r n s i n a p o p u l a t i o n
o f n e u r o n s r e p r e s e n t s a s a m p l e f r o m a m u l t i v a r i a t e d i s t r i b u t i o n o v e r t h e h i g h - d i m e n s i o n a l s p a c e
s p a n n e d b y m u l t i p l e l a t e n t v a r i a b l e s . T h e i d e a t h a t t h e b r a i n u s e s s a m p l e s t o r e p r e s e n t p o s t e r i o r
d i s t r i b u t i o n s h a v e b e e n p u t f o r w a r d t o i n t e r p r e t a d i v e r s e s e t o f p s y c h o l o g i c a l d a t a 2 3 – 2 7 , b u t i t s
r a m i fi c a t i o n s f o r n e u r a l d a t a h a v e o n l y b e e n m i n i m a l l y e x p l o r e d s o f a r 1 6 , 2 2 .

W e s p e l l o u t t h e s a m p l i n g h y p o t h e s i s i n t h e c o n t e x t o f a w e l l - k n o w n c l a s s o f n a t u r a l i m a g e m o d e l s ,
G a u s s i a n s c a l e m i x t u r e s ( G S M ) 2 8 , t h a t h a s p r o v e n t o b e e f fi c i e n t i n c o m p u t e r v i s i o n a p p l i c a t i o n s 2 9

a n d h a s a l s o b e e n s u c c e s s f u l l y u s e d t o a c c o u n t f o r s e n s o r y g a i n c o n t r o l p r o p e r t i e s o f n e u r o n s i n t h e
p r i m a r y v i s u a l c o r t e x ( V 1 ) 1 9 a s w e l l a s f o r a n u m b e r o f p e r c e p t u a l e f f e c t s i n l o w - l e v e l v i s i o n 3 0 . I n
s e c t i o n 2 w e d e fi n e t h e G S M , d e r i v e e q u a t i o n s f o r B a y e s i a n i n f e r e n c e u n d e r i t a n d f o r l e a r n i n g i t s p a -
r a m e t e r s t h r o u g h E x p e c t a t i o n M a x i m i s a t i o n . I n s e c t i o n 3 w e d e s c r i b e i n d e t a i l t h e m a p p i n g b e t w e e n
t h e v a r i a b l e s o f t h e G S M a n d n e u r a l a c t i v i t i e s i n V 1 . I n s e c t i o n 4 w e s h o w t h a t B a y e s i a n i n f e r e n c e
u n d e r t h e G S M r e p r o d u c e s a n u m b e r o f r e c e n t e x p e r i m e n t a l r e s u l t s a b o u t t h e d e t a i l e d p a t t e r n s o f
( c o ) v a r i a b i l i t y a n d s p o n t a n e o u s a c t i v i t y o f V 1 s i m p l e c e l l s u n d e r o u r s a m p l i n g - b a s e d i n t e r p r e t a t i o n .
F i n a l l y , i n s e c t i o n 5 w e d i s c u s s o u r fi n d i n g s , i n p a r t i c u l a r i n t h e l i g h t o f o t h e r r e c e n t p r o p o s a l s r e -
l a t i n g n e u r a l v a r i a b i l i t y t o p r o b a b i l i s t i c i n f e r e n c e 2 2 , 3 1 , a n d m a k e e x p e r i m e n t a l p r e d i c t i o n s u n i q u e t o
o u r a p p r o a c h .

2 Bayesian inference and maximum likelihood learning in the GSM model

Generative model. I n a G a u s s i a n S c a l e M i x t u r e s ( G S M ) m o d e l ( F i g . 1 ) , N ( w h i t e n e d ) i m a g e
p i x e l s , x ⇥ RN , a r e a s s u m e d t o b e t h e l i n e a r c o m b i n a t i o n o f M l a t e n t v a r i a b l e s , y ⇥ RM , w i t h
a d d i t i v e ( s p h e r i c a l w h i t e ) G a u s s i a n n o i s e :

P(x|y) = N
�
x;Ay, ⇥2

xI
⇥

( 1 )

w h e r e A i s t h e m i x i n g m a t r i x ( c o l u m n i c o n t a i n i n g t h e ‘ p r o j e c t i v e fi e l d ’ o f yi ) , ⇥2
x i s t h e v a r i a n c e

o f t h e o b s e r v a t i o n n o i s e , a n d I i s t h e N � N i d e n t i t y m a t r i x . F o r s i m p l i c i t y , w e c o n s i d e r e d t h e
u n d e r c o m p l e t e c a s e , w i t h x b e i n g a n 8� 8 g r a y s c a l e i m a g e p a t c h ( N = 64) a n d M = 32.

L a t e n t v a r i a b l e s y a r e m o d e l l e d a s t h e ( d e t e r m i n i s t i c ) p r o d u c t o f a
u z

y

x

F i g u r e 1 : G r a p h i c a l m o d e l o f
t h e G S M u s e d i n t h i s p a p e r .

z e r o - m e a n m u l t i v a r i a t e G a u s s i a n r a n d o m v a r i a b l e , u ⇥ RM , a n d a
n o n - n e g a t i v e s c a l a r z f o r w h i c h w e c h o s e a G a m m a p r i o r ( a l t h o u g h
t h e e x a c t s h a p e o f t h i s p r i o r d o e s n o t s u b s t a n t i a l l y i n fl u e n c e o u r
r e s u l t s )

y = z u ( 2 )
P(u) = N (u;0,C) ( 3 )
P(z) = Gamma(z; k, �) ( 4 )

w h e r e C i s t h e M � M c o v a r i a n c e m a t r i x o f t h e G a u s s i a n r a n -
d o m v a r i a b l e s u, a n d k = 2 a n d � = 2 a r e t h e s h a p e a n d s c a l e
p a r a m e t e r s o f t h e G a m m a p r i o r o v e r z , r e s p e c t i v e l y .

Bayesian inference. W h e n t h e m o d e l i s p r e s e n t e d a n i m a g e x, i t s t a s k i s t o i n f e r t h e v a l u e s o f
t h e l a t e n t v a r i a b l e s u a n d z t h a t m a y h a v e p r o d u c e d i t ( n o t e t h a t o n c e t h e s e a r e k n o w n , y i s a l s o
t r i v i a l l y k n o w n t h r o u g h E q . 2 ) . D u e t o o b s e r v a t i o n n o i s e ( E q . 1 ) a n d a m b i g u i t y ( E q . 2 ) t h e s e v a l u e s
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large number of variables, such as those describing the position, pose, colour, and other attributes of
multiple objects constituting a visual scene15,16.

Indeed, a powerful class of models have been developed that relates the activity of visual cortical
neurons to probabilistic inference under a statistical model of natural images containing a high num-
ber of latent variables17–20. Ironically, though, these models have almost exclusively concentrated
on maximum a posteriori inference (but see Refs. 21,22) which by definition does not allow for
representing uncertainty in one’s inferences. As a result, while these models have successfully ac-
counted for a number of receptive field and tuning curve properties of visual cortical cells, they did
not capture any aspects of neural variability.

We propose that neural activities represent samples from the (posterior) distribution that results from
Bayesian inference. That is, at any moment in time, the vector of activity patterns in a population
of neurons represents a sample from a multivariate distribution over the high-dimensional space
spanned by multiple latent variables. The idea that the brain uses samples to represent posterior
distributions have been put forward to interpret a diverse set of psychological data23–27, but its
ramifications for neural data have only been minimally explored so far16,22.

We spell out the sampling hypothesis in the context of a well-known class of natural image models,
Gaussian scale mixtures (GSM)28, that has proven to be efficient in computer vision applications29

and has also been successfully used to account for sensory gain control properties of neurons in the
primary visual cortex (V1)19 as well as for a number of perceptual effects in low-level vision30. In
section 2 we define the GSM, derive equations for Bayesian inference under it and for learning its pa-
rameters through Expectation Maximisation. In section 3 we describe in detail the mapping between
the variables of the GSM and neural activities in V1. In section 4 we show that Bayesian inference
under the GSM reproduces a number of recent experimental results about the detailed patterns of
(co)variability and spontaneous activity of V1 simple cells under our sampling-based interpretation.
Finally, in section 5 we discuss our findings, in particular in the light of other recent proposals re-
lating neural variability to probabilistic inference22,31, and make experimental predictions unique to
our approach.

2 Bayesian inference and maximum likelihood learning in the GSM model

Generative model. In a Gaussian Scale Mixtures (GSM) model (Fig. 1), N (whitened) image
pixels, x ⇥ RN , are assumed to be the linear combination of M latent variables, y ⇥ RM , with
additive (spherical white) Gaussian noise:

P(x|y) = N
�
x;Ay, ⇥2

xI
⇥

(1)

where A is the mixing matrix (column i containing the ‘projective field’ of yi), ⇥2
x is the variance

of the observation noise, and I is the N � N identity matrix. For simplicity, we considered the
undercomplete case, with x being an 8� 8 grayscale image patch (N = 64) and M = 32.

Latent variables y are modelled as the (deterministic) product of a
u z

y

x

Figure 1: Graphical model of
the GSM used in this paper.

zero-mean multivariate Gaussian random variable, u ⇥ RM , and a
non-negative scalar z for which we chose a Gamma prior (although
the exact shape of this prior does not substantially influence our
results)

y = z u (2)
P(u) = N (u;0,C) (3)
P(z) = Gamma(z; k, �) (4)

where C is the M � M covariance matrix of the Gaussian ran-
dom variables u, and k = 2 and � = 2 are the shape and scale
parameters of the Gamma prior over z, respectively.

Bayesian inference. When the model is presented an image x, its task is to infer the values of
the latent variables u and z that may have produced it (note that once these are known, y is also
trivially known through Eq. 2). Due to observation noise (Eq. 1) and ambiguity (Eq. 2) these values
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distributions have been put forward to interpret a diverse set of psychological data23–27, but its
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rameters through Expectation Maximisation. In section 3 we describe in detail the mapping between
the variables of the GSM and neural activities in V1. In section 4 we show that Bayesian inference
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our approach.
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zero-mean multivariate Gaussian random variable, u ⇥ RM , and a
non-negative scalar z for which we chose a Gamma prior (although
the exact shape of this prior does not substantially influence our
results)

y = z u (2)
P(u) = N (u;0,C) (3)
P(z) = Gamma(z; k, �) (4)

where C is the M � M covariance matrix of the Gaussian ran-
dom variables u, and k = 2 and � = 2 are the shape and scale
parameters of the Gamma prior over z, respectively.

Bayesian inference. When the model is presented an image x, its task is to infer the values of
the latent variables u and z that may have produced it (note that once these are known, y is also
trivially known through Eq. 2). Due to observation noise (Eq. 1) and ambiguity (Eq. 2) these values
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Inference and learning

Technically, this only works for the (under)complete case (because ATA needs
to be invertable), but as we shall see later this is not going to be a problem.

3 Inference (E-step)

P(y,u, z|x) = P(y|u, z,x) P(u|z,x) P(z|x) (12)

3.1 Inferring u

P(u|z,x) ⇥ P(u) P(x|u, z) (13)
⇥ N (u;0,C) N (u;m,D) (14)
= N (u;µ(z,x) ,�(z)) (15)

with

µ(z,x) = �(z)
�
C�10 + D�1m

⇥
=

z

⇥2
x

�(z)ATx (16)

�(z) =
�
C�1 + D�1

⇥�1 =
⇤
C�1 +

z2

⇥2
x

ATA
⌅�1

(17)

So, as we see, both µ(z,x) and �(z) are well-defined even in the overcomplete
case.

We will also need the marginal posterior:

P(u|x) =
⇧

z

P(z|x) P(u|z,x) (18)

=
⇧

z

P(z|x) N (u;µ(z,x) ,�(z)) (19)

3.2 Inferring y

It follows trivially from the above:

P(y|u, z,x) = �(y � z u) (20)

P(y|z,x) = N
�
y; z µ(z,x) , z2 �(z)

⇥
(21)

P(y|x) =
⇧

z

P(z|x) N
�
y; z µ(z,x) , z2 �(z)

⇥
(22)

2
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3.3 Inferring z

P(z|x) � P(z) P(x|z) (23)

P(x|z) =
⌥

P(u) P(x|u, z) du (24)

� z�Nu

⌥
N (u;0,C) N (u;m,D) du (25)

� z�Nu

⌥
N (m;0,C + D) N (u;µ(z,x) ,�(z)) du (26)

� z�Nu N
⇧

1
z

�
ATA

⇥�1
AT x; 0, C +

⇥2
x

z2

�
ATA

⇥�1
⌃

(27)

� N
⇤�

ATA
⇥�1

AT x; 0, z2 C + ⇥2
x

�
ATA

⇥�1
⌅

(28)

This only works again for the (under)complete case.

Here is an alternative derivation that generalises for the overcomplete case:

P(x|z) = P(z)
P(u) P(x|u, z)

P(u|z,x)
⇥u (we will use u = 0) (29)

= P(z)
N (0;0,C) N

�
x;0, ⇥2

xI
⇥

N (0;µ(z,x) ,�(z))
(30)

= P(z)
�
|2��(z)|�

|2�C|
�
|2�⇥2

x I|
e
� 1

2

»
1

�2
x
xT x�µ(z,x)T ��1(z) µ(z,x)

–

(31)

� P(z)
�
|�(z)| e

z2

2�4
x
xT [A�(z)AT]x (32)

Also, treating x (given z) as a determinstically scaled (by z A) version of u plus
a Gaussian noise term (with 0 mean and ⇥2

x I covariance) allows the following
simple reformulation (see also Bishop (2006, p. 93)):

P(x|z) = N
�
x; 0, ⇥2

x I + z2 ACAT
⇥

(33)

Numerical simulations confirm that all these di�erent forms give identical results
(Fig. 1), but the last form (Eq. 33) is clearly the most practical one.
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So, as we see, both µ(z,x) and �(z) are well-defined even in the overcomplete
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We will also need the marginal posterior:
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P(x|z) =
⌥

P(u) P(x|u, z) du (24)

� z�Nu

⌥
N (u;0,C) N (u;m,D) du (25)

� z�Nu

⌥
N (m;0,C + D) N (u;µ(z,x) ,�(z)) du (26)

� z�Nu N
⇧

1
z

�
ATA

⇥�1
AT x; 0, C +

⇥2
x

z2

�
ATA

⇥�1
⌃

(27)

� N
⇤�

ATA
⇥�1

AT x; 0, z2 C + ⇥2
x

�
ATA

⇥�1
⌅

(28)

This only works again for the (under)complete case.

Here is an alternative derivation that generalises for the overcomplete case:

P(x|z) = P(z)
P(u) P(x|u, z)

P(u|z,x)
⇥u (we will use u = 0) (29)

= P(z)
N (0;0,C) N

�
x;0, ⇥2

xI
⇥

N (0;µ(z,x) ,�(z))
(30)

= P(z)
�
|2��(z)|�

|2�C|
�
|2�⇥2

x I|
e
� 1

2

»
1

�2
x
xT x�µ(z,x)T ��1(z) µ(z,x)

–

(31)

� P(z)
�
|�(z)| e

z2

2�4
x
xT [A�(z)AT]x (32)

Also, treating x (given z) as a determinstically scaled (by z A) version of u plus
a Gaussian noise term (with 0 mean and ⇥2

x I covariance) allows the following
simple reformulation (see also Bishop (2006, p. 93)):

P(x|z) = N
�
x; 0, ⇥2

x I + z2 ACAT
⇥

(33)

Numerical simulations confirm that all these di�erent forms give identical results
(Fig. 1), but the last form (Eq. 33) is clearly the most practical one.

3

Inference

Learning • Only the covariance matrix C is learned
• Projective fields (A) are learned by sparse coding
• EM is used

Technically, this only works for the (under)complete case (because ATA needs
to be invertable), but as we shall see later this is not going to be a problem.

3 Inference (E-step)

P(y,u, z|x) = P(y|u, z,x) P(u|z,x) P(z|x) (12)

3.1 Inferring u

P(u|z,x) ⇥ P(u) P(x|u, z) (13)
⇥ N (u;0,C) N (u;m,D) (14)
= N (u;µ(z,x) ,�(z)) (15)

with

µ(z,x) = �(z)
�
C�10 + D�1m

⇥
=

z

⇥2
x

�(z)ATx (16)

�(z) =
�
C�1 + D�1

⇥�1 =
⇤
C�1 +

z2

⇥2
x

ATA
⌅�1

(17)

So, as we see, both µ(z,x) and �(z) are well-defined even in the overcomplete
case.

We will also need the marginal posterior:

P(u|x) =
⇧

z

P(z|x) P(u|z,x) (18)

=
⇧

z

P(z|x) N (u;µ(z,x) ,�(z)) (19)

3.2 Inferring y

It follows trivially from the above:

P(y|u, z,x) = �(y � z u) (20)

P(y|z,x) = N
�
y; z µ(z,x) , z2 �(z)

⇥
(21)

P(y|x) =
⇧

z

P(z|x) N
�
y; z µ(z,x) , z2 �(z)

⇥
(22)
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Figure 2: Priors and the posteriors in the GSM for blank and high-contrast images. A. The posterior
distribution over z for a blank image (grey line) and for a high contrast image (black line). B-D.
The prior (B) and posterior over two elements of u in response to a blank (C) and a high-contrast
image (D). E. Simulated membrane potential of a cell before and after stimulus onset, for a shifting
sinusoidal grating with non-preferred (top) and preferred orientation (bottom). F-G. Aggregate data
over many simulated cells and stimuli with differently oriented gratings showing a decrease in the
average variance of membrane potentials (F) and in the average Fano factor of spike counts (G).
Arrows show time of stimulus onset.

hypothesis, the mean and variance of ui should directly correspond to the across-trial mean and
variance of the membrane potential of cell i.

In order to model data sets containing spike recordings, we transformed our ‘membrane potential’
variables following the usual non-linear–Poisson formalism34, whereby the spike train of a cell
is generated by an inhomogeneous Poisson process whose rate, ri, is determined by applying a
rectifying non-linearity35 to its membrane potential. Since we only needed to model spike counts
ni, these could be expressed as:

ri = 12.7 [u� 0.1]2.1
+ (13)

ni ⇤ Poisson(⇥ ri) (14)

where [·]+ indicates rectification, and ⇥ = 0.1 sec was the simulated time window for computing
spike counts. Means and covariances of spike counts were computed numerically by running Monte
Carlo simulations based on equations 13-14 and the previously computed joint posterior distributions
over membrane potentials (Eq. 9).

4 Neural variability and sampling in the GSM

Explaining away a blank image

An important property of the GSM model described in section 2 (Fig. 1) is that it produces strong
explaining away effects between u and z in the posterior in response to a blank image x = 0. It is
easy to see that in this case the posterior over z will be heavily skewed towards zero, P(z|x = 0) ⌅
�(z), because it is dominated by the z�M term when the number of latent variables in u, M , is
sufficiently high (Eq. 8, Fig. 2A). As a result, the posterior over u will be essentially the same as the
prior, P(u|x = 0) ⌅ P(u|z = 0,x = 0) = P(u) (Eqs. 6-7, Fig. 2B-C). Intuitively, this is because
a blank image is much more easily explained just by setting the single z variable to zero than by
carefully setting all the elements of u such that they just cancel each others’ effects out in the image
through A.
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window over the duration of the trial. The 
Fano factor has been used extensively to 
characterize neural variability (for example, 
see refs. 17–19). The Fano factor is influenced 
both by variability arising from spiking noise 
and by across-trial variability in the under-
lying firing rate20. Most prior work assumes 
that the underlying firing rate is similar 
across trials and uses the Fano factor to 
assess the statistics of spiking noise, which 
are roughly Poisson (Fano factor 1) for 
most of cortex. We began with the assump-
tion that spiking noise is roughly Poisson and 
we used the Fano factor to assess across-trial 
 variability in the underlying rate. We inter-
preted a Fano factor greater than 1 as being 
an indication of across-trial firing-rate vari-
ability. We interpreted changes in the Fano 
factor as reflecting changes in across-trial 
firing-rate variability9,20,21. Although this 
approach assumes Poisson spiking noise, 
it is reasonably robust to violations of that 
assumption (it is sufficient that spiking-noise 
variance scale linearly with the mean; the 
slope needn’t be unity). To begin, we exam-
ined how the Fano factor behaves across a 
variety of cortical areas.

We computed the mean firing rate and the 
Fano factor for ten datasets from seven cortical  
areas of the macaque monkey (Fig. 3): V1, V4, 
MT, the lateral intra-parietal area (LIP), the 
parietal reach region (PRR), dorsal premotor 
cortex (PMd) and orbitofrontal cortex (OFC). Responses were to 
 various visual stimuli or, for OFC, to juice reward. For each area, the 
Fano factor was averaged across neurons and conditions. This is similar 
to what was done for the membrane potential analysis and reflects both 
a desire for statistical power and the expectation that variability may 
change for both preferred and nonpreferred stimuli (as in Fig. 2a,b).

In every case, stimulus onset drove a decline in firing-rate vari-
ability as assessed by the Fano factor (all P < 0.02). This is notable, 
given the diversity of areas, stimuli and behavioral states. Variability 
declined during responses to simple visual stimuli, during operantly 

conditioned responses (PRR and PMd) and during reward-driven 
responses (OFC). The variability decline was present regardless of 
whether the monkey was anaesthetized (V1 and two of the four the 
MT datasets; Fig. 3, bottom), passively viewing (V4) or performing 
a task (the other six datasets). For two of the MT datasets (Fig. 3,  
bottom), stimulus onset occurred in two stages: pattern onset and 
motion onset. Both events drove a decline in variability, although only 
the more effective moving stimulus drove a sustained decline.

We previously proposed that declining variability in premotor  
cortex is related to the progress of motor preparation9. The changes 
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Figure 2: Priors and the posteriors in the GSM for blank and high-contrast images. A. The posterior
distribution over z for a blank image (grey line) and for a high contrast image (black line). B-D.
The prior (B) and posterior over two elements of u in response to a blank (C) and a high-contrast
image (D). E. Simulated membrane potential of a cell before and after stimulus onset, for a shifting
sinusoidal grating with non-preferred (top) and preferred orientation (bottom). F-G. Aggregate data
over many simulated cells and stimuli with differently oriented gratings showing a decrease in the
average variance of membrane potentials (F) and in the average Fano factor of spike counts (G).
Arrows show time of stimulus onset.

hypothesis, the mean and variance of ui should directly correspond to the across-trial mean and
variance of the membrane potential of cell i.

In order to model data sets containing spike recordings, we transformed our ‘membrane potential’
variables following the usual non-linear–Poisson formalism34, whereby the spike train of a cell
is generated by an inhomogeneous Poisson process whose rate, ri, is determined by applying a
rectifying non-linearity35 to its membrane potential. Since we only needed to model spike counts
ni, these could be expressed as:

ri = 12.7 [u� 0.1]2.1
+ (13)

ni ⇤ Poisson(⇥ ri) (14)

where [·]+ indicates rectification, and ⇥ = 0.1 sec was the simulated time window for computing
spike counts. Means and covariances of spike counts were computed numerically by running Monte
Carlo simulations based on equations 13-14 and the previously computed joint posterior distributions
over membrane potentials (Eq. 9).

4 Neural variability and sampling in the GSM

Explaining away a blank image

An important property of the GSM model described in section 2 (Fig. 1) is that it produces strong
explaining away effects between u and z in the posterior in response to a blank image x = 0. It is
easy to see that in this case the posterior over z will be heavily skewed towards zero, P(z|x = 0) ⌅
�(z), because it is dominated by the z�M term when the number of latent variables in u, M , is
sufficiently high (Eq. 8, Fig. 2A). As a result, the posterior over u will be essentially the same as the
prior, P(u|x = 0) ⌅ P(u|z = 0,x = 0) = P(u) (Eqs. 6-7, Fig. 2B-C). Intuitively, this is because
a blank image is much more easily explained just by setting the single z variable to zero than by
carefully setting all the elements of u such that they just cancel each others’ effects out in the image
through A.
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Figure 2: Priors and the posteriors in the GSM for blank and high-contrast images. A. The posterior
distribution over z for a blank image (grey line) and for a high contrast image (black line). B-D.
The prior (B) and posterior over two elements of u in response to a blank (C) and a high-contrast
image (D). E. Simulated membrane potential of a cell before and after stimulus onset, for a shifting
sinusoidal grating with non-preferred (top) and preferred orientation (bottom). F-G. Aggregate data
over many simulated cells and stimuli with differently oriented gratings showing a decrease in the
average variance of membrane potentials (F) and in the average Fano factor of spike counts (G).
Arrows show time of stimulus onset.

hypothesis, the mean and variance of ui should directly correspond to the across-trial mean and
variance of the membrane potential of cell i.

In order to model data sets containing spike recordings, we transformed our ‘membrane potential’
variables following the usual non-linear–Poisson formalism34, whereby the spike train of a cell
is generated by an inhomogeneous Poisson process whose rate, ri, is determined by applying a
rectifying non-linearity35 to its membrane potential. Since we only needed to model spike counts
ni, these could be expressed as:

ri = 12.7 [u� 0.1]2.1
+ (13)

ni ⇤ Poisson(⇥ ri) (14)

where [·]+ indicates rectification, and ⇥ = 0.1 sec was the simulated time window for computing
spike counts. Means and covariances of spike counts were computed numerically by running Monte
Carlo simulations based on equations 13-14 and the previously computed joint posterior distributions
over membrane potentials (Eq. 9).

4 Neural variability and sampling in the GSM

Explaining away a blank image

An important property of the GSM model described in section 2 (Fig. 1) is that it produces strong
explaining away effects between u and z in the posterior in response to a blank image x = 0. It is
easy to see that in this case the posterior over z will be heavily skewed towards zero, P(z|x = 0) ⌅
�(z), because it is dominated by the z�M term when the number of latent variables in u, M , is
sufficiently high (Eq. 8, Fig. 2A). As a result, the posterior over u will be essentially the same as the
prior, P(u|x = 0) ⌅ P(u|z = 0,x = 0) = P(u) (Eqs. 6-7, Fig. 2B-C). Intuitively, this is because
a blank image is much more easily explained just by setting the single z variable to zero than by
carefully setting all the elements of u such that they just cancel each others’ effects out in the image
through A.
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 behavioral state. The decline was also present in the correlated firing-rate  
variability of neurons recorded using implanted multi-electrode arrays. 
Finally, we determined how recently developed methods, when applied 
to simultaneous multi-electrode recordings, can reconstruct the vari-
able evolution of firing rates on individual trials.

RESULTS
Across-trial variability in the membrane potential
Stimuli and task events can alter the structure and correlation13 of 
membrane-potential variability. In particular, visual stimuli drive 
a reduction in membrane potential (Vm) variability in cat primary 
visual cortex (V1) that is largely independent of stimulus orienta-
tion3,4. We re-analyzed previously reported data4 to determine the 
time course of this effect (Fig. 2). Stimulus onset drives an immediate 
decline in Vm variability. This decline occurs even for nonpreferred 
stimuli that elicit little change in mean Vm (see also refs. 3,4). Average 
variability (across all neurons and conditions) declined rapidly fol-
lowing stimulus onset and then remained at a rough plateau (Fig. 2c). 
The variability in question was across-trial variability, with a fairly 
long autocorrelation. When Vm was low (or high), it tended to stay 
low (or high) for tens to hundreds of milliseconds.

The relationship between intracellularly recorded Vm variability 
and extracellularly recorded firing-rate variability is likely to be 
 complex, given the nonlinear and dynamic relationship between  

Vm and firing rate (for example, considerable Vm variability 
occurs below threshold). One nevertheless expects across-trial  
Vm variability to produce across-trial firing-rate variability. A larger 
question is whether the observed decline in variability is specific to V1 
or whether it reflects a broader phenomenon. The latter is suggested 
by both the presence of a similar effect in premotor cortex9,10 and 
recent theoretical work11,12.

Addressing these issue requires quantifying firing-rate variability 
in extracellular recordings. Although quantifying Vm variability is 
straightforward, quantifying firing-rate variability is more compli-
cated. Extracellularly recorded spike trains are usually described in 
terms of an underlying firing rate (often termed ) observed via a 
noisy point process (for example, Poisson) that produces spikes. 
It should be stressed that this conception captures the statistics of 
neurons embedded in a network14,15; spike generation at the axon 
hillock is not responsible for the noisy spiking-process statistics16, 
nor is firing rate synonymous with membrane potential. Instead, 
the underlying firing rate can be thought of as the average response 
of many similarly tuned neurons or as the average response of one 
neuron across truly identical trials. Of course, repeated trials are not 
guaranteed to be truly identical; the underlying firing rate may differ 
somewhat. It is precisely this variability that we wished to capture, 
while ignoring variability arising from the roughly Poisson spiking. 
Spiking variability may have interesting structure of its own, but for 
present purposes, it acts as noise.

Poisson spiking-process noise can severely mask underlying firing-
rate variability (Supplementary Fig. 1). It is therefore rarely possi-
ble to discern changes in firing-rate variability by eye. We used two 
approaches to isolate the underlying firing-rate variability from the 
variability contributed by spiking noise. The first approach employed a 
modified method for computing the Fano factor. This method is appli-
cable to conventionally recorded single-neuron data, allowing analysis 
of a large number of existing datasets. The second approach used fac-
tor analysis to assess covariance in large-scale simultaneous recordings. 
These methods are technically very different, but both are intended to 
assess the same thing: the degree of across-trial firing rate variability, 
independent of the contribution of noisy spiking statistics.

A variability decline across multiple cortical areas
We first employed the Fano factor, which is the spike-count variance 
divided by the spike-count mean. Counts were made in a sliding 
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Figure 1 Schematic illustration of possible types of across-trial firing 
rate variability. (a–c) We suppose that the same stimulus is delivered 
four times (four trials) yielding four different responses. a and b were 
constructed to have the same mean response across the four trials. 
Stimulus-driven decline in variability is shown in a. Stimulus-driven rise 
in variability is shown in b. Stimulus-driven decline in variability with little 
change in mean rate is shown in c.

Figure 2 Analysis of intracellularly recorded membrane potential from cat V1. Stimuli were drifting sine-wave gratings presented at different 
orientations and frequencies. Spikes were removed before further analysis. Analysis employed a 50-ms sliding window (box filter) to match the 50-ms 
window used for the Fano factor analysis. Similar results were obtained with a shorter (5-ms) or longer (100-ms) window. (a) Data from one example 
neuron. Vm for individual trials (black) is plotted on top of the mean (gray). Data are shown when no stimulus was delivered, for a nonpreferred stimulus 
and for a preferred stimulus. The arrow marks stimulus onset. (b) Similar plot for a second example neuron. (c) The mean and variance of Vm across all 
52 neurons and all stimuli. Flanking traces give s.e.m.
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 behavioral state. The decline was also present in the correlated firing-rate  
variability of neurons recorded using implanted multi-electrode arrays. 
Finally, we determined how recently developed methods, when applied 
to simultaneous multi-electrode recordings, can reconstruct the vari-
able evolution of firing rates on individual trials.

RESULTS
Across-trial variability in the membrane potential
Stimuli and task events can alter the structure and correlation13 of 
membrane-potential variability. In particular, visual stimuli drive 
a reduction in membrane potential (Vm) variability in cat primary 
visual cortex (V1) that is largely independent of stimulus orienta-
tion3,4. We re-analyzed previously reported data4 to determine the 
time course of this effect (Fig. 2). Stimulus onset drives an immediate 
decline in Vm variability. This decline occurs even for nonpreferred 
stimuli that elicit little change in mean Vm (see also refs. 3,4). Average 
variability (across all neurons and conditions) declined rapidly fol-
lowing stimulus onset and then remained at a rough plateau (Fig. 2c). 
The variability in question was across-trial variability, with a fairly 
long autocorrelation. When Vm was low (or high), it tended to stay 
low (or high) for tens to hundreds of milliseconds.

The relationship between intracellularly recorded Vm variability 
and extracellularly recorded firing-rate variability is likely to be 
 complex, given the nonlinear and dynamic relationship between  

Vm and firing rate (for example, considerable Vm variability 
occurs below threshold). One nevertheless expects across-trial  
Vm variability to produce across-trial firing-rate variability. A larger 
question is whether the observed decline in variability is specific to V1 
or whether it reflects a broader phenomenon. The latter is suggested 
by both the presence of a similar effect in premotor cortex9,10 and 
recent theoretical work11,12.

Addressing these issue requires quantifying firing-rate variability 
in extracellular recordings. Although quantifying Vm variability is 
straightforward, quantifying firing-rate variability is more compli-
cated. Extracellularly recorded spike trains are usually described in 
terms of an underlying firing rate (often termed ) observed via a 
noisy point process (for example, Poisson) that produces spikes. 
It should be stressed that this conception captures the statistics of 
neurons embedded in a network14,15; spike generation at the axon 
hillock is not responsible for the noisy spiking-process statistics16, 
nor is firing rate synonymous with membrane potential. Instead, 
the underlying firing rate can be thought of as the average response 
of many similarly tuned neurons or as the average response of one 
neuron across truly identical trials. Of course, repeated trials are not 
guaranteed to be truly identical; the underlying firing rate may differ 
somewhat. It is precisely this variability that we wished to capture, 
while ignoring variability arising from the roughly Poisson spiking. 
Spiking variability may have interesting structure of its own, but for 
present purposes, it acts as noise.

Poisson spiking-process noise can severely mask underlying firing-
rate variability (Supplementary Fig. 1). It is therefore rarely possi-
ble to discern changes in firing-rate variability by eye. We used two 
approaches to isolate the underlying firing-rate variability from the 
variability contributed by spiking noise. The first approach employed a 
modified method for computing the Fano factor. This method is appli-
cable to conventionally recorded single-neuron data, allowing analysis 
of a large number of existing datasets. The second approach used fac-
tor analysis to assess covariance in large-scale simultaneous recordings. 
These methods are technically very different, but both are intended to 
assess the same thing: the degree of across-trial firing rate variability, 
independent of the contribution of noisy spiking statistics.

A variability decline across multiple cortical areas
We first employed the Fano factor, which is the spike-count variance 
divided by the spike-count mean. Counts were made in a sliding 
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Figure 1 Schematic illustration of possible types of across-trial firing 
rate variability. (a–c) We suppose that the same stimulus is delivered 
four times (four trials) yielding four different responses. a and b were 
constructed to have the same mean response across the four trials. 
Stimulus-driven decline in variability is shown in a. Stimulus-driven rise 
in variability is shown in b. Stimulus-driven decline in variability with little 
change in mean rate is shown in c.

Figure 2 Analysis of intracellularly recorded membrane potential from cat V1. Stimuli were drifting sine-wave gratings presented at different 
orientations and frequencies. Spikes were removed before further analysis. Analysis employed a 50-ms sliding window (box filter) to match the 50-ms 
window used for the Fano factor analysis. Similar results were obtained with a shorter (5-ms) or longer (100-ms) window. (a) Data from one example 
neuron. Vm for individual trials (black) is plotted on top of the mean (gray). Data are shown when no stimulus was delivered, for a nonpreferred stimulus 
and for a preferred stimulus. The arrow marks stimulus onset. (b) Similar plot for a second example neuron. (c) The mean and variance of Vm across all 
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window over the duration of the trial. The 
Fano factor has been used extensively to 
characterize neural variability (for example, 
see refs. 17–19). The Fano factor is influenced 
both by variability arising from spiking noise 
and by across-trial variability in the under-
lying firing rate20. Most prior work assumes 
that the underlying firing rate is similar 
across trials and uses the Fano factor to 
assess the statistics of spiking noise, which 
are roughly Poisson (Fano factor 1) for 
most of cortex. We began with the assump-
tion that spiking noise is roughly Poisson and 
we used the Fano factor to assess across-trial 
 variability in the underlying rate. We inter-
preted a Fano factor greater than 1 as being 
an indication of across-trial firing-rate vari-
ability. We interpreted changes in the Fano 
factor as reflecting changes in across-trial 
firing-rate variability9,20,21. Although this 
approach assumes Poisson spiking noise, 
it is reasonably robust to violations of that 
assumption (it is sufficient that spiking-noise 
variance scale linearly with the mean; the 
slope needn’t be unity). To begin, we exam-
ined how the Fano factor behaves across a 
variety of cortical areas.

We computed the mean firing rate and the 
Fano factor for ten datasets from seven cortical  
areas of the macaque monkey (Fig. 3): V1, V4, 
MT, the lateral intra-parietal area (LIP), the 
parietal reach region (PRR), dorsal premotor 
cortex (PMd) and orbitofrontal cortex (OFC). Responses were to 
 various visual stimuli or, for OFC, to juice reward. For each area, the 
Fano factor was averaged across neurons and conditions. This is similar 
to what was done for the membrane potential analysis and reflects both 
a desire for statistical power and the expectation that variability may 
change for both preferred and nonpreferred stimuli (as in Fig. 2a,b).

In every case, stimulus onset drove a decline in firing-rate vari-
ability as assessed by the Fano factor (all P < 0.02). This is notable, 
given the diversity of areas, stimuli and behavioral states. Variability 
declined during responses to simple visual stimuli, during operantly 

conditioned responses (PRR and PMd) and during reward-driven 
responses (OFC). The variability decline was present regardless of 
whether the monkey was anaesthetized (V1 and two of the four the 
MT datasets; Fig. 3, bottom), passively viewing (V4) or performing 
a task (the other six datasets). For two of the MT datasets (Fig. 3,  
bottom), stimulus onset occurred in two stages: pattern onset and 
motion onset. Both events drove a decline in variability, although only 
the more effective moving stimulus drove a sustained decline.

We previously proposed that declining variability in premotor  
cortex is related to the progress of motor preparation9. The changes 
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Figure 3 Changes in firing-rate variability for 
ten datasets (one per panel). Insets indicate 
stimulus type. Data are aligned on stimulus 
onset (arrow). For the two bottom panels  
(MT area/direction and MT speed), the dot 
pattern appeared at time zero (first arrow)  
and began moving at the second arrow. The 
mean rate (gray) and the Fano factor (black  
with flanking s.e.) were computed using a  
50-ms sliding window. For OFC, where response 
amplitudes were small, a 100-ms window was 
used to gain statistical power. Analysis included 
all conditions, including nonpreferred. The 
Fano factor was computed after mean matching 
(Fig. 4). The resulting stabilized means are 
shown in black. The mean number of trials  
per condition was 100 (V1), 24 (V4),  
15 (MT plaids), 88 (MT dots), 35 (LIP),  
10 (PRR), 31 (PMd), 106 (OFC), 125 (MT direction 
and area) and 14 (MT speed).

Finn et al, Neuron 2007; Churchland et al, Nat Neurosci 2010
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Figure 2: Priors and the posteriors in the GSM for blank and high-contrast images. A. The posterior
distribution over z for a blank image (grey line) and for a high contrast image (black line). B-D.
The prior (B) and posterior over two elements of u in response to a blank (C) and a high-contrast
image (D). E. Simulated membrane potential of a cell before and after stimulus onset, for a shifting
sinusoidal grating with non-preferred (top) and preferred orientation (bottom). F-G. Aggregate data
over many simulated cells and stimuli with differently oriented gratings showing a decrease in the
average variance of membrane potentials (F) and in the average Fano factor of spike counts (G).
Arrows show time of stimulus onset.

hypothesis, the mean and variance of ui should directly correspond to the across-trial mean and
variance of the membrane potential of cell i.

In order to model data sets containing spike recordings, we transformed our ‘membrane potential’
variables following the usual non-linear–Poisson formalism34, whereby the spike train of a cell
is generated by an inhomogeneous Poisson process whose rate, ri, is determined by applying a
rectifying non-linearity35 to its membrane potential. Since we only needed to model spike counts
ni, these could be expressed as:

ri = 12.7 [u� 0.1]2.1
+ (13)

ni ⇤ Poisson(⇥ ri) (14)

where [·]+ indicates rectification, and ⇥ = 0.1 sec was the simulated time window for computing
spike counts. Means and covariances of spike counts were computed numerically by running Monte
Carlo simulations based on equations 13-14 and the previously computed joint posterior distributions
over membrane potentials (Eq. 9).

4 Neural variability and sampling in the GSM

Explaining away a blank image

An important property of the GSM model described in section 2 (Fig. 1) is that it produces strong
explaining away effects between u and z in the posterior in response to a blank image x = 0. It is
easy to see that in this case the posterior over z will be heavily skewed towards zero, P(z|x = 0) ⌅
�(z), because it is dominated by the z�M term when the number of latent variables in u, M , is
sufficiently high (Eq. 8, Fig. 2A). As a result, the posterior over u will be essentially the same as the
prior, P(u|x = 0) ⌅ P(u|z = 0,x = 0) = P(u) (Eqs. 6-7, Fig. 2B-C). Intuitively, this is because
a blank image is much more easily explained just by setting the single z variable to zero than by
carefully setting all the elements of u such that they just cancel each others’ effects out in the image
through A.
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window over the duration of the trial. The 
Fano factor has been used extensively to 
characterize neural variability (for example, 
see refs. 17–19). The Fano factor is influenced 
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and by across-trial variability in the under-
lying firing rate20. Most prior work assumes 
that the underlying firing rate is similar 
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are roughly Poisson (Fano factor 1) for 
most of cortex. We began with the assump-
tion that spiking noise is roughly Poisson and 
we used the Fano factor to assess across-trial 
 variability in the underlying rate. We inter-
preted a Fano factor greater than 1 as being 
an indication of across-trial firing-rate vari-
ability. We interpreted changes in the Fano 
factor as reflecting changes in across-trial 
firing-rate variability9,20,21. Although this 
approach assumes Poisson spiking noise, 
it is reasonably robust to violations of that 
assumption (it is sufficient that spiking-noise 
variance scale linearly with the mean; the 
slope needn’t be unity). To begin, we exam-
ined how the Fano factor behaves across a 
variety of cortical areas.

We computed the mean firing rate and the 
Fano factor for ten datasets from seven cortical  
areas of the macaque monkey (Fig. 3): V1, V4, 
MT, the lateral intra-parietal area (LIP), the 
parietal reach region (PRR), dorsal premotor 
cortex (PMd) and orbitofrontal cortex (OFC). Responses were to 
 various visual stimuli or, for OFC, to juice reward. For each area, the 
Fano factor was averaged across neurons and conditions. This is similar 
to what was done for the membrane potential analysis and reflects both 
a desire for statistical power and the expectation that variability may 
change for both preferred and nonpreferred stimuli (as in Fig. 2a,b).

In every case, stimulus onset drove a decline in firing-rate vari-
ability as assessed by the Fano factor (all P < 0.02). This is notable, 
given the diversity of areas, stimuli and behavioral states. Variability 
declined during responses to simple visual stimuli, during operantly 

conditioned responses (PRR and PMd) and during reward-driven 
responses (OFC). The variability decline was present regardless of 
whether the monkey was anaesthetized (V1 and two of the four the 
MT datasets; Fig. 3, bottom), passively viewing (V4) or performing 
a task (the other six datasets). For two of the MT datasets (Fig. 3,  
bottom), stimulus onset occurred in two stages: pattern onset and 
motion onset. Both events drove a decline in variability, although only 
the more effective moving stimulus drove a sustained decline.

We previously proposed that declining variability in premotor  
cortex is related to the progress of motor preparation9. The changes 

11

1
1.5

1

23

10
1.4

1

26

8

1.4

1

13

4

1.15

0.95

31

5

1.9 MT MT

200 ms 200 ms

1.3

21

6
1.7

1.2

1.2

1.4

14

1

1.2
12

17

1

1.4
7

28

12

2

1

39

7
V1 V4

MT MT

PRR

OFCPMd

LIP

Mean matched

Mean rate

S
pi

ke
s 

pe
r 

s
Fa

no
 fa

ct
or

Fano factor

Figure 3 Changes in firing-rate variability for 
ten datasets (one per panel). Insets indicate 
stimulus type. Data are aligned on stimulus 
onset (arrow). For the two bottom panels  
(MT area/direction and MT speed), the dot 
pattern appeared at time zero (first arrow)  
and began moving at the second arrow. The 
mean rate (gray) and the Fano factor (black  
with flanking s.e.) were computed using a  
50-ms sliding window. For OFC, where response 
amplitudes were small, a 100-ms window was 
used to gain statistical power. Analysis included 
all conditions, including nonpreferred. The 
Fano factor was computed after mean matching 
(Fig. 4). The resulting stabilized means are 
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Figure 2: Priors and the posteriors in the GSM for blank and high-contrast images. A. The posterior
distribution over z for a blank image (grey line) and for a high contrast image (black line). B-D.
The prior (B) and posterior over two elements of u in response to a blank (C) and a high-contrast
image (D). E. Simulated membrane potential of a cell before and after stimulus onset, for a shifting
sinusoidal grating with non-preferred (top) and preferred orientation (bottom). F-G. Aggregate data
over many simulated cells and stimuli with differently oriented gratings showing a decrease in the
average variance of membrane potentials (F) and in the average Fano factor of spike counts (G).
Arrows show time of stimulus onset.

hypothesis, the mean and variance of ui should directly correspond to the across-trial mean and
variance of the membrane potential of cell i.

In order to model data sets containing spike recordings, we transformed our ‘membrane potential’
variables following the usual non-linear–Poisson formalism34, whereby the spike train of a cell
is generated by an inhomogeneous Poisson process whose rate, ri, is determined by applying a
rectifying non-linearity35 to its membrane potential. Since we only needed to model spike counts
ni, these could be expressed as:

ri = 12.7 [u� 0.1]2.1
+ (13)

ni ⇤ Poisson(⇥ ri) (14)

where [·]+ indicates rectification, and ⇥ = 0.1 sec was the simulated time window for computing
spike counts. Means and covariances of spike counts were computed numerically by running Monte
Carlo simulations based on equations 13-14 and the previously computed joint posterior distributions
over membrane potentials (Eq. 9).

4 Neural variability and sampling in the GSM

Explaining away a blank image

An important property of the GSM model described in section 2 (Fig. 1) is that it produces strong
explaining away effects between u and z in the posterior in response to a blank image x = 0. It is
easy to see that in this case the posterior over z will be heavily skewed towards zero, P(z|x = 0) ⌅
�(z), because it is dominated by the z�M term when the number of latent variables in u, M , is
sufficiently high (Eq. 8, Fig. 2A). As a result, the posterior over u will be essentially the same as the
prior, P(u|x = 0) ⌅ P(u|z = 0,x = 0) = P(u) (Eqs. 6-7, Fig. 2B-C). Intuitively, this is because
a blank image is much more easily explained just by setting the single z variable to zero than by
carefully setting all the elements of u such that they just cancel each others’ effects out in the image
through A.
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Figure 2: Priors and the posteriors in the GSM for blank and high-contrast images. A. The posterior
distribution over z for a blank image (grey line) and for a high contrast image (black line). B-D.
The prior (B) and posterior over two elements of u in response to a blank (C) and a high-contrast
image (D). E. Simulated membrane potential of a cell before and after stimulus onset, for a shifting
sinusoidal grating with non-preferred (top) and preferred orientation (bottom). F-G. Aggregate data
over many simulated cells and stimuli with differently oriented gratings showing a decrease in the
average variance of membrane potentials (F) and in the average Fano factor of spike counts (G).
Arrows show time of stimulus onset.

hypothesis, the mean and variance of ui should directly correspond to the across-trial mean and
variance of the membrane potential of cell i.

In order to model data sets containing spike recordings, we transformed our ‘membrane potential’
variables following the usual non-linear–Poisson formalism34, whereby the spike train of a cell
is generated by an inhomogeneous Poisson process whose rate, ri, is determined by applying a
rectifying non-linearity35 to its membrane potential. Since we only needed to model spike counts
ni, these could be expressed as:

ri = 12.7 [u� 0.1]2.1
+ (13)

ni ⇤ Poisson(⇥ ri) (14)

where [·]+ indicates rectification, and ⇥ = 0.1 sec was the simulated time window for computing
spike counts. Means and covariances of spike counts were computed numerically by running Monte
Carlo simulations based on equations 13-14 and the previously computed joint posterior distributions
over membrane potentials (Eq. 9).

4 Neural variability and sampling in the GSM

Explaining away a blank image

An important property of the GSM model described in section 2 (Fig. 1) is that it produces strong
explaining away effects between u and z in the posterior in response to a blank image x = 0. It is
easy to see that in this case the posterior over z will be heavily skewed towards zero, P(z|x = 0) ⌅
�(z), because it is dominated by the z�M term when the number of latent variables in u, M , is
sufficiently high (Eq. 8, Fig. 2A). As a result, the posterior over u will be essentially the same as the
prior, P(u|x = 0) ⌅ P(u|z = 0,x = 0) = P(u) (Eqs. 6-7, Fig. 2B-C). Intuitively, this is because
a blank image is much more easily explained just by setting the single z variable to zero than by
carefully setting all the elements of u such that they just cancel each others’ effects out in the image
through A.
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