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P A C S .  12.90. - ] [ i s c e l l a n c u s  t h e o r e t i ( ' a l  i d e a s  a n d  m o d e l s .  

S u m m a r y .  -- ~Ve p r o v e  t h a t  K N ( l - s c a l e d  s o l u t i o n s  d e r i v e d  f ro ln  ~t r e c e n t l y  p r o p o s e d  
m u l t i p l i c i t y  d i s t r i b u t i o n  f u n c t i o n  a n s a l z  a n d  f r o m  t w o  K N O - l y p e  m o m e n t u m  c o n -  
s t r a i n t s  do n o t  c h a n g e  (at leas t  h)eal ly) ,  if  we  use  o n l y  one  m o m c n t t t n l  c o n s t r a i n t .  

h i  a r e c e n t  I )aper  0) ,  K~,.~SzNovszKY a n d  '~VAGNER i n t r o d u c e d  a succes s fu l  m o d i -  
f ica t ion  of t h e  s c m i - f e n o m e n o l o g i c a l  m e t h o d  l)rOl~Osed b y  N o v r m o  a n d  PReDAZZl (2) 
a n d  t h e y  c o m p u t e d  q u i t e  r ea l i s t i c  h a d r o u i c  p r o d u c t i o n  c r o s s - s e c t i o n s  a,(s). I t e r e  we  
m a k e  a c o m m e n t  oil t h e  n e c e s s i t y  of  t h e  a s s u m p t i o n s  in r c f . ( l ) .  

S i n c e  t h e  d i s c o v e r y  of  K N ( ) - s c a l i n /  (a), wc  b e l i e v e  l l :a t  t h e  t ~ n e r g y - d e p e n d e n t  
m u l t i p l i c i t y  d i s t r i l )u t io l :  f u u c t i o n  p , (S)  m u s t  ot)ey t h e  se t  of  c o n s t r a i n t s  

(I) (".: . ~ -  ~?,.4"":, 

fo r  k -: 1, '2, 3 . . . .  al~d for  a n y  h igh  e n o u g h  va lue  of  t h e  e n e r g y  s. 
1,'rein ref .  (1), it fo l lows  t h a t  a d o p t i n g  1he ansa ( z  

(2) 1~,,(.~) ~ e(n) c x p [  - ~t(,~)~ ~-] 

t~nd requi r iz tg  lhai:  two  K N O  c o n s t r a i t t t s  (1) for  k - -  2 a n d  k == 3 1)c sal, isficd, o n e  c a n  
d e r i v e  t h e  f m l e t i o n  

(3) e(~) ~ ~ . t  ~ exl)[; ' ,-~1 , A > 0 ,  

~vhere . l  a n d  ;, a r e  c o n s t a n t s .  Ti le  result ing" d i s t r i b u t i o n  f u n c t i o n  t~,,(s) will  t h e n  s a t i s f y  
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the K N 0  cons t ra in ts  (1) for all  posi t ive integer  values of k. As we are concerned wi th  
p,(s) and  no t  wi th  a,(s),  we can omit  the  cons t ra in t  <n>, ~ aa(s) used in  rcf. (1,2). 

Here  we show t h a t  wi th  only one K N 0  Aype cons t ra iu t  satisfied, the  set of solut ions 
for p,(s) will no t  change,  at  least  locally. 

Le t  us take  the k =: 2 cons t ra in t  from (1) and  in t roduce  the  no ta t ions  t = n" and  
E(t) ~= e(n). Since eq. (1), E(t) nmst  obey the  following in tegra l  equa t ion  for k = 2 
(we replace summat ion  over r by  in tegra t ion  over t t :  

co co co 

f f [f ]' (4) t iE(t)  exp[--q~(s) t]dt  t - :E(t)  e x p [ - - 9 ( ~ ) t ] d t - - c . ,  E(t) exp[---q~(s)t ldt  = O. 

0 0 o 

Try ing  to generalize the fami ly  of solutions (3), we in t roduce one more cont inuous  
pa rame te r  B, ill the  following m a n n e r :  

(5) E(t) - ta-~ exp [7t] exp [B e(t, B)] . 

I Iere e( i ,B)  is an a rb i t r a ry  funct ion.  
App ly ing  (4, 5) a t  B = 0, we get the  re la t ion  

(6) I ' (A + I )F(A)- - -co[I ' (A + �89 0 

be tween the cons tan t  c2 and  the  pa ramete r  A Q). Dif ferent ia t ing  the  1.h.s. of eq. (4) 
b y  B ~t B ~ 0 ~nd subs t i tu t ing  t by  t/;t(s), where 3,(s) --  ~ { s ) -  ?, one gets the  equa- 
t ion  for e 

(7) 

co 

f dt exp [--  t] ~(2(s)t, O) [/AF(A) -! t A- l l ' ( A  ',-- 1) - -  2c2ta-�89 -~ -~)] = O. 
o 

W e  t ry  to find the  funct ion  e in tile form of its Taylor  series: 

co 

(8) r O) -= ~. art r . 
r = 0  

Subs t i tu t ing  (8) into eq. (7) and  considering t ha t  this  l a t te r  has to be satisfied for 
different posit ive values  of 2, we get all inf ini te  n u m b e r  of algebraic equat ions  for the  
~ r ~ S  �9 

(9) a r G r -  O ,  r = O, 1 . . . .  : 

where 

(10) Gr= F(A + r +  1)F(A)  + F ( _ t . t  r )F (A  + 1 ) - 2 c 2 F ( A  - r !- [ ) / ' (A  + .I)- 

Using (6), we can e l iminate  co and  wri te  G, in the following form: 

( l l )  G r =  F(A + 1 ) F ( A ) [ f i  (A i ! - ~ ) +  f i  (A i - - - ,~ ) - -2  f i  Ai]  
i= l  i=I  i= I  

with  A ~ =  A - - � 8 9  -[- i >  �89 
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I t  is easy to see tha t  a l |  the  Gr's are definitel.r pos i t ive  wi th  the  except ion  of Go 
and Gl which vanish.  Ther(ffore, eonibinin~ eq.~. (8) and (9), we can wri te  the most  general  
form of the  funct ion e(t, 0) as 

(12) e(t, 0) == ao i- all, 

and tim general  solution (.3) for l';(t) up to te rms  of the order  of B e will  be 

(13) E(t) := t t - ' e x p [ T t ] e x p [ a o T  ch t]~ t -*- - ;exp[ / ' t ] ,  k '=  7-~- al" 

One can see tha t  wi th  the  cont inuous  pa rame te r  B m o v i ~  out from zero, the  fam- 
ily of solutions (3) remains constant .  

Co~clusirm. The number  of K N O . t y p e  eol~draints  (1) for ansatz  (2) can be reduced 
to one withottt, changing- -  at  least  iu local s ense - - the  K N O - i n v a r i a n t  f~mily of solutions 
lo t  p,,(s) der ived in (~). In o ther  words,  the  fami ly  of solutions eal lnot  be ex tended  
eont imlously ,  i.e. no r e l evan t  eoniimlou.~ pa rame te r  can be in t roduced in addi t ion to 
the  p,arameters A and q:(s) in the mul t ip l ic i ty  dis t r ibut ion formulae (2), (3). 


