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Consideringa simplequantummasterequationfor a free particlewe provethatafteragivenperiodof relaxationthesolutions
canbeinterpretedexactly in termsof uniformlocalizedwavepacketswhosecentersimitateclassicaltrajectories.

1. Introduction

Accordingto ordinaryquantummechanics,a genericwavepacketof a freeparticlewill permanentlyexpand
so theparticletrajectorybecomesundefined.While thisphenomenonis deeplyunderstoodfor the caseofele-
mentaryobjectswewould neverthelessexpectthe trajectoriesto be restoredfor macroscopicparticles.How-
ever,unitary evolutionof the wave functionmustevidently be violatedin orderto havelocalizedstationary
wave packetsfor a free particle.

For example,by appendinga non-lineartermto the ordinarySchrodingerequation,it acquiressolitonsolu-
tions [1,2]. Howeverthereare severalreasons[3,4] to preservethe linearity of the equationof motion.We
shall concentrateon the simplestquantummasterequation[51 for the densityoperator~(I) of a givenfree
particleof massm:

p5(t) =L[~(1)] —i[j2/2m,~(t)] — ~ [.~,~6~t)]] (h= 1) , (1)

wheredouble commutatorviolates the unitary evolution. (~and~ are operatorsfor the cartesiancanonical
coordinatesandmomenta,respectively;the constantD couplesthenon-unitaryterm.) Sucha masterequation
hasfrequentlybeensuggested[6—10]to eliminateunwantedlongdistancecoherencefrom ordinaryquantum
theory. Notethatthe sameequationappearsin factif theparticleis thoughtto interactwith a reservoirwhose
dynamicswe integrateout, seee.g. refs. [5,81.

In thispaper,in section2, we shallpresenta theoremshowingan exactsolutionto the masterequation(1)
in termsofuniform wavepacketswhich movealongrandomtrajectories.Our resultsrepresenta development
of statementsandproofswhich haveappearedrecently In the works of JoosandZeh [8], Ghirardi, Rimini
andWeber [10] aswell as of the presentauthor [9].

2. Preparation

If Q standsfor a certainobservablequantitythenfor the time derivativeof its expectationvalue,eq. (1)
yields

(Wdt)Tr{ñ(t)Q}=Tr{ñ(t)L*[~]}~Tr{ñ(t) (i[
1

2/2m, ~]—~D[I~, [.~,Q]])} , (2)
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whereL* is the dual [5] evolutionoperator.
In what follows, we shall oftenusethe characteristiclength

(3)

andtime

(4)

insteadof the original parametersm andD.
In previouspapers[11,12] we suggestedthat eachmarkovianmasterequation~= L [ñ]is associatedwith

a given non-linearSchrödingerequation

~ Hf~L[yiyi]yi—(~Ic’L[i~tiy,]y/)~,

where w is the statevector andRfr denotesthe so-calledfrictional hamiltonian[131. For the caseof eq. (1)
this yields [11]

W~~fr[(P/2m)4(xw)~1~w]W; x~yf’xyi, aW~I~2yJ—x~,. (5)

For short enoughperiods,this frictional Schrodingerequationis physicallyequivalent[13] to the master
equation(1). This equivalencebreaksdown for longerperiods,of course.Nevertheless,it is a surprisingfact
that certainsolutionsof the frictional Schrodingerequationplay a centralrole in constructingexactsolutions
of eq. (1).

So,observethateq. (5) possessesstationarysolutionswith localizedgaussianshapedwavefunctions.Let ~
denotethe statewhosewave packetrestsat the origin:

wo(x)=(2~tti2Y314exp[(i—l) (x/2cr)2] . (6)

It canbe shownthat ~
0exp(— it/2r) satisfieseq. (5). By applyingtranslationandboostto this solution,one

cangeneratenewlocalized solutionsof eq. (5) in the form

t/Jr(XiJtIm) exp[—it(~t~+~j
2Im)]

where

Y1r(X)=~
0(x—.~)exp[ij(x—~)]= (2ita

2) ~ exp[(i— I) [(x—~)/2o~J2+i~(x—~)] (7)

andthe compactnotation

(8)

standsfor the expectationvaluesof the canonicalvariablesin the stateWp(x). When1’ runsover thewhole
phasespacethe vectors{ yij~.} form anovercompletesystemin the Hilbert spaceof the particlestates.

Let us introducethedensityoperatorsa(f’) belongingto the localizedsolutions(7) of thefrictional Schrö-
dingerequation:

(9)
Usingnow the wavefunctions(7) alongwith the definitions(1) and(2) of theevolutionoperators,onecan

provethe following relations:

Tr[Q(r’)a(f’)] =exp[ — ~(F’ —F)M(F’ —F)] , (10)

L[Q(F)J=(i~+ ~~M1 ..±)~F) (11)
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L*[Q(r)]=( - $& - &gM-1 -$ +lk$)Qcr, . 
The constant positive matrices A4 and M- ’ are defined by 

(12) 

(13) 

Theorem. Assume that the density operator j(t) satisfies the master equation (1) and let p( 0) be an arbi- 
trarily given initial state at C = 0. Then for t> const x z the density operator takes the following form: 

(14) 

wherefis a time dependent distribution over the phase space, i.e. 

f(r,0>0, Sf(r,0dM, 

whose evolution is governed by the following Fokker-Planck diffusion equation: 

(15) 

jKr>= -f&+&+4-‘$o,r). ( (16) 

ProoJ Let us postpone the proof of the relaxation property and assume temporarily that the expansion (14) 
exists for a certain moment. Then we are going to show that eq. (16) ensures that the expansion (14) remains 
valid in the future too. 

Thus, let us assume the expansion (14) exists for a certain t and express the time derivative via eq. (1): 

BU) =If(r, wm~)l * (17) 

Observe now that, due to relation (1 1 ), the time derivative j(t) fernaim in the linear space spanned by the $. 
By substituting expression (11) into the r.h.s. of eq. (17) and by partial integration we get 

(18) 

So it is easy to see that the expansion (14) will hold also at time t + dt (and so later as well) if the coefficient 
f(r, t) satifies the Fokker-Planck equation (16). 

We are still owing the proof that for an arbitrarily chosen initial state j(O), eq. (14) will get a solutionf(r, 
t) after a certain relaxation period of several times 7 (4). First, let us find the formal solution of eq. (14). 

Let us multiply eq. (14) by o(r), take the trace of both sides and substitute relation (10) in it: 

Tr[p^(f)&r)]=/ exp[ -i(r-T’)M(T-r’)]j(r’, t) cir’ . (19) 

In order to invert this equation it is worthwhile to introduce the following Fourier transformations: 

(20) 

&(Q)=S exp(iQr)&(r) dr , (21) 

where 
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Q~(P,—X) . (22)

In the Fouriertransformedrepresentationthe convolutionequation(19) canformally be solvedas

]~Q,t)= exp(~QM~Q)Tr[~(Q)~(t)]. (23)

However,sincethe matrix M (13) is positivedefinite, the r.h.s.of eq. (23) may haveno Fourier inverse
at t = 0. Nevertheless,we are going to showthat, as time goesby, the factorTr[ Q(Q)p(t)] will compensate
the blow up of the exponentialfor Q—~ccandso theformal solution (23) becomesvalidfor largeenought. So

we needto discussthe time evolutionof the term Tr[ ~(Q)~( t) 1.
Let us evaluatethe time derivativeof Tr[ ~(Q)~( t)1. Using formula (12) andapplying Fourier transfor-

mationto it, wearrive at

d [Pa 1 1
~Tr[Q(Q)p(t)] =[—~-,~ + ~~~QM_’Q_DX2j Tr[Q(Q)p(t)]. (24)

Thisequationyieldsthe following solution:

Tr[Q(Q)p(t)] = exp[(t/2t)(QM~Q—2c2X2)]Tr[Q(Q~)~(0)] (25)

with the notation

Q,=(P,—X~)=—(P,—X—Pt/m). (26)

Considernow the definition (7), (9) of thestatesQ andperformtheFouriertransformation(21); in coor-
dinaterepresentationoneobtains

<xI~(Q) IY> =ô(x-.-y—X)exp{— (l/8a2)[(x—y)2 + (x—y—2c2P)2]+ ~iP(x+y)}. (27)

Substitutingthis result into eq. (25), the r.h.s. of eq. (23) canbe rewritten asfollows:

J(Q, t)=exp[3QM~Q+ (t/2t)(QM IQ 2a2X2)]Jdxdy <yI~(0)Ix>ö(x—y_X—PtIm)

xexp{ — (l/8~2)[(x—y)2+ (x—y—2i2P)2]+ ~iP(x+y)} . (28)

As wasmentionedabove(cf. paragraphaftereq. (23)) we expectthatJ~Q, t) will notdivergefor Q—~~ if
exceedsa certainthreshold.Indeed,by collectingthe leadingtermson the r.h.s.of eq. (28) wecanevaluate

its asymptoticQ dependenceasfollows

]~Q,t) =J dxdy5(x—y—X—Pt/m)exp{— ~i2P2[4(t/i.~)3—8(t/T)2—6th—1] +O(P)} . (29)

Thus,J~Q, t) will allow inverseFouriertransformationif

4(t/r)3>8(t/r)2+6(t/t)+l , (30)

so the existenceoff(I, t) andof the expansion(14) hasbeenprovedfor t>constxT~2.6llt.

3. Interpretation

Let us expandther.h.s.of the Fokker—Planckdiffusion equation(16). Invoking thedefinition (13) of M’
weget

j’(F, t)=[_ m8x+ ~(2a2 ~2 +2~ +a2~
9)]flF,t). (31)224
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Almost the sameequation(i.e. with (ô2/ô.~ôg)fterm 21/2 timeslarger)wasderivedfirst in ref. [10]. If one
assumesthat eq. (1) governsthe dynamicsof the centerof massmotion for a given macroscopicobject then
anappealinginterpretationfollows: After a finite transientperiodof order~ (4), thewavepacketof theobject
hasa constantgaussianshapeof width a (3) andits centermovesalong randomtrajectorycharacterizedby
the diffusionequation(31).Soclassicalbehaviourhasbeenrestoredif theparameterD in eq.(1) wasproperly
chosen.Let us emphasizethat our eq. (31) is exact if themasterequation(1) is valid.
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