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LOCALIZED SOLUTIONOF A SIMPLE NONLINEAR QUANTUM LANGEVIN EQUATION
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A simplenonlinearquantumLangevinequationis introducedasphenomenologicalequationfor quantumbrownianmotion.
Easycalculationsyield auniquelocalizedwavefunctionin thestationaryregime.Thegivenexamplemayencouragemoregeneral
useof nonlinearquantumLangevinequationsfor dampedquantumsystems,e.g.in measurementtheory,in heavyion physics,
etc.

1. Introduction Throughoutourpaper< > and < > ,~denotequan-
tum andstochasticaverages,respectively;p stands

The classicalLangevin equationreflectsthe ob- for the currentpure quantumstatewhile the usual
viousfact thattheequationof motionof abrownian densityoperator will consequentlybe denotedby
particlemustcontainastochastictermrepresenting <~>st.

the interactionwith thereservoir.Thisfeatureof the It is crucialto seethateq. (1.1) retains the pure
equationof motionwill survivefor quantumbrown- state property ~m~ ~p2 Assuming~=~52holds
ianmotionaswell: thequantumstatevectorw ofthe for a given moment we are going to prove that
massivebrownian particlesatisfiesthe free SchrO- d~=d~32.Let ussubstituteeq. (1.1) into ther.h.s.of
dingerequationexceptfor theinstantsofrandomcol- the identity d~2d~ô~5+~5d~+d~3d

15:
lisionswith the lighter particlesof the reservoir.

Following our previouspaper [1], we introduce d15
2=(—i/2m){j~,[ft2,~o]}dt—~yLa,[4,[4,~] J}dt

the nonlinearquantumLangevinequation(QLE) for
the pure stateoperator~ of the brownian +{,5,{4—<4>,~}d~+1({4—<4),~o})2dt.
particle: (1.3)

d~=(—i[ft2/2m,
15]—~y[4,[4,j51])dt The last termon the r.h.s. comesfrom thespecific

• •~ ~ Ito correction d,ôd~=({4— <4>, 4ô} d~)
2cf. eqs.

+ ~q—<Q>~p~d~ (1.1) (1.2).Now recall the assumptionñ=i’2. The r.h.s.

4~,fi arethecanonicalcoordinateandmomentumop- of eq. (1.3) becomesthenidenticalto the r.h.s.of
erators,respectively,m is the massof the particle. eq. (1.1) which, in turn, proves,~2

The constanty characterizesthe strengthof inter- The maingoalofthepresentpaperis to showthat
actionwith the reservoir, the QLE (1.1) leadsto a uniquelocalizedshapeof

This equationis a so-calledstochasticdifferential the wave function.
equationalaItO (seeArnold’sexcellentreview [2]),
where~is ac-numberWienerprocesswhoseItO di/
ferentiald~obeysthe following algebra: 2. Incidental remarkson the masterequation

st = 0, dt~d~=~ydt, It is well known that, asfar as oneconsidersonly

(dc)” = 0, if n= 3, 4 (1.2) observablesbelonging purely to the brownianpar-
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tide (butnot to thereservoir),the knowledgeofthe Exploiting therulesoftheIto algebra(1.2) for ~, one
density operator<~~>providesfull information, canverify that eq. (3.1),as well aseq. (3.2), leads
From eqs. (1.1) and (1.2) we seethat the density to the QLE (1.1).
operatorfulfils the following linear masterequqtion Obviously,nobodyexpectsastationarysolutionof
[31: theaboveQLE itself.Onphysicalgrounds,however,

we do expectit in the co-movingsystemof the par-
<~>~= —i[~/2m, <,5>~~] tide. Thereforewe aregoing to transformthe QLE

(3.2) into the co-movingsystem.

— ~y [4, [0~<ii> ~~]1. (2.1) Foreachmoment,letustransformthecurrentstate
vectorw as follows:

Hence, concerningthe reduceddynamics of the
brownian particle, the QLE (1.1) is physically ~=exp(—i(j3>4) exp(i<4>j3)w. (3.3)
equivalentto the masterequation(2.1).

The new vector ~ correspondsto the stateviewed
TheQLE offersa certainpurestaterepresentation

fromthe co-movingsystemof the particle.Thestate
(see,e.g., ref. [4]) of the quantumbrownianmo-

‘ii satisfiesthe identities
tion. It is intimately connectedto quantum mea-
surementsoptionally performedon the reservoir 4~0, ~~j3~raO (3.4)
particlesaswe haveclarifiedinourformerpaper[1].

for all times.
TheQLE (1.1) is equivalenttotheequationsof con-
tinuousposition measurementtheory [57] If we perform the transformation(3.3) on both

sidesof the QLE (3.2) we obtainAlthoughthe useof QLE (1.1) might seemto be
redundantascomparedtothemasterequation(2.1), ~+ d~=exp[— i( <j3> +d (ti> )41
it neverthelesshelps us to recognizethe physical
characteristicsof the quantumbrownian motion x exp[i (<4> + d <4> )~]
which are not seenexplicitly from eq. (2.1). Such x exp{ [— i(~2/2m)— ~y(4—<4> )2] dt
featureis wavefunction localization which qualita-
tively follows [8,9] from eq. (2.1). +(4—<4>) ~ (3.5)

where d<P>=tr(~d~5)and, similarly, d(4>=

tr(4d~3).Ifwetaked~from,e.g.,eq. (1.1) we get the
3. Stationarysolution of the quantumLangevin following results:
equation

d<~>=<{.ô—<P>,4—<4>}>d~m2Rd~,
In thissectionweare goingto show that theQLE d<4>=m’ <j~>dt+2< (4—<4> )2> d~

(1.1) leadsto a uniquelocalizedshapeof thewave
function in the stationaryregime. Thequantumex- m - <fi> dt+ 2a2d~, (3.6)
pectationvaluesofthe positionandmomentumwill with obviousshorthandnotationsR anda2.
movealongacertainrandompathin thephasespace. Let us choosea specialcoordinatesystemwhere

In this sectionwe use statevector formalism.
= <4> =0 at the giveninstantt whenw is con-

Bearingin mindthat~= ~v ~, wewritethefollowing sidered.In thisframe w coincideswith ~for thegiven
QLE for the statevector: momentt (butd~d~,ofcourse).Usingthe equal-

dçt’= { [ — i (j3 2/2m)+ ~y( 4— <4>) 2] dt ity ç~=~‘ andsubstitutingeqs. (3.6) into eq. (3.5)
onegets

+(4—<4>)d~}w. (3.1)
~i+ d~=exp(— 2iR4d~)exp(2ia2~d~)

Sometimesit is more convenientto use the expo-
nential form:

xexp{[—i(~2/2m)—~y42]dt+4d~}~i. (3.7)
~+d~i=exp{[_i(P2/2m)—~y(4— <4> )2] dt ThisisalreadyaclosedQLE for~ sinceRanda2 can

+ (4—<4>) ~ (3.2) be calculatedin the state~ as well (cf. eqs. (3.6)):
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R=~{fl,4}~, a2=~~42~. (3.8) d.(ft>=d~,

Let us observethe following importantpoint. All d<4>= (1/rn) <fi> dt+2a~dt~. (3.13)
q”s are alwaysinvariantundergalilean transforma-
tions of the frame.Hencethe validity of eqs. (37) Theseequationsgovernthe stationaryrandomwalk
and (3.8) will be independentof the specialframe of thewave packet (3.12) throughthe phasespace
where<~>= <4> = 0 hasbeenrequired.Theseequa- spannedby thequantumexpectationvalues<P> and
tions are valid in arbitraryinertial frames. <4> viewedfrom the laboratorysystem.

What is left is to write theproductof thethreeex- Thestationarysolution (3.12) wasfirst derivedin
ponentialfactorsin eq. (3.7) into a moreconveni- ref. [10]. The samepaperpresentedthe following
ent form. Up to irrelevantphasefactorsoneobtains Fokker—Planckequationfor the phasespacedistri-

butionp(<4>~<~O>,t) of quantumexpectationval-
~+dçi=exp{[—i(j32/2rn)—~y(42—a2)J dt uesin the stationaryregime:

+(4—2iR4+2ia2j3)d~~}~. (3.9) Op pOp

This is thewantedQLE in the co-movingsystemof t3t — rn Oq
the observedparticle.RememberthatR anda2are 1 / 1 82 /~~2 82

p-dependentquantities,cf. eq. (3.8). ~ ~ ~ (3.14)
Let us find the stationarysolutionsof the above

QLE.Theymustbeoftheform ~ exp(—lEt)where (Herewe usedthe shorthandnotationsp, q instead
~, is thetime-independentpartandE is a realnum- of <j~>,<q>.) This equationis equivalentto our
ber.SubstitutingthisansatzintotheQLE (3.9) yields stochasticdifferentialequations(3.13) recallingthat
two equationsfor the stationarysolution~: ~obeysthe ItO algebra(1.2).

(3.lOa) Onewould obviously expectthat, for t=oo, each
solution of the QLE (3.9) tendsto the singlesta-

[(I —2iR)4+2ia2~]~,,0. (3.lOb) tionary one (3.12).Althoughweare still unableto

Surprisingly,it is veryeasyto solvethissetof non- provethe global stability of the solution (3.12),we
linearequations.If oneintroducesthewavefunction conjectureits local stability. If ~‘ is closeto ~, i.e.

~ (q) eq. (3.1Ob) turnsinto the correspondingor- w= ~ + 8~is assumedwhere8~is small and or-
dinarydifferentialequationyieldingsolutions thogonal to ~ then, via the QLE (3.9), not too

lengthycalculationsleadto the result
~(q)=constXexp[—(l —2iR)(q/2a)2]

with arbitraryrealR anda. Then, if we substitute ~ <1~~ 2> st = — 2ya;2 I &qi÷~ 2 ~ 0 (3.15)
thissolutioninto thefrictional Schrodingerequation
[41 (3.l0a) we find the unique solution E= in the lowest non-vanishingorderof8~.
~~ while forR anda2we obtainthefollowing
stationaryvalues:

~ a~=l/~/~. (3.11) 4.Conclusion

Thereforethestationarysolutionof theQLE (3.9)
takesthe following uniqueform: A simplenonlinearquantumLangevinequation

hasbeenintroducedto describetheevolutionof the
~ (q)= (2xa~,)- “~ quantumstateof a brownianparticle.Thisphenom-

x exp[ — (1 — i) (q/2a,~,.)2 (312) enologicalequationyieldsanalyticallocalizedsolu-
tionsofgaussianshapein the stationaryregime.The

As expected,this solutionis localized.Applying the stability of this shapeneedsfurther investigations.
stationaryvalues(3.11) of R anda2 to theclassical NonlinearQLE5 to be new alternativetools to for-
stochasticdifferential equation(3.6) we get mulatequantumdampingin morecomplicatedsys-
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