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Here a formula is derived to restore the 2n ° effective mass distribution from the observed 27 one. The method is applied on 
bubble chamber events of moderate statistics, as a preliminary survey, and gives an exponential asymptotics in the relative rapidity. 

I. Introduction 

As it is well known, the two-part icle  rap id i ty  d is t r ibut ions  give a deeper  insight into the dynamics  o f  the strong 
interact ions [ 1 ]. For  charged secondaries  a qui te  sat isfactory amoun t  o f  such da ta  is available.  However,  the 
s i tuat ion is far worse for neutral  secondaries,  as n o , due to obvious  difficulties in detection.  Nevertheless,  heavy- 
l iquid bubble  chamber  exper iments  can offer at least inclusive many-par t ic le  d is t r ibut ions  o f  substantial  statis- 
tics [ 2 ]. So, the task is to restore the n o m o m e n t u m  dis t r ibut ion  from the observed 7 dis tr ibut ion.  As several 
works [3 -6  ] have shown, the In ° inclusive spectrum can be uniquely restored from the 17 inclusive one. Here  
we show how to obta in  a s imilar  connect ion between two-part icle  inclusive spectra. Namely,  we give the rela- 
t ionship between the two-part icle  effective mass  dis t r ibut ions,  because the relevant  rap id i ty  type variable  o f  the 
2n ° system is 2 arch ( M 2 J m 2 ) ,  as demons t ra ted  later. 

2. Connection between two-particle inclusive T and n ° distributions 

Consider  the k inemat ics  of  the decay n ° ~ .  A single n o o f  fou r -momentum p yields the inclusive d is t r ibut ion  
( 2 n ) - 1 6 ( 4 )  ( p - k l - k 2 ) ,  where kb  k2 are the four -momenta  o f  the 7%- Hence one direct ly obta ins  the two- 
photon  inclusive d is t r ibut ion  as 

+1 f f ~m.)6(p k 2 - ½ m , O ( d p / E ) ( d p ' / E ' ) ,  (2.1) n 2 f~Z) (p ,p , )~(Pk l  l 2 , 2 

where p, p '  are the four -momenta  o f  the " . <1) <2) plons,  f ~  , f ~  s tand for the first- and  second-order  inclusive distri-  
but ions  o f  the pions  whi l e f~  2) denotes  the two-7 inclusive dis t r ibut ion,  and  rn~ is the n ° rest mass. 

The maximal i s t ' s  goal would be a formula  for f~Z)(p, p, ) by invert ing eq. (2.1) .  However ,  here we will be 
contented  with a more  modes t  aim, namely  to generate the 2 n ° effective mass dis t r ibut ion from that  o f  the 27 
pairs. Let us first in t roduce  the normal ized  inclusive d is t r ibut ions  p o f  the 27 and 2n effective mass squares M2: 

p y ( M ~ )  = 1 f~r 2) (kl, k 2 ) 8 ( M ~  - (kl +k2)  2) ( d k l / k , )  (dk2/k2) , (2.2)  
- - y  
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p~(M2 ) = ~ f~Z)(p,p, )6(M2 _ (p+p,)2) (dp/E) ( d p ' / E ' ) ,  (2.3) 

where F~ 2) - ( n , ( n ~ -  1 ) )  (c~= 7 or n) is the second factorial moment  of the multiplicity distributions, re- 
spectively. Now substituting eq. (2.1) into (2.2) one obtains that the RHS contains the ~o distribution only in 
the (2.3) combination: 

4F~ 2) ~ T(M~v; 2 2 2 
p v ( M 2 ) = ( ( n v ) / F ( v 2 ) ) 6 ( M 2 - m ~ ) +  F~2) 4 0 m 2  M ~ ) R ~ ( M ~ ) d M ~ ,  (2.4) 

where 

T(M2;  p, p, ) = 2 2 T ( M  w, M ~ )  

1 
~m~)6(p k 2 - (kl -[-k2 -- (2g) z 6(pkl __ 1 2 , ~m~)6(Mr r l  2 2 _ )2) (dk l /k l )  (dk2/k2) • (2.5) 

[Observe that Tis a Lorenz scalar, therefore its p, p '  dependence must occur only through the 2~ ° effective mass 
square M ~  =- (p+p')2. ] Thus, by eqs. (2.4), (2.5), we have obtained a direct relation between the 23, and the 
2n ° effective mass inclusive distributions. 

The kernel (2.5), after a straightforward and moderate computation, yields 

T(M~; 2 2 M ~ ) d M ~ = d Y ~  X2Y~, Zrr<~-Y~, 

×Y=-zrr ,  -Y=<~Zrr<~¥~, 

×0,  Y=~zrr ,  (2.6) 

where, for convenience, we have introduced the shorthand notations Zrr and Y~: 

2 2 Zrr=-ln(Mrv/rn~) -~<~Zrr<<. + ~ ,  Y~==-2 arch(M~J2m~) 0<~ Y~<~ + ~ .  (2.7a,b) 

Then, substituting the form (2.6) of the kernel into eq. (2.4), one obtains 

( 2 )  2 = ( n v ) 6 ( M 2 _ m  2) Fv Pv(Mrr) 

+4F~ (2~ p~(M~,~)(Y~-zw)dY~,~+4f~a)O(-zr~) ,o,~(M~)2Y~dY,~,~, (2.8) 
z-/-/ 0 

where 0 is the step-function. There are corresponding M ~  values below and above the ~°-peak fulfilling the 
relation 

2 4 2 - -  2 2 p~ ( M ~ )  + p~ ( m ~/ M ~  ) - c o n s t .  . for all Mw ¢ m ~ ( 2.9 ) 

Therefore it is enough to restrict ourselves 2 2 to M~v > m~. There, eq. (2.8) can be inverted by repeated differen- 
tiations as 

p~(M~)  = ~ ( F ~ ) / F ~  ~)) (d /dz , )2p~(M~, ) l z .=y= . 

This is the cental result of the present paper. Eliminating the shorthand notations (2.7), this formula can be 
written into the final form 

4 k - - y  / - - r c  / (Mw d /dMw)  Pv(Mw)[M~=(M==+_~)/2. 
[ The double sign in eg. (2.11 ) corresponds to the two halves of  the Pv (M2w) distribution, separated by the n ° 
peak, c.f. eq. (2.9).] 
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3 .  A p p l i c a t i o n  

Although eq. (2.11 ) is our final result we must note that this form is not too appropriate for direct use. 
Namely, it contains derivatives o f  a histogram which is an incorrectly defined numerical problem. For one- 
particle inclusive distributions this instability was circumvented [ 7 ] by special regularization methods [ 8 ], see 
also in ref. [ 6 ]. Let us postpone the problem for a moment .  

The application o f  our formula on high statistics data will be the object of  a subsequent paper. Here we want 
only to demonstrate how it works. Fig. 1 displays the M 2 inclusive distribution taken from 2000 propane cham- 
ber events in 40 GeV n - - p  collisions [2].  While the symmetry (2.9) cannot be observed on the data, for this 
the responsibility can be relegated to an expected artefact, namely the excess of  low energy photons originating 
partly from misinterpretation o f  low energy tertiaries, partly from unnoticed energy loss o f  e+e - pairs, the 
M 2 > m~ part o f  the measured distribution is more reliable, and contains the full information due to the sym- 
metry (2.9). 

Now, the upper part o f  the distribution should be put into eq. (2.11 ) in order to obtain the 2n ° effective mass 
distribution. However, as mentioned above, the required numerical differentiation is an awkward procedure. 
Nevertheless, as will be immediately shown, in the present case one can avoid this difficulty. Namely, fig. 2 
displays the same distribution on a double logarithmic plot, and demonstrates that it is consistent with a power 
law: 

p~(M~)=const..z~, a, f l=1 .44+0 .07 ,  z rv>0 .  (3.1) 

Then the differentiation in eqs. (2. I0) ,  (2.11 ) can be analytically performed, and the 2n ° effective mass distri- 
bution obtains the form 

p~ (M2~)const. • ( M ~ +  ~ -  4m~) -2B . (3.2) 

Now, consider the defining equation (2.7b) of  Y~, and evaluate it in the limit M ~  >> m~. There, for negligible 
transversal momenta,  
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Fig. 1. Inclusive 2"/ effective mass  distribution for n - - p  at 40 
GeV/c  from the experiment of  ref. 12 ]. For the details of  the 
high-mass tail used in our evaluation, see fig. 2. 

1 

0 -+-++++++ 
-2 

cw 

eJ~ 
' ~ ' - 4  

-5  

- 6  

- 7  
0 J_ 2 3 4 

z2~.= In (M2r/m2) 

Fig. 2. As in fig. 1, but on doubly logarithmic scales for the better 
display of the tail. Observe the shoulder at the n ° mass (instead 
of the theoretical ~-shaped peak). The tail is indeed conform with 
a decreasing exponential (best fitting: continuous line). 

709 



Volume 206, number 4 PHYSICS LETTERS B 2 June 1988 

Y ~ =  lYJ -Y21 , (3 .3)  

where y, stands for the ind iv idua l  rapidi t ies  o f  the rc°'s. Now observe that  f~2) ( Y ~ )  =F~Z)p,~(M,~,,)dM,=/dY,~,~2 2 

is the inclusive d is t r ibut ion  of  the " re la t ive  rap id i ty"  (3 .3) .  Thus in the above l imi t  eq. (3 .2)  yields the follow- 
ing asymptot ica l  result  f o r f ~  2) ( lY~ -Y2 [ ): 

f { 2 ) (  lY~ --Y2 I ) ~ e x p [  -- (f l--  1 )lY~ --Yz l] ,, (3.4)  

w i t h f l - l ~ ½  [cf. eq. (3 .1 ) ] .  

4. Conclusion 

Here a rigorous relat ion has been constructed between the observable 2"/and theoret ical ly relevant  2n ° inclu- 
sive distr ibut ions.  A pre l iminary  calculat ion has demons t ra ted  the exponent ia l  asymptot ic  behav iour  o f  the 27r ° 
relat ive rapid i ty  dis t r ibut ion.  Since exper imenta l  two-part icle  rap id i ty  d is t r ibut ions  are regarded as s tandard  
addi t ional  tests on product ion  mechanisms  [9 ], it  seems worthwhile and promis ing  to uti l ize this me thod  for 
extending such tests to neutral  secondaries.  The needed M ~  inclusive dis t r ibut ions  o f  high statist ics are already 
appear ing in the l i terature (cf. e.g. refs. [ 10,11 ] ). 
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