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Comment on “Quantum Theory of Optical Feedback
via Homodyne Detection”

In a recent Letter [1] Wiseman and Milburn revisited
the problem of feedback [2,3] in quantum optics. They
use the recently developed tools of nonlinear stochastic
evolution equations for state vectors [4], also known as
Monte Carlo wave functions [5], to derive a stochastic
equation for systems with homodyne mediated feedback.
In this Comment we would like to stress first that the au-
thors choice of the Stratonovich rather than the Ito sto-
chastic equation [6] is not innocent, but includes implicit
assumptions about the feedback. We would like to make
them explicit and show that their result actually corre-
sponds to the It0 choice, contrary to their claim. Next we
stress that their example [Eq. (12)] is inappropriate.

For simplicity assume a 100% efficient detector: n=1;
pure states then remain pure and one can work with (nor-
malized) state vectors. The diffusion equation of the sys-
tem under continuous observation, equivalent to Egs.
(1)-(3) of [1] can be written equivalently as Itd or Stra-

tonovich equations, labeled I and S, respectively:
dy,=—iHydt+U*L— S LTL— $1}1)ydt
+(L—1)y,dW, (1.D
=—iHydt— Y (LTL—(L L), +L*—(LD)y.dt
+(L =1y, olaw,+ > +1)dr], 1.8)

where [, =(L), ={y,|L|y.)/\w.:|y;). The operator L is ar-
bitrary; in particular it could be the annihilation operator
as in [1]. The feedback Eq. (4) of [1] can also be
equivalently written as Itd or Stratonovich equations (we
use Hp=—ilA4,pl):

dy, = —iAy ldW,+ (I* +1)dt] — § A%y,dt
= _[AW1°[dWl+(l‘*+lg)dt] .

@.n
(2.9)

Now, as Wiseman and Milburn correctly pointed out, the

question is how to combine these two evolutions. In the

retarded feedback case Ito equations correspond to an al-

ternating succession of weak measurements and feedback.
J Formally,

vi+dy, ={1 —idldW,+ (*+1)dt] — A% | —iHdt + (L — Y LYL— S 1X1)de+ (L —1,)dW, ]y, ,

where the first factor on the right-hand side represents
feedback that acts after the measurement as represented
by the second factor. Developing the algebra and using
dW2=dt one gets Wiseman and Milburn’s Eq. (7),
without any operator order manipulation (compare with
the Letter [1]). The average over the noise defines their
Eq. (8) which can be written in Lindblad form:

—‘% =—ilH,p ]+ (L —id)p, (LY +iA)

— LW +ia) (L —iA),p}

—é[L*A+AL,p,]. (3)

In the feedback case Stratonovich equations correspond
to simultaneous continuous measurements and feedback.
Adding thus the right-hand side of (1.S) and (2.S) one
gets

dy,=—iHydt — + (LTL —(LIL),+L2—(LD),)y,dt
+(L =l —iA)y,oldw,+(U*1)dr],

which, as can be shown, does not lead to a linear equation
for dp,/dt unless [L +L*,A] =0. This may be an illustra-
tion of the well known principle of quantum mechanics
that one cannot measure one physical quantity and simul-
taneously apply an incompatible Hamiltonian. If, furth-
ermore, [L,4]1=0, one gets back the master equations
(3) derived under the It6 condition.

We come now to our last point. The operator L in Egs.
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[ (1) and (2) must be the same. Hence the choice (10) of
[1] is not a valid one: It does not conform with the feed-
back mechanism of the Letter and does not preserve posi-
tivity.
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