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Abstract

We present a formulation of measurement-based feedback control of a single quantum particle in
one spatial dimension to consider arbitrary linear combinations of the position and momentum of
the particle used as observables for monitoring and as generators of unitary feedback with strength
proportional to the measured signal. We derive a feedback master equation and discuss a general
approach to computing the steady-state solutions for arbitrary potentials. For a quantum har-
monic oscillator or a free particle, we show that it is possible to cool and confine the system using
feedback that simultaneously damps the measured observable and its conjugate momentum. Our
general approach allows to identify a combination of measurement and feedback variables that,
under certain circumstances, completely mitigates the noise induced by the measurement. The
resulting deterministic evolution of expectation values in each realisation of the measurement
resembles the dynamics of a damped classical oscillator, leading to a stationary state centred at

the minimum of the potential, which becomes the ground state in the weak measurement limit.
Remarkably, this stabilisation can be achieved using a fixed generator of feedback that is determ-
ined by the asymptotic values of the second-order moments of the steady state. In addition, we
demonstrate that appropriate feedback adds a quadratic term in the measured observable to the
Hamiltonian of the system. Moreover, we provide an argument for the possibility to cool systems
with arbitrary potentials, provided that the measurement is strong enough to localise the particle
on an interval smaller than the characteristic length scale of the potential.

1. Introduction

Recent developments in the fields of quantum computing and quantum meteorology have resulted in a
demand for protocols to control individual quantum systems [1-6]. One paradigm of quantum control
is measurement-based feedback control in which the dynamics of a system are altered as information
received from continuous measurements is fed back into the system. For example, in order to impede
the movement of a particle, a force proportional to the measured velocity can be applied in the oppos-
ite direction to that of the motion. Although a measurement inevitably changes the state of a quantum
system, feedback control can be achieved with weak or unsharp measurements [6], which allow to gain
information about a system without much disturbance.
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In this paper, we present the theory that describes the dynamics of a system that is controlled
by instantaneously feeding back the measurement signal at each moment, which corresponds to the
Markovian limit. This is done by introducing a feedback Hamiltonian which depends on the stochastic
measurement signal. The possibility of continuous feedback control was studied theoretically by
Wiseman and Milburn [6] and in [7, 8] as well as experimentally in [9-12]. In particular, there are stud-
ies of the cooling of a single trapped ion [9, 10], the cooling of an optically levitated nano-particle [11-
14], the cooling of a neutral nano-particle in a lattice [15] and the cooling of trapped atoms probed by
off-resonant light [16].

Feedback presupposes a measurement step, which necessarily introduces noise into the process even
if all classical noise sources are eliminated. In our theory, this is manifest as a diffusion-like term in the
master equation. The beauty of direct quantum feedback, as presented here, is that it can be used to
cancel the noise which drives the mean values of the dynamical variables, as shown in section 5. This is
possible because the noise in the measurement signal is the same noise that drives the system. The result
is that the steady-state of the feedback master equation can have the same variances as the conditioned
states since all of the fluctuations in the mean values are overcome.

Here, we use the method developed by Didsi in [17] to express the state change in terms of gener-
ators and in the ‘co-moving’ frame — defined as the reference frame in which the expectation values of
both position and momentum are zero. We show that this method can greatly reduce the complexity of
computations without additional approximation, as well as give insight into the type of feedback neces-
sary to achieve the desired control.

In order to illustrate the power of this method, we consider the case where the measured and feed-
back observables are an arbitrary linear combination of the position and momentum. We discuss the
relevant stochastic feedback master equation in section 2, compute the corresponding steady-state in
sections 3 and 4, and there derive for Gaussian wavefuntions deterministic equations for the time evol-
ution of second order moments. In addition, we show that appropriate feedback can be used to com-
pensate a part of the Hamiltonian of the system (section 5). For a harmonic potential, we determine
how feedback can confine the particle to the centre of phase space in the laboratory frame, the reference
frame with respect to which the experimental apparatus is at rest, thereby reducing the energy of the
particle. This phenomenon is also discussed for other potentials.

2. The feedback master equation

Our feedback scheme relies on the use of information obtained from continuous observation to manip-
ulate the motion of the system, e.g. to cool or confine it. Assuming the measured observable is asso-
ciated with the operator M, the increment of the readout of the continuous measurement at a certain
instance is

dM = (M)dt + Jdw (1)

~25~1 which determines the rate at which inform-

where +y is the measurement strength with units [M]
ation is extracted from the system. The first term is the expectation value of the observable, (M) =
Tr[Mp], defined with respect to the density operator p in the selective regime, which represents the cur-
rent state of the system for a given measurement record. The second term represents a contribution of
Gaussian white noise (dW), modelling the deviation of the measurement result from the expectation
value of the observable by a random Wiener process. In the selective regime of measurement, a particu-
lar realisation of the continuous measurement is selected with a definite measurement result at each time
instant, which leads to the increment d M (1). For each realisation of a continuous measurement there is
a corresponding trajectory of states of the measured system.

According to continuous measurement theory [4, 6], the state change of the system, due to the meas-
urement of the observable after a time step dt, is given by the It6 stochastic differential equation

dp=—1 [H,p] dt— 3 [M, [M, p]] dt+ 5 {M— (M), p} dW. (2)

The first term corresponds to the unitary evolution related to the Hamiltonian H of the system. The
second term refers to the dissipative dynamics due to measurement and tends to diagonalise the density
operator in the eigenbasis of the measured observable, M. The final term is proportional to the Wiener
increment, dW, and indicates an update of the observer’s knowledge about the system according to a
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certain measurement result, dM. The It6 differential dW satisfies the following algebra:

<dW>St = 07
dWdw = dt,
dW" =0forn > 2, (3)

where (-)s denotes stochastic mean. The Wiener noise increment dW at a given time ¢, points to the
future and is thus statistically independent of the state p and the measurement signal (1) at time ¢.

On the other hand, the non-selective (or unconditional) regime of measurement, which describes the
state of the measured system averaged over all measurement results, is governed by the von Neumann
equation

dp:_% [Hap] dt—% [M7 [Mvpﬂdta (4)

obtained by observing that the average of the Wiener increments and thus the stochastic part of
equation (2) vanishes.

A simple Markovian feedback can be achieved by amplifying and feeding back the measurement sig-
nal, via the Hamiltonian [18]

. ~dM
Hp, (t) = F— 5
fb( ) 5t ( )
where F represents a hermitian operator, and 8¢ is a sufficiently small time interval during which the
feedback is implemented by means of the unitary time evolution
U= exp [—;ﬁdM] . (6)

Although Markovian feedback is not as powerful as Bayesian feedback [19], which uses the best estimate
of the system state, it is theoretically and experimentally simpler to implement [18, 20]. Realistic detec-
tion and feedback have imperfections, e.g. a limited efficiency [4] and bandwidth of detection [21], or a
delay of feedback. Here, we assume the ideal case where the time scales of detection/feedback imperfec-
tions are small compared to the time scale on which the system evolves. In the ideal (infinite bandwidth)
case, the feedback Hamiltonian (5) must be linear in the detection readout M. As a major difference

to the ideal case, the finite bandwidth model allowed the authors of [22] to use feedback Hamiltonians
controlled by quadratic functions of the readout in order to cool the harmonic oscillator, meaning
another simple but radically different mechanism from ours.

We point out that it is possible to implement feedback without delay equivalent to measurement-
based feedback by means of coherent feedback [23].

A system undergoing continuous observation and Hamiltonian evolution changes as p — p +dp,
according to equation (2). Adding feedback, described by the unitary operator given in equation (6),
causes the system to evolve as p — U(p+ dp)UT. The resulting stochastic master equation for the density
operator of the system is thus given by

VN, Y dw - £, p]dw, 7)

and has a Lindblad structure. The complete derivation is given in section A of the SD. This expression
also appears in [6, 24]. The first, second and fifth terms of this equation describe the free evolution and
measurement back-action, while the remaining terms include the effects of the feedback loop. The fourth
term causes the expected damping, while the third term leads to diffusion in the observable conjugate
to the generator of feedback F. The diffusion occurs as a result of the noise in the measurement sig-
nal, which is also amplified and fed back to the system. In the limit of weak measurements (v — 0) the
measurement signal is dominated by white noise. As a result, in equation (7), the diffusion term as well
as the noise term induced by feedback, which are proportional to 1/ and 1/,/7, respectively, diverge.
In order to take advantage of very weak measurements for cooling purposes, we choose in section 5.3 a
feedback generator F o v, cp. equations (69) and (70), that moderates the measurement noise and regu-
larises equation (7).
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3. Determining the stationary state using the co-moving frame

Here we follow the method of Diési [17] to derive the stationary-state solution. Accordingly, we use the
coordinate-free representation and assume the state of the system to be a pure state |¢)). We can thus
write the feedback equation for the state vector in the equivalent form

dp) ={[~1H— 3 (M- (¥1))" = 5 PP = S (W1+ () | e

+ [ (V- (1) — 1] aw ). (8)

)

It is possible to formulate this non-deterministic state change in terms of a generator as

) +dly) = exp (G) 1), ©)

where

+ [T (M- () — =] aw. (10)

Up to this point, we have not placed any restrictions on the Hamiltonian, H, the measured observable,
M, or the generator of feedback, F. Equation (9) is therefore valid for any system undergoing continuous
measurement of an observable M and feedback of the form (6) with hermitian feedback operator F.

As outlined by Didsi in [17], we now consider the dynamics of the system in the co-moving frame,
i.e. the reference frame in which the expectation values of both position and momentum are zero. For
this purpose, we transform the state |¢)) + d|t)) at time ¢+ dt into the co-moving frame as follows

[9) -+ dip) = e O HDH @@ (1) 1 afs)), ()

where d(q) = Tr(4dp) and d{(p) = Tr(pdp). Transformation (11) resembles feedback. However, it cannot
be realised in a laboratory and therefore does not represent standard feedback, but rather a purely math-
ematical operation. As a consequence of equation (11), the expectation value of position with respect to
the transformed state at time ¢+ dt vanishes:

(401 1) 4 (19) +dld)) = (] +d@ul)e #@H@RGR@D @D () 4 d)

= ([ +d@D) g - (@) +d@)] (1Y) +de)
=0.

Similarly the expectation value of momentum, ((¢)| +d(|)p(|9) + d|))) equals zero. The state |¢)) +
d|¢)) therefore represents the state of the system viewed from the co-moving reference frame.

It is always possible to choose a special coordinate system where (§) =0 = (p) at the given instant ¢
when [¢)) is considered. At this instant [t)) coincides with |¢) and it follows that the state change with
respect to this coordinate system reads

) + djs)) =e™ #PHeFADIC] ) (12)

Note that we have not placed any restrictions on the Hamiltonian, H, measured observable, M, or
the generator of feedback, F. Therefore, by replacing § and p in equation (12) with any pair of conjug-
ate variables, we can shift the description of the system into a reference frame with respect to which the
expectation values of these conjugate variables vanish simultaneously. Using the measured observable M
and its conjugate momentum as the conjugate variables greatly simplifies the calculation of the station-
ary states, as we shall see in section 4. This simplification is the essence of Di6si’s method, and the form
invariance of equation (12) under canonical transformations makes it applicable to compute the station-
ary states for a large class of continuous measurements with feedback.

4
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4. Stationary state of a particle in a harmonic potential

To illustrate the power of this generalised approach, we consider the specific case where the measured
observable is an arbitrary linear combination of position and momentum,

M=aq+Bp, (13)

where o and [ are real constants that are dimensionless and of units kg_1 s, respectively. Furthermore,
let the generator of feedback be

F=x4+0dp (14)

where y and § are real gain factors of units kgs™> and s~

tions that follow, we introduce the following operators

, respectively. In order to simplify the calcula-

Q:=M=ag+pp (15)
P:=—-p'g+a'p (16)

that satisfy the canonical commutation relation, [Q, P] = if, i.e.
aa’ + 68" =1. (17)
This assumption also implies that Q and P are canonically conjugate. In addition, we can write

F=uQ+vP, (18)

*, respectively. The transition to the co-moving

where u and v are real factors of units kgs™* and s~

frame can also be achieved by replacing variables § (p) in transformation (11) by the conjugate pair Q
and P since the expectation values of position and momentum vanish if, and only if, those of the gener-
alised variables Q and P vanish.

As an example, let us consider a particle in a harmonic potential with Hamiltonian

. 1 mw?
H=—p*+—4°. 19
P T4 (19)

If o’ =« and B’ = m*w?/3 and equation (17) holds, then a? + m*w?$% =1 so that Q and P are canon-
ically conjugate. The Hamiltonian of a harmonic oscillator is form invariant under linear transforma-
tions of this type, so that

. 1 . 2.
a=—p+ 5 (20)
2m 2
We now show that the transformation (12) for a particle in a harmonic potential leads to a unique
solution in the stationary regime. Applying the Baker—Campbell-Hausdorff formula and It6’s lemma (3)
to equation (12) results in a state change in the co-moving frame given by

1) +d|9) = exp{ [_%H_ x (Q2 _ <Q2>)} dr— %ﬁ [(ih+ <{Q,ﬁ}>) O— 2<Q2>f>} dw} 1), (1)

where we ignored irrelevant phase factors and assumed Hamiltonian (20). The full derivation and the
general state change for arbitrary Hamiltonian are provided in S2.

We note that equation (21) no longer depends on feedback. This is to be expected as feedback of
form (6) corresponds to a shift of the Wigner function [25] in phase space, and consequently its shape
remains unchanged. Therefore, from the point of view of the co-moving frame, feedback has no impact
on the state of the quantum particle. We note that if the generator of feedback F contains terms of
higher orders of position and momentum, for example, angular momentum, then this is no longer true.
However, this method still leads to a simplified state change in the co-moving frame since all first-order
terms in Q and P are eliminated.

The stationary solutions are of the form [t ) exp(—iEt/h), where |hoo) is the time-independent part
and E is a real number with units of energy. Substitution of this ansatz into equation (21) followed by a
comparison of coefficients of the independent increments dt and dW yields

=i (@ = (@) | 19ee) = Ec), (22)

5
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such that E = (oo |H|thoo) = (H) e, and
[(ih+ < {é,ﬁ}%) Q_z<éz>ooi>} oo) = 0. (23)

The notation (-)o is used to denote the expectation value with respect to the stationary state i) ). If
we introduce its wave function in position representation ¥ (g), equation (23) becomes a first-order
linear ordinary differential equation of the form aqy o (q) = dioo(g)/dg, where a is a complex constant,
namely

(iha + < {Qﬁ}>oo) Qoo (q) = il (ihﬂ — < {Qé}%o) W : (24)

This differential equation is known to have a Gaussian solution and it follows that the stationary solu-
tion in position representation is given by

- R 2 i 2
Voo () = (;f;j) exp (—L) ; (25)

where
= 26
o > , (26)

and similarly in momentum space

1
- 2Re{c?} ) * 22
Yoo (p) = (fr{hf}> exp (—th) : (27)

The eigenvalue equation (23), and equivalently equation (24), holds for arbitrary Hamiltonian H, as
derived in section B of the SM. For the free particle, it is possible to use the results of [17] to show
that both eigenvalue equations hold. We claim here that this is also the case for a general Hamiltonian.
However, the analysis is beyond the scope of this paper.

For the harmonic oscillator, we can show explicitly that the Gaussian stationary wave functions also
satisfy the eigenvalue equation (22) for all measurement strengths +, see section C of the SM. Proving
this requires us to express the stationary value of the variance of the measured observable in the co-
moving frame, (Q%), as a function of the expectation value of the anti-commutator ({Q,P})s, and
the variance (P?)... The calculation of these terms is the subject of the next section. Under certain cir-
cumstances, the quantities (Q?), (P2) and ({Q,P}) obey a set of coupled first-order differential equations
(Riccati equations) and thus evolve deterministically. Further, in S3 it is shown that for a particle in a
harmonic potential, the energy eigenvalue in equation (22) is given by

hz
E=—— . 28
o (28)

In the weak measurement limit, v — 0, the energy with respect to the co-moving frame is minimal, i.e.

(@)oo — 52— In addition, the product (Q?)oo (P?)os — %2 so that E — (P?), /m, which is twice the

expectation value of the kinetic energy in agreement with the Virial theorem.

4.1. Calculation of stationary widths for a particle in a harmonic potential
From the expressions of second-order moments of position and momentum, a system of differential
equations can be derived that allows the calculation of the width of the asymptotic wave function,

— (d(g))? (29)
— (d(p))’ (30)
<{Aq,AP}> <{ 13}> 2(q)d(p) — 2(p)d(q) — 2d(q)d(p) - (31)
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Here we have introduced the notation Ad = 6 — (6), such that the variance of 6 is given by (Ad?) =

(0)? — (0%), where (-) denotes the expectation values with respect to the state viewed from the laborat-
ory reference frame. Note that the last terms in equations (29)—(31) take into account the stochastic con-
tribution dW in the increment of the expectation value, see equation below, the square of which leads

to a contribution of order dt. The increment d(0) of an arbitrary operator 6 can be calculated using the
master equation (7),

d<6> —Tr (6dp)
=[=(l.m) - ([ [ of|) - s (B[R] ) - i {Q [0. A1} )]
+[ 9 ({oaQ)) - wz(lo.1)]aw. (32)

where Q and P are the general operators defined in equations (15) and (16), respectively. Explicit expres-
sions for observables of the quantum harmonic oscillator under continuous control are given in section
D of the SM. Equations (29)—(31) are form invariant for any pair of conjugate variables. We can thus
compute these total differentials for Q and P,

(30 ) =o{(s0) Yo esfot e vr((s0) haw oo

d( (aB)") :ETTﬁYdtf 2{{ap,a0} >2dt7 i< {ab,A[PH]} Ydr+ Y ({(AP)',AQ} yaw

a({ac.ap}) = ({acap} jag({arala]} ju—a({apaa})((aq) )u
+ 33 ({{a0,ap}, 20} )aw. (35)

This set of coupled equations holds for all times t and for an arbitrary Hamiltonian, H.

For a particle in a harmonic potential and for sufficiently large times > 7=, the system assumes
stationary states of Gaussian form, see section 4. This also applies for a free partlcle, and it can also be
assumed in good approximation whenever the particle is localised due to the measurement on length
scales on which the potential does not vary much [26]. In this case, higher order moments are zero, in

(30)') = ({o9720))_=({{oesfaa) 0. o

Assuming that the Hamiltonian H is that of the harmonic oscillator (20), we note that [Q,H] = %13
and [13, H] = —ilimw?Q so that equations (33)—(35) are reduced to a system of linear first-order coupled
differential equations which can be written as

x=—2rx*+z (37)
j=S(01-2) (38)
z:2(y—x) — 2kKxz, (39)
where
mw A\ 2
s=((8Q)) (40)
1 A\ 2
V= e < (AP) > (41)
1 N «
z.:ﬁ<{AQ,AP}> (42)
are the unitless versions of the variances of interest and
hy
© 2mw? (43)

is the measurement strength relative to the characteristic dynamics of the particle. The steps taken to
arrive at this result are shown in section E of the SM. The coupled differential equations (37)—(39),

7
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Figure 1. Time dependent solutions to the coupled differential equations (37)-(39) for k = 1/4. The initial conditions were
= (@®) =1/v/2and %({AC), AP}) =1/2, with 4 (P?) = 5/(8+/2) according to equation (44). The graphs show damped

. . . . L hmw V|
oscillations leading to constant values in the stationary regime.

which represent Riccati equations [27], can be solved numerically. An example of the dynamics in
figure 1 shows the characteristic damping of oscillations resulting in Gaussian wave packets with con-
stant width (stationary regime). In addition, we note that equations (37)—(39) imply

(30 ) 0) =+ 3 faa)),

so that ({AQ, AP}) increases the minimal uncertainty [28].
In the asymptotic stationary regime (cp. figure 1) the time derivatives d((AQ)?)/dt, d((AP)?)/dt

and d({AQ,P})/dt (equivalently %, 7 and z) are zero, so that equations (33)—(35) (equations (37)—(39))
yield

{sast)) =L (1+i)

(00 - e i

K
(A7) = i/;ZV_HV”“” (47)

The above solutions are valid for all values of 7, «, 3, m and w provided that the assumption o +
m?w? 3% = 1 holds. We note that the asymptotic values depend on the product mw and on the dimen-
sionless relative measurement strength &, but not on m, w and +, individually.

The relative measurement strength x is the product of the measurement strength v and the two
quantities that characterise the dimensions of the system. These are the time scale on which the sys-
tem oscillates 1/w, and the squared length scale, given by the variance #i/(2mw) of the position of the
ground state of the harmonic oscillator. If x >> 1, measurement is the dominant feature and the particle
follows a random walk. If, on the other hand, x < 1, the measurement is weak compared to the unitary
dynamics of the system, and the harmonic motion of the particle is dominant. The asymptotic second-
order moments (45)—(47) are plotted as functions of the relative measurement strength « in figure 2,
which shows the transition that occurs in the regime 1 < x < 10 from a state of minimal uncertainty to
a state of maximal uncertainty that the system can assume.

In the weak measurement limit v — 0, i.e. K — 0, the variance of the measured observable
approaches the variance of the ground state,

((49)"), = 5 4
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Figure 2. Plot showing the stationary value of the second-order variances as a function of k according to equations (45)—(47).
The dashed grey line represents the asymptotic uncertainty as a function of . A lower bound for the asymptotic energy Eip is
also shown and is determined by the expectation value of the Hamiltonian with respect to the stationary state in the co-moving
frame (28). Dots indicate the stationary values associated with x = 0.25 for comparison with figure 1.

Therefore, according to equation (28), the energy in the co-moving frame converges to the ground
state energy fiw/2, as alluded to in the discussion of equation (28). Values of k < 1, corresponding
to weak measurement or weak coupling, are experimentally feasible, e.g. for systems such as trapped
ions [9, 10].

5. Feedback for cooling and confinement

The stationary values of the second-order moments of the system state, as shown in the previous section,
are dictated by measurement only, since the feedback vanishes from the equation of motion in the co-
moving frame. Here, we consider the effect of feedback on the motion of the quantum particle viewed
from the lab frame and how it can be used to cool and confine the particle.

At each moment in time, feedback changes the position and momentum of the particle by an
amount proportional to the measurement signal and according to coefficients x and J in equation (14).
By tuning these coefficients, we can alter the motion of the particle in such a way as to mimic the action
of a quadratic potential. In general, this allows for the Hamiltonian of the system to be altered by a term
quadratic in the measured observable.

Feedback can also be used for the purpose of cooling and confinement. Intuitively, information
gained from measurement can be used to gradually reduce the expectation value of the measured
observable Q by shifting the system towards a smaller value of this observable. This is achieved by
continuously applying feedback generated by the conjugate momentum P with a negative scaling. At
the same time, it is possible to choose this scaling such that the random changes in Q introduced
by the measurement diminish over time. The same can be achieved for the conjugate momentum P.
This is realised by introducing friction generated by Q, which simultaneously compensates for random
changes of the conjugate momentum P generated by the measurement of Q. The combined feedback
thus leads to damping of both the measured observable Q and its conjugate momentum P. To determ-
ine the values of the scaling coefficients u# and v in equation (18) that lead to cooling and confine-
ment as well as noise mitigation, it is necessary to consider the equations that govern the motion of the
particle.

The stochastic master equation (7) in terms of the operators Q and P reads

[+ 5@p| de- 7 (1 + (%)2) Q. [Qp] | ar

St

dp=—

g [P [P e~ [ L0} ar— e ([Q[B.o)] + B[] ]) e
+§{Q—<Q>7p}dW—ﬁ {ué—&—v}s,p} dw, (49)
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where we inserted F = uQ + vP, and used the identity [Q,{Q, p}] = [Q?,p] to obtain the first term in the
this equation. Equation (49) shows that by choosing u # 0, the Hamiltonian of the system can be altered
by a quadratic term in the measured observable Q. This is discussed in section 5.1.

Furthermore, according to equation (32), the increments in the measured observable and its conjug-
ate momentum are given by

4(Q) = i{[Q.h] Yar+v{Q)dr+ /2= (";;d< (AQ)2 )+ ;ﬁ;) dw (50)

and

d(Py ==+ [P.A] )dr—u(Q)dr+ \/@( ({aq.ap}) - L) aw, (51)

respectively. These equations indicate how to simultaneously eliminate the stochastic terms. As discussed
in section 5.3, the corresponding choice of feedback turns out to be sufficient for cooling and confine-
ment of a particle in a harmonic potential. Furthermore, it is possible to drive the particle into the
ground state by combining this choice of feedback with weak measurement.

5.1. Manipulation of the Hamiltonian
First, we consider the implications on the system dynamics if we choose feedback in order to alter
the Hamiltonian of the system. If the generator of feedback is a linear combination of position and
momentum, see equations (14) and (18), then feedback proportional to the measured observable Q
allows us to simulate an additional quadratic potential in Q. This is implied by the form of the first
term on the right-hand side of equation (49).

In the case of a harmonic potential (20), we consider how feedback might be used to compensate
for a portion of the Hamiltonian. Let us assume that F = —mw?Q, i.e. u = —mw? and v=0. The master
equation (49) becomes

dp=—} - 2@ p|dt—3 (1+ (2';;:2)2) Q. [@p]]ar

+ 7 {Q— (@0} dW+ 22 [Q p] dw. (52)

Here, feedback cancels a portion of the Hamiltonian so that the effective Hamiltonian Heg is given by
o := H— "~ Q2. (53)

The master equation (52) resembles that of a free particle under continuous position measurement, with
an amplified decoherence term, as well as a random Hamiltonian (cp. last term in the equation).

To take a particular example, let us continuously measure position, with Q=gand P=p (ie. a=1
and 8=0), so that H. is the Hamiltonian of a free particle. According to equations (50) and (51) the
total differentials of position and momentum read

p)de-+/7((d - (@)")dw (54)

i~ (@ p— () pdw+ ™

mw
VAl

3L
-

dw. (55)

Considering stochastic averages, denoted by (.}, the Wiener increments dW vanish and the coupled sys-
tem can be solved to reveal the evolution of a free particle

(@) = (@) + — (F(0))s (56)

A method to continuously infer the position of an ion through spontaneous light scattering into mirror
modes is provided in [10].

Alternatively, let us continuously monitor momentum, with Q = (mw)~'p and P = —mw4, i.e.
a=0and B = (mw)~! in order to satisfy the condition a? + m*w?$* = 1. The measurement of the
momentum of an ion can be realised via the measurement of the phase changes of a probe beam using
homodyning [29]. Master equation (52) then reads

dp=—i ng’z )dt+ <fp> dw, p:| g <1+ (jm)z) P, [ﬁ,p]]dt+§{ﬁ— (p),p}dwW. (57)
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It resembles the dynamics of a particle with high inertia (mass) in a harmonic potential under continu-
ous position measurement with an amplified decoherence term and a random unitary translation. In this
case the increments in position and momentum are given by

) = 3oL (i)~ P “=aw (58)

() = —me (@)t + Y2 (5~ (5))aw. (59)

For this choice of feedback and in the non-selective regime of measurement, the momentum (p) grows
linearly proportional to the position (g), while the position remains constant,

(B (1)st = (P (0))st — mwt{3 (0))s:- (60)

Feedback continuously shifts the quantum particle back to its original position, while it simultaneously
gains momentum as a result of the force applied by the harmonic potential.

5.2. Optical harmonic oscillator
In order to investigate the thermalising effect of the feedback, we first compare the master equation (49)
with that of an optical harmonic oscillator coupled to a heat bath. We consider the prototypical example
of an optical oscillator in the rotating wave approximation and in the non-selective regime of measure-
ment, allowing us to compare our results with the typical equations obtained for such a system.

The position and momentum operators, ¢ and p, can be expressed in terms of creation and annihila-

tion operators as,
Ao, . . [hmw .
S (a—i—aT) and p =i/ 5 (aT—a). (61)

In section F of the SM the master equation (7) written in terms of creation and annihilation operators
is given in equation (S25). We consider this result in the rotating wave approximation and in the non-
selective regime of measurement, such that the state of an optical harmonic oscillator obeys

[{aa} ]dt—i— c—v )(dpdT—%{de,p})dt—i—c( pa——{aa p}) , (62)

é:

dp’ =~ [H,p]

where the real constant ¢ is given by

= b (G +) +5 (63)
For a particular class of feedback, namely F o< P with 1 =0, equation (62) has the same form as the
equation governing a harmonic oscillator coupled to a heat bath of harmonic oscillators at a certain
temperature [6], given by

dp=-— % [I:I,p} dt++'(N+1) (ﬁp&T -1 {&T&,p}) dt++' N ( a'pa— 3 {aa ,p})dt, (64)

where 7’ is the decay rate and N=1/ (exp(,?B—WT) — 1) is the mean excitation of the heat bath of harmonic
oscillators, with T being the temperature of the bath. The expression for N can be reformulated as

hw

" ksln(N+1)/N)° (65)

A system in thermal contact with a heat bath as described by equation (64) will eventually be therm-
alised at temperature T. Because equation (64) also represents the dynamics of our controlled harmonic
oscillator, appropriate measurement and feedback induce a thermalising effect similar to the coupling to
an external heat bath. By comparing equations (62) and (64), the conditions for thermalisation in terms
of the measurement strength and feedback can be determined.

From the difference between the coefficients of the pumping and the dissipation terms, we obtain
the rate of thermalisation, i.e. 7' = —v. If v/ is greater than zero, then the system loses more energy via
dissipation than it gains by pumping, which is equivalent to cooling. We can therefore conclude that if
the proportionality constant v is negative, then energy is reduced, the system is cooled.

That the generator of feedback should be chosen proportional to the conjugate momentum P with
a negative scaling factor is intuitively correct. Doing so corresponds to performing a shift of the meas-
ured observable towards a smaller value, based on information obtained from measuring the system, as

11
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discussed earlier. In section 5.3, we shall see that in the selective regime of measurement, the situation is
more subtle. Nonetheless, the results that follow will be useful for comparison.

The effective temperature of the system can be calculated using the ratio of the coefficients of the
pumping and the dissipation terms in equation (62). By substituting this ratio into equation (65), the
effective temperature of the system can be written as

hw hw
= TN = . (66)
pIn (1) 2k n (2)
Minimal temperature is therefore achieved if v = —kw, i.e. F= —kwP, with decay rate v/ = kw = 2%}

As v/~" = 2mw/h, temperature T — 0K. Assuming the control over v/’ to a fourth-order degree i.e,

v/ =2 (1—10"*), 25 (1410~ *)], for a mechanical system with frequency, w of the order of mag-

nitude 10%, the temperature of the system is cooled down to the order of 1077 K. Whereas for an optical

system of frequency of the order 102, the system is cooled down to a temperature of the order 10~! K.
The dynamics of the mean excitation of the system can be calculated using dé’? =—v'd(n) +

~’N [6]. This would give

(n) =N+ (n;— N)e ", (67)

where #; is the initial mean excitation of the system and N is the asymptotic mean excitation of the sys-
tem determined by ~y and ~’. The condition for the lowest phonon count can be achieved by choosing
v' = X%v, where X3 = M is the variance of the ground state of the harmonic oscillator.
5.3. General approach to optimising feedback for a particle in a harmonic potential
In this section, we are considering the equations governing the increment of the energy, as well as the
expectation values of the measured observable and the conjugate momentum, outside of the limits of
the approximations made in section 5.2. This allows us to derive a generalised approach to cooling that
facilitates the simultaneous reduction of the expectation values of both position and momentum at an
exponential rate.

Let us consider the expected increments in energy computed according to equation (32) without
approximation:

#(5)1((00) )+ s ({(08)7 a0 baw, )

Here we note that the terms %2 ((AQ) )+ 5-2 and ({AQ AP}) — L also appear in equations (50)
and (51) where they govern the stochastic portion of the increments of the expectation values of the
measured observable Q and its conjugate momentum P, respectively.

By choosing the generator of feedback as follows
WW{AQ, AP})OO = mu? (—1 V1t HZ) (69)
v=— 2’“M<(AQ) Yoo = —V2w\/ =1+ 1+ K2, (70)

u=

the stochastic terms in equation (68), (50) and (51) are reduced over time, where ({AQ, AP}}OO and
((AQ)?) are given by equations (45) and (46), respectively. We note that for weak measurement,
K < 1, this choice of feedback coincides with our earlier result obtained for an optical oscillator, namely
u=0 and v = —Kw.

After some time t > (TIK the stochastic terms in the increments of the expectation value of the meas-
ured observable (50) and its conjugate momentum (51) are negligible, so that

1) by - Vaoy -1+ Vit (Q) 7
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(d) Time evolution of the unitless version of the
(¢) Time evolution of the unitless version of the expected energy with feedback generated by the
expected energy with stabilising feedback. conjugate momentum only.

Figure 3. The following results were obtained by numerical simulation using the second-order weak scheme [3] with con-
stant k = 0.25. (a), (¢): feedback is chosen according to equations (69) and (70). (b), (d): Generator of feedback is given by

—V2wy/ =14 +/1+ k2P, where P is the conjugate momentum of the measured observable M = Q. The initial conditions were
(Q) = 0 and (P) = 3, and those of the second-order variances are the same as stated in figure 1. Grey lines indicate a sample of
individual simulations, while the black line indicates the mean values taken over 100 simulations.

1 e ViTR@) (72)

The above equations are equivalent to the equations of motion of a damped harmonic oscillator, and
solving them yields a decay rate for the expectation values of Q and P of

Y1/ 2
7 1+ 14+ k2. (73)

For k < 1, the decay rate is approximately xw/2. In figure 3(a), the results of a numerical simulation of

the time evolution of the expectation values of the measured observable and its conjugate momentum

are shown for k= 0.25, under the assumption that the initial wavefunction of the system is Gaussian.
For times ¢>> ﬁ, the increment in the expectation value of the energy (68) is given by

ard() = (224(Q)° - 75 HQB)) dr. (74)

The energy, as well as the increment in the energy, decays to its asymptotic value at a rate twice that of
the decay of the measured observable Q and the conjugate momentum P. For weak measurement < 1,
this decay rate coincides with the decay rate v’ = wk found for an optical oscillator in the rotating wave
approximation and the non-selective regime of measurement. In figure 3(c) a numerical simulation of
the evolution of the energy over time illustrates this exponential decay.
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For feedback determined by equations (69) and (70), (Q)s and (P), are negligible at times ¢ >>
-, and the particle is approximately stationary in the centre of the potential with an asymptotic energy
given by

(75)

E _ hw K
Vo RVAS R,y
As discussed in section 4, the energy of the particle converges to the ground state energy with respect to

the co-moving frame in the weak measurement limit. We can therefore combine weak measurement and
feedback to achieve confinement, resulting in a convergence to the ground state in the lab frame.

5.4. Comparison to asymptotic energy derived using other approaches
Our derived asymptotic energy, equation (75), can be expressed as

1
Eoo = hw (ﬁ(n) + 2) , (76)
where the effective occupation number, 7i(x), is given by

- 1 1++1+ kK2
i) =5 (|| —5—— 1

(77)
Equation (76) has also been derived in [8], for a different effective occupation number. This method
involves the use of a low-pass filter (LPF) to process the measurement signal before feeding it back into
the system. It can be seen in [8] that the effective occupation number, assuming maximum detection
efficiency, is given by

fiupe () = (\/1 gy 1) . (78)

2

Similarly, the occupation number derived for the cooling method known as linear-quadratic-Gaussian
(LQG), assuming maximum detection efficiency, is shown below [8]

5 1 1++/1+4kK2 2K
T’ILQG(H>:* + —1
2 2 14+ 1+ 4x2

(79)

The asymptotic energy derived using our method, represented by the effective occupation number given
by equation (77), is smaller than that of LPF (equation (78)) and LQG (equation (79)) for x > 0. This
point is illustrated in figure 4, which shows the asymptotic energies reached, as a function of x, using
the above-mentioned effective occupation numbers. It can be seen that our method achieves the lowest
energies for all K > 0. We note that all methods achieve ground state cooling in the weak measurement
limit. That is, when x — 0.

6. Discussion

In this paper, we investigated continuous measurement and feedback on a particle in a harmonic poten-
tial, where the observable and the generator of feedback are arbitrary linear combinations of position
and momentum. We have shown, for general feedback, that the asymptotic state, assumed by the particle
after a certain convergence time determined by the measurement strength, is represented by a Gaussian
wave function. Its width does not depend on the feedback but only on the product of the measurement
strength, the variance of the ground state and the time period of the oscillator. On the other hand, the
location of the Gaussian in phase space depends on the feedback. This is not surprising, since the feed-
back merely shifts the wave function in position and/or momentum space.

However, it is remarkable that the wave function can be localised in the centre of the harmonic
potential with vanishing momentum expectation value for special generators of feedback. For all other
generators, this stabilisation does not occur, see figure 3 for comparison. In these cases, the stochasticity
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Figure 4. Plot showing the asymptotic energy, equation (76), as a function of measurement strength, «, for different cooling and
confinement techniques. The light grey dashed line shows the result for the LPF method (see [8]), the darker grey dashed line
shows the result for LQG, while the solid line represents our method. The difference in energies for all methods is encompassed in
the effective occupation number, which can be seen in equations (77)—(79) and for LPE, LQG and our method, respectively.

(a) Evolution of the wave function in Q-space in the (b) Measurement introduces noise into the dynamics
absence of measurement. of the system. In addition, the width of the wave
function stabilises over time.

0.6
0.4
310
. 0.2
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0'910 -5
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(c) By measurement and appropriate feedback, the

wave function is localised in the centre of the poten-
tial with a stable width.

Prob(Q)

2
Figure 5. Comparison of dynamics in the presence of a harmonic potential, V(Q) = 2~ @, in the absence of measurement (a),
with measurement (b) and with measurement and feedback (c). Here, wt is a unitless measure of time and , / % Q the unitless

measure of position. The probability Prob(Q) per interval of length dQ is indicated using a heatmap with colour scale shown on
the right. In (a), the width of the wave function oscillates, while in (b) it becomes stationary as a result of measurement. In (c),
the specific combination of measurement and feedback leads to the localisation of the particle in the centre of the potential, and
the width of the wave function becomes stationary.
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of the measurement signal induces a random walk of the wave function near the minimum of the poten-
tial. The harmonic oscillator wave function for the different scenarios (with and without measurement
and feedback) is depicted in figure 5. Feedback enables localisation in the ground state, measurement
allows the wave function to climb up the potential mountain without being squeezed, as is the case in
the absence of measurement. This surprising effect can be understood in the Heisenberg Picture, where
the observable is rotated periodically into its conjugate momentum, resulting in a homogeneous localisa-
tion of the particle.

Our analysis shows that, remarkably, for a free particle or a particle in a harmonic potential, the
feedback can be employed to cancel the measurement noise completely, cp. equations (71) and (73).
This can be achieved by adjusting the feedback to the values of the variances of the measured observ-
able and its conjugate momentum (cp. equations (50) and (51)). These values can be obtained analyt-
ically if the initial state is a known Gaussian state. For arbitrary initial states, the values are known in
the asymptotic regime as a function of the relative measurement strength. They can also be eventually
inferred from the measurement results (cp. state monitoring [30]). By combining this confining feedback
with sufficiently weak measurement, it is possible to cool the system to the ground state.

We conjecture that cooling is also possible for arbitrary potentials. Feedback compensating for the
noise that contributes to the change of the expectation value of the measured observable simultaneously
damps the motion of the particle. For sufficiently strong measurement, the asymptotic wave function can
be localised on a length scale such that the potential can be approximated by a polynomial of second
order [26]. Thus, the dynamics is reduced to the case of the harmonic oscillator as discussed above. This
conjecture is further supported by numerical simulations for a double-well potential [31], which show
behaviour consistent with cooling and localisation.

On the other hand, it is also possible to control the motion of the particle by means of feedback,
which adds an extra term quadratic in the measured observable Q to the Hamiltonian. This allows for
modifying or even compensating the kinetic or potential energy in the Hamiltonian. However, such
dynamic control contributes in general to the generation of noise, since it is not compatible with the
compensation of noise.
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