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Spontaneous collapse models provide a possible, testable solution to the quantum measurement problem.
While experiments are providing increasingly stronger bounds on their parameters, a full-fledged relativistic
extension is still missing. Previous attempts have encountered different obstacles, such as violation of micro-
causality, infinite energy rate, and particle production from vacuum. Here, we propose a generalization of the
collapse master equation that is characterized by a local field collapse operator and a non-Markovian noise with
a Lorentz invariant correlation. Our construction is able to overcome previously encountered problems and has
the desirable properties in the nonrelativistic limit. A specific choice of the noise correlation function is also
introduced and discussed.
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I. INTRODUCTION

Nonrelativistic spontaneous wave-function collapse (or
simply, collapse) models provide a possible coherent solution
to the well-known quantum measurement problem [1,2]. They
modify the standard, linear unitary Schrödinger equation by
adding nonlinear and stochastic terms, which impose the state
vector localization (or collapse) into one of the eigenstates
of a suitable collapse operator. The outcome of a subsequent
measurement would provide the corresponding eigenvalue.
Different realizations of the stochastic process impose dif-
ferent outcomes, which are distributed according to the Born
rule.

While some collapse models, such as the Continuous Spon-
taneous Localization (CSL) [3,4] and the Diosi-Penrose [5]
models, are subject to experimental and theoretical investi-
gation [6–17], there is still an ongoing debate concerning
their possible relativistic generalizations [18–28]. Previous
attempts have resulted in unwanted effects [29,30] such as
violation of microcausality [31], infinite energy rate [32],
particle production from vacuum [27], and tachyon dynamics
[33]. Further, a more general conceptual issue surrounds the
possible compatibility between the wave-function collapse
and relativity principles [1].

Here, we propose a mathematically consistent relativistic
generalization of the continuous collapse master equation but
not any particular unraveling thereof. Our model is charac-
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terized by a local field collapse operator and a non-Markovian
stochastic noise with a Lorentz-invariant correlation. We show
that locality saves microcausality, while non-Markovianity
and a normal-ordering prescription lead to a finite energy
rate without particle production from vacuum or tachyonic
behavior.

II. NONLINEAR UNRAVELING

Our aim is to construct the quantum field theory (QFT)
version of the stochastic dynamics that most closely resem-
bles the collapse dynamics in the nonrelativistic regime at
the statistical level. For that we take as the starting point the
nonrelativistic (NR), non-Markovian, and nonlinear collapse
equation for the state vector [34,35]. Such an equation is typ-
ically treated perturbatively in the collapse coupling constant
γ (with γ assumed to be suitably small), although an exact,
nonperturbative expression exists. For the sake of simplicity,
we present the second-order expression in

√
γ , which takes a

closed form in |ψ (t )〉 and reads [34]

d

dt
|ψ (t )〉 =

[
− i

h̄
Ĥ ′ + √

γ

N∑
i=1

(Âi − 〈Âi〉t )ξi(t )

+ γ (Ĉ+(t ) − 〈Ĉ+(t )〉)

]
|ψ (t )〉 (1)

The prescription for the higher-order equation can be found in
[34]. Here, Ĥ ′ = Ĥ0 + ih̄γ Ĉ−(t ), with Ĥ0 being the standard
quantum mechanical Hamiltonian, and γ is the common cou-
pling with the N collapse noises ξi(t ), which are real Gaussian
random processes having zero mean and correlations

E[ξi(t )ξ j (s)] = Di j (t, s). (2)
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Here Di j (t, s) is the to-be-determined noise correlation, and E denotes the average over different realizations of ξi(t ). Further, Âi

in Eq. (1) is a set of commuting self-adjoint operators describing the collapse occurrence, known as collapse operators. Ĉ− and
Ĉ+ are, respectively, the anti-self-adjoint and self-adjoint parts of Ĉ, reading

Ĉ±(t ) = −
N∑

i, j=1

ˆ t

0
ds Di j (t, s)[Âi, Â j (s − t )]±, (3)

where [ · , · ]− = [ · , · ] and [ · , · ]+ = { · , · } denote, respectively, the commutator and anticommutator, while Â j (s − t ) =
Û †

0 (s − t )Â jÛ0(s − t ) evolves freely with Û0(t ) = exp(−iĤ0t/h̄), and the initial time t0 = 0.
The corresponding master equation (ME), which is what we aim to generalize to the relativistic regime, can be more simply

obtained from the linear unraveling of Eq. (1) for the non-normalized vector |φ(t )〉. It reads [34]

d

dt
|φ(t )〉 = − i

h̄
Ĥ0 |φ(t )〉 +

⎡
⎣√

γ

N∑
i=1

Âiξi(t ) − γ

N∑
i, j=1

ˆ t

0
ds Di j (t, s)ÂiÂ j (s − t )

⎤
⎦|φ0(t )〉, (4)

where, to second order in
√

γ , we have |φ(t )〉 = |φ(0)(t )〉 + √
γ |φ(1)(t )〉 + γ |φ(2)(t )〉 + O(γ 3/2). The corresponding ME in the

Schrödinger picture is dρ̂ (2)(t )/dt = − i
h̄ [Ĥ0, ρ̂

(2)(t )] + D[ρ̂ (0)(t )], where

D[ρ̂ (0)(t )] = −γ

N∑
i, j=1

ˆ t

0
ds Di j (t, s)[Âi, [Â j (s − t ), ρ̂ (0)(t )]], (5)

and ρ̂ (α)(t ) := E[|φ(α)(t )〉 〈φ(α)(t )|] with α = 0, 1, 2. Moving to the interaction picture with ˙̂ρ (2)
I (t ) = Û0(t )( i

h̄ [Ĥ0, ρ̂
(2)(t )] +

˙̂ρ (2)(t ))Û †
0 (t ), we obtain

d

dt
ρ̂

(2)
I (t ) = −γ

N∑
i, j=1

ˆ t

0
ds Di j (t, s)[Âi(t ), [Â j (s), ρ̂ (0)

I (t )]]. (6)

Now, to generalize the dynamics to a QFT setting, we move from the discrete label i to its continuous version x, and identify
Âi(t ) ↔ Q̂(x, t ) and

N∑
i, j=1

Di j (t1, t2) ↔
¨

dx1dx2G(x2, x1), (7)

where G(x2, x1) = E[ξ (t2, x2)ξ (t1, x1)] and x1 = (t1, x1). Following this prescription, the master equation becomes

d

dt
ρ̂

(2)
I (t ) = −γ

ˆ t

0
dt2

¨
dx1dx2G(x2, x1)

[
Q̂(x1, t ),

[
Q̂(x2, t2), ρ̂ (0)

I (t )
]]

, (8)

whose solution reads

ρ̂
(2)
I (t ) = ρ̂

(0)
I (t ) − γ

ˆ t

0
dt1

ˆ t1

0
dt2

¨
dx1dx2G(x2, x1)

[
Q̂(x1, t1),

[
Q̂(x2, t2), ρ̂ (0)

I (t )
]]

. (9)

Then, the expectation value of any generic local operator Ô at the generic space-time point z = (z0, z), to the second order in√
γ , can be expressed as 〈Ô(z)〉(2) = Tr[ÔI(z)ρ̂ (2)

I (z0)]. Its time derivative reads

d

dz0
〈Ô(z)〉(2) = d

dz0
Tr[ÔI(z)ρ̂(0)] − γ

¨
x0

2�x0
1=z0

d4x2d3x1G(x2, x1)Tr{[Q̂(x2), [Q̂(x1), ÔI(z)]]ρ̂(0)}

− γ

 
G(x2, x1)Tr

{[
Q̂(x2),

[
Q̂(x1),

d

dz0
ÔI(z)

]]
ρ̂(0)

}
, (10)

where −́ := ˜
x0

2�x0
1�z0 d4x2d4x1. Equation (10) can also be ob-

tained by deriving

Ô(2)(z) = Ô(0)(z) − γ

 
G(x2, x1)[Q̂(x2), [Q̂(x1), Ô(0)(z)]],

(11)
in the Heisenberg picture with respect to z0, and tracing with
ρ̂(0). Here, we have used ÔI(z) = Ô(0)(z). From a mathemat-
ical standpoint, Ô(2)(z) in Eq. (11) can also be obtained within

the Heisenberg picture of a linear and unitary unraveling with
Ĥ = Ĥ0 + Ĥst(t ) where Ĥst(t ) = h̄

√
γ
´

dz Q̂(z)ξ (t, z) is a
stochastic Hamiltonian (see details in Appendix A).

Conceptually, such a linear unraveling is in stark contrast
with the nonlinear and nonunitary unraveling of collapse mod-
els. The latter describes the objective wave-function collapse,
while the former does not. Their distinction is important from
foundational considerations. However, since experimentally
one only has access to the density matrix [36,37], here we
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take a more pragmatic approach and focus only on the latter
dynamics, namely, the ME. For this reason, in what follows,
we will work with the unitary unraveling in the Heisenberg
picture. This has the added advantage that the time evolu-
tion of the operators can be obtained to any desired order
in

√
γ by using standard perturbation theory (see details in

Appendix A).
Note that Q̂(x) in Eq. (11) is the freely evolved operator in

the Heisenberg picture and G(x, y) some generic function of
x and y. Next we study the requirements on Q̂(x) and G(x, y)
so that Eq. (11) is relativistically consistent.

III. LORENTZ COVARIANCE

The Lorentz covariance of Eq. (11) can be ensured via
standard QFT considerations. For the operator Ô(z) to evolve
covariantly, it is sufficient to show that the collapse noise
does not introduce any additional transformation for Ô in a
reference frame transformation, and that Ô transforms the
same as Ô(0). The first term on the right-hand side of Eq. (11)
trivially satisfies this requirement. Further, assuming that
Q̂(x) is a Lorentz scalar, and the correlation G(x, y) to be
Lorentz invariant G(x, y) = G((x − y)μ(x − y)μ), we see that
the second term of Eq. (11) also transforms covariantly. Thus,
Lorentz covariance is guaranteed as long as the collapse oper-
ator Q̂(x) is a Lorentz scalar and G(x − y) a Lorentz-invariant
function. Note that Lorentz covariance holds at all orders, and
not only to second order in

√
γ . This is shown below Eq. (A6)

in Appendix A.

IV. THE MICROCAUSALITY CONDITION

The microcausality condition (MCC) states that

[Ô(z2), Ô(z1)] = 0, for |z2 − z1| < 0, (12)

where we use the (+,−,−,−) convention. MCC implies
that the measurement of one observable cannot influence the
time evolution of any other observable outside of the light
cone corresponding to the measurement event. This request is
met within standard QFT for typical interactions [38,39]. We
now study MCC for operators evolving according to a unitary
unraveling of Eq. (11), where the evolution of the operators is
governed by the Hamiltonian Ĥ (t ) = Ĥ0 + Ĥst(t ). Namely,

Ût ;t0 = T
{

exp

(
− i

h̄

ˆ t

t0

dt ′Ĥ (t ′)
)}

. (13)

Note that the evolution of the state vector can be writ-
ten in a manifestly Lorentz-covariant manner within the
Tomonaga-Schwinger formalism; the corresponding evolu-
tion then reads |ψσ 〉 = Ûσ ;σ0 |ψσ0〉, where σ0 and σ are the
initial and final spacelike hypersurfaces, respectively, and
Ûσ ;σ0 = T {exp [− i

h̄

´ σ

σ0
d4z′Ĥst(z′)]} [1]. Since we demon-

strated the Lorentz covariance without resorting to the
Tomonaga-Schwinger formalism, for the sake of simplicity,
we continue the analysis in a given reference frame.

The unitary operator in Eq. (13) satisfies Ût2;t1Ût1;t0 = Ût2;t0
for any Hermitian operator Ĥ (t ). In the Heisenberg pic-
ture where Ô(t, z) = Û †

t ;t0 Ô(t0, z)Ût ;t0 , the MCC condition, for
|z2 − z1| < 0, requires

Û †
t1;t0

[
Û †

t2;t1 Ô(t0, z2)Ût2;t1 , Ô(t0, z1)
]
Ût1;t0 = 0. (14)

FIG. 1. Leading-order causal structure which demonstrates why
MCC is respected [cf. Eqs. (16) and (17)].

In general, Ût2;t1 does not satisfy the time-translation
property Ût2;t1 = Û	t+t0;t0 , where 	t = t2 − t1, if the Hamil-
tonian Ĥ (t ) is time dependent. However, since the time
dependence appears in Ĥst(t ) = h̄

√
γ
´

dz Q̂(z)ξ (t, z) only
through the noise, we can rewrite the time integral in Eq. (13)
as

Q̂(z)
ˆ t2

t1

dt ′ξ (t ′, z) = Q̂(z)
ˆ 	t+t0

t0

ds ξ̃ (s, z). (15)

Therefore, Û (ξ )
t2;t1 encoding the stochastic dynamics in our anal-

ysis can be written as Û (ξ )
t2;t1 = Û (ξ̃ )

	t+t0;t0
. We point out that

ξ̃ (t, z) = ξ (t + t1 − t0, z) has the same correlation function,
due to the invariance of G under space-time translations.
Therefore, at the level of the ME, the distinction between ξ

and ξ̃ is unimportant and will not be retained in what follows.
In this context, since Ût2;t1 is equivalent to Û	t+t0;t0 , the

MCC specified in Eq. (14) is equivalent to showing that for
|z2 − z1| < 0, [Ô(	t + t0, z2), Ô(t0, z1)] = 0. Note that now
only the first operator within the commutator evolves accord-
ing to the collapse dynamics. To second order in

√
γ , for a

given realization of the noise, the latter expression reads
 

ξ (x2)ξ (x1)[[Q̂(x2), [Q̂(x1), Ô(0)(z̃2)]], Ô(0)(z̃1)], (16)

where z̃2 = (t0 + 	t, z2) and z̃1 = (t0, z1). The integral −́
implies that x0

2 � x0
1 and x0

1 � z̃0
2, where z̃0

1 sets the initial
time. For Eq. (16) to be nonzero, its innermost commutator
[Q̂(x1), Ô(0)(z̃2)] must also be nonzero. Since both the opera-
tors appearing in such a commutator are local QFT operators
evolving with respect to the standard free Hamiltonian Ĥ0,
x1 must be inside the past light cone of z̃2. Note that x1

is guaranteed not to be in the future of z̃2 by the standard
perturbative expansion. Similarly, for the double commutator
involving Q̂(x2), Q̂(x1), and Ô(0)(z̃2) to be nonzero, x2 must
belong to the past light cone of z̃2 or x1, which makes it
necessary for x2 to also belong to the past light cone of z̃2

as shown in Fig. 1. Finally, by following the same logic, for
the outermost commutator involving Ô(0)(z̃1) to be nonzero,
the necessary condition is that z1 must belong to the past light
cone of z̃2 or x1 or x2, which forces it inside the past light cone
of z̃2. Thus, the MCC in Eq. (12) is respected to second order
due to the locality of the operator Q̂(x) as in standard QFT.
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Following the same reasoning, it can be shown that the
MCC is respected to all orders in

√
γ . Indeed, in the nth-order

term 
ξ (xn) . . . ξ (x1)[[Q̂(xn), . . . , [Q̂(x1), Ô(0)(z̃2)]], Ô(0)(z̃1)],

(17)
z̃1 must lie inside the past light cone of z̃2 or at least one of
the coordinates x1, x2, . . . , xn of the collapse operators. Since
x1, x2, . . . , xn themselves must lie in the past light cone of z̃2,
it becomes necessary for z̃1 to lie inside the past light cone
of z̃2 for [Ô(z̃2), Ô(z̃1)] to be nonzero, and therefore z1 to lie
inside the past light cone of z2 for [Ô(z2), Ô(z1)] to be nonzero
(having assumed t2 � t1 without loss of generality). There-
fore, the locality of Q̂ and the standard time-ordered evolution,
which imposes the past light-cone structure in Fig. 1, together
ensure that the MCC is respected for the relativistic stochastic
dynamics as well. This proof shows that if Q̂ is a nonlocal
Lorentz scalar, or if the time ordering is removed, then the
MCC might be violated. An example of the former is the non-
local collapse operator Q̂ ∝ ϕ̂+ϕ̂− proposed in [31], where ϕ̂+
and ϕ̂− are, respectively, the positive and negative frequency
parts of ϕ̂. Instead, an example of the latter is [33] where the
MCC was violated due to the removal of time ordering being
imposed to remove divergences. Our analysis shows that the
noise correlations do not need to be ultralocal ones, such as
G(x, y) = δ4(x − y), to preserve the MCC as argued in [31].
Instead, the MCC can be satisfied by taking a local collapse
operator and nondivergent correlations.

In our work, motivated by the NR CSL model, we choose
the collapse operator to be

Q̂(x) = 1
2αϕ̂2(x), (18)

where α is a suitable free parameter. Q̂(x) is local, and it
becomes proportional to the mass density operator Q̂MD(x)
in the NR limit. We emphasize that the choice of Q̂ is not
unique. One might also consider Q̂ constructed from the
energy-momentum tensor T̂μν . As argued before, requiring
Q̂ to be a Lorentz scalar ensures the Lorentz covariance of
the collapse dynamics; for example, one might also consider
Q̂ ∝ T̂ μ

μ . While details might change, we expect our prescrip-
tion to hold as long we consider Q̂ being local and quadratic
in creation and annihilation operators.

V. ENERGY RATE

Now we show that a finite-energy rate can be achieved
as long as G(x, y) is well behaved. Setting h̄ = c = 1, we
compute the energy rate dE/dz0 with Eq. (10) by taking
Ô(z) = Ĥ(z), where

Ĥ(z) = 1
2 π̂2(z) + 1

2 (∇ϕ̂(z))2 + 1
2 m2ϕ̂2(z), (19)

and then integrating over space, i.e., z. In doing so, the first
and last terms on the right-hand side of Eq. (10) vanish, as
the freely evolved Hamiltonian is a conserved quantity with
d/dz0

´
dz Ĥ(0)(z) = 0. Therefore, we have

dE

dz0
= −γ

˚
x0�y0=z0

d4x d3y d3z G(x, y)

× Tr{[Q̂(x), [Q̂(y), Ĥ(z)]]ρ̂(0)}. (20)

Since y0 = z0, the inner commutator can be computed in the
standard way and reads

[Q̂(y), Ĥ(z)] = iα

2
δ3(y − z){ϕ̂(z), π̂ (z)}, (21)

giving

dE

dz0
= −γα2

¨
x0�z0

d4x d3z G(x, z)

× ∂z0 [N (x, z)D(x − z)], (22)

where

N (x, z) := 1
2 Tr{{ϕ̂(x), ϕ̂(z)}ρ̂(0)},

D(x − z) := i[ϕ̂(x), ϕ̂(z)]. (23)

Here, we have used the fact that ∂ϕ̂(z)/∂z0 = π̂ (z). The ex-
pression for energy rate simplifies further, if the initial state
is such that the left-hand side of the first line in Eq. (23) is a
function of x − z (e.g., a thermal state). Since Lorentz covari-
ance implies G(x, z) = G(x − z), Eq. (22) would only depend
on the spatial and temporal parts u = x − z and τ = x0 − z0,
respectively, such that

dE

dz0
= γα2V

ˆ
d3u

ˆ 0

−∞
dτ G(τ, u)∂τ [N (τ, u)D(τ, u)],

(24)
where V = ´

dv is the full volume, with v := (x + z)/2.

VI. THE NON-MARKOVIAN MODEL

To arrive at a compact expression for the rate of energy
for a general non-Markovian noise, we assume that the initial
state ρ̂(0) has a definite particle number (like the thermal
state). Then, we have

Tr[ρ̂(0)âqâp] = Tr[ρ̂(0)â†
qâ†

p] = 0, (25)

where ϕ̂(x) := ϕ̂+(x) + ϕ̂−(x), with

ϕ̂+(x) :=
ˆ

d3p√
2ωp(2π )3

e−ipxâp, p = (ωp, p). (26)

Even though such an initial state is not Lorentz invariant, it
serves the purpose of demonstrating that a Lorentz-invariant
non-Markovian noise is free of the problems of its Markovian
counterpart, which is well known to have a δ(0) divergence,
independently of the choice of the initial state (cf. Ap-
pendix B).

The application of Eq. (25) to Eq. (23) provides the follow-
ing simple expressions:

N (x) =
ˆ

d3q
(2π )3

(
nq + 1

2

)
cos(qx)

ωq
,

D(x) =
ˆ

d3q
ωq(2π )3

sin(qx), (27)

where nq is the average occupancy of the mode q for the ini-

tial state, such that
´

d3q nq → (2π )3/2

L3

∑
nq = (2π )3/2N/V ,

N being the total number of particles. The factor of 1/2 in
the first expression captures the standard QFT vacuum diver-
gence. This factor leads to a divergent particle production rate
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from vacuum, which was already found in Ref. [33]. There,
the removal of time ordering was proposed to obtain a finite
expression. However, as argued before, this might violate
causality, which is also reflected in the tachyonic behavior
reported in Ref. [33]. Therefore, here, we propose to use a
normal-ordering prescription, where all the observables of

interest are normal ordered at all times, i.e., Ô(z) →: Ô(z) :
and thus the 1/2 term drops. Note that this prescription leaves
the MCC analysis unchanged, as shown in Appendix C.

By combining Eqs. (27) and (24), and computing explicitly
the z0 derivative, we can derive the following normal-ordered
(NO) expression

dE

dz0

∣∣∣∣
NO

= γα2V

(2π )6

ˆ
d3x

ˆ 0

−∞
dτ G(τ, x)

¨
d3p d3q nq

[
cos(px) cos(qx)

ωq
− sin(px) sin(qx)

ωp

]
. (28)

Since its integrand remains unchanged under reflection x → −x, Eq. (28) can be written more compactly as

dE

dz0

∣∣∣∣
NO

= γα2V

2(2π )4

¨
d3p d3q nqRe

[G(p + q) + G(p − q)

2ωq
+ G(p + q) − G(p − q)

2ωp

]
, (29)

where G(p) is the four-dimensional Fourier transform of the
correlation G(x). Notably, the multiplicative δ(0) divergence
present in the Markovian noise expression does not appear in
the non-Markovian case. Further, as long as one is only con-
cerned with obtaining a finite energy rate, any choice of G(q)
for which Eq. (29) is finite becomes a viable relativistic non-
Markovian collapse correlation within the normal-ordering
prescription.

VII. NONRELATIVISTIC AND RELATIVISTIC LIMITS

We now discuss the NR limit to motivate specific choices
for G(q) which, for it to be Lorentz inavariant, should be
a function of q2, i.e., G(q) → G(q2). Such a limit can be
understood as that for which nq = 0, for q2 � m2. Namely,
only particles whose kinetic energy is well below the rest
mass energy are retained. This also implies ωq ≈ m. No-
tably, the p integral in Eq. (29) still runs over all the R3

values. We divide the p integral into the NR (|p|2 � m2

and ωp ≈ m) and the relativistic (|p|2 
 m2 and ωp ≈ |p|)
regimes. Since the noise correlation is Lorentz invariant,
with the following structure G(p ± q) → G((ωp ± ωq)2 −
(p ± q)2), in the NR regime we have GNR(p + q) → G(4m2)
and GNR(p − q)/ωq − GNR(p − q)/ωp ≈ 0. On the other
hand, when p is in the relativistic regime, we have

Grel(p ± q) → G(±2|p|m). Since G(q) is an even function—
which follows from the requirement that G(x) must be
real—Grel(p + q) − Grel(p − q) ≈ 0, and the rate of increase
of energy becomes

dE

dz0

∣∣∣∣
NO

≈ γα2V

2(2π )4

ˆ m

0
dq nq

×
[ˆ m

0
dp

G(4m2)

m
+
ˆ ∞

m
dp

G(2|p|m)

m

]
, (30)

where the first integral in brackets gives G(4m2)/m ×
4/3πm3. Thus, in the NR limit, we find that the energy rate
is proportional to the total number of particles N , as the
overall factor of V in Eq. (30) cancels out due to the relation´

dq nq = (2π )3/2N/V . Such a feature is shared with the NR
collapse models in literature [13]. Further, the choice of G(q)
is now only constrained by the convergence of the second
integral in Eq. (30), which can be easily achieved by a suitable
choice of G(q). Nevertheless, for the relativistic Markovian
noise G(x) = δ4(x), G(q) is a constant and we get that Eq. (30)
diverges as δ(0), as expected and also shown in Appendix B.

In the fully relativistic limit, for which the corresponding
distribution n(q) is nonzero only when |q| � m, we can find
a finite expression for the energy rate. By following a similar
reasoning as before, Eq. (29) can be approximated to

dE

dz0

∣∣∣∣
NO

≈ γα2V

2(2π )4

ˆ ∞

m
dq

nq

|q|
[ˆ m

0
dpG(2m|q|) +

ˆ ∞

m
dpG(4|p||q| sin2 θpq)

]
, (31)

where θpq is the angle between the four-dimensional vectors p
and q, and we can substitute the first integral in brackets with
G(2m|q|) × 4/3πm3. The convergence of Eq. (31) puts rather
mild constraints on G(q), and thus on G(x).

VIII. OUTLOOK

To complete the model we need to specify G(q2). The
natural choice would have been G(q2) ∝ exp(−a2q2) as in
the NR CSL model. However, this is not suitable since q2

becomes negative for the spacelike regions and G(q) diverges.

We therefore propose

G(q) → G(q2) = exp (−(q2)2/β4), (32)

where β is another free parameter of the model. This choice is
not unique; even in the NR collapse models the spatial corre-
lation of the noise is not determined from first principles. This
is also reflected in the relativistic case, where other options,
e.g., θ (−q2) exp(a2q2), have been already considered in [30].
Our choice in Eq. (32) is motivated for the sake of simplicity
while remaining close to the choice in the NR CSL model.
In particular, G(q2) in Eq. (32) is finite in any point in the
Fourier space; G(q2) → 0 fast enough as q2 → ±∞ thereby
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guaranteeing the convergence of Eq. (29). Moreover, in (1 +
1) dimension, one can also obtain an analytic expression for
the corresponding G(x), which is given in terms of the Meijer
G function

G(x) = β2

2
G2,0

0,3

(
1

256
β4(x2 − t2)2

∣∣∣∣0, 0,
1

2

)
. (33)

Such an expression features a peak at a characteristic length
scale x = t (with c = 1) and goes to zero for large spatial
separations. While an analytic expression for G(x) in (1 + 3)
dimensions is hard to obtain, it is reasonable to assume that
G(x) would still have the desired properties as its (1 + 1)
counterpart.

Along with the collapse operator choice, the choice of
G(x) [cf. Eq. (33)] completely fixes the relativistic stochas-
tic dynamics up to the free parameters α, β, and γ .
These parameters, like in the CSL model, will be sub-
ject to experimental investigation. For instance, already
in the NR limit, Eq. (30) gives (as a rough estimate)
dE/dz0 ∝ γα2m2N exp(−16m4/β4). Then, the free parame-
ters of our model are subject to experimental bounds given
by dE/dz0/(mN ) � 2 × 10−11 W/kg [13]. Note that our ex-
pression has a different mass dependence compared to the
corresponding NR CSL expression dE/dt ∝ γ mN/r5

C [13],
where rC is the spatial correlation length of the CSL noise.

IX. DISCUSSION

We have shown that a consistent relativistic stochastic dy-
namics can be constructed, which leads to a finite energy
rate and also respects the microcausality condition. For a
local quadratic field collapse operator, a collapse noise with a
non-Markovian Lorentz-invariant correlation, and with an ad-
ditional normal-ordering prescription, such a dynamics is free
of the problems found in previous works and has a desirable
CSL-like behavior in the NR limit.

However, even after such technical difficulties have been
overcome, the question of whether such a dynamics can be
consistently interpreted as a relativistic collapse model is
still open. It has been shown in Sec. 14.2 of [1] that even
though a consistent relativistic stochastic dynamics might be
constructed at the level of the density matrix (obtained after
averaging over different realizations of the collapse noise), for
a single specific realization of the collapse noise, the quantum
expectation value can in general be different when computed
along different hypersurfaces by observers moving relative to
each other. This poses a conceptual problem if one wishes to
assign an objective meaning to the state vector at all times
for each realization of the stochastic noise. One might not
find such a difficulty surprising, given that related conceptual
issues concerning non-Markovian quantum monitoring have
also been pointed out in [40–43]. Nevertheless, a resolution
to such a conceptual issue has been proposed in [25] for mul-
tiple local measurements. We emphasize that independently
of these important discussions concerning the evolution of
the wave function, our work still offers a possible consistent
relativistic non-Markovian dynamics via the master equation.

In this view, it would be interesting to explore possible
technical and conceptual overlap of our work with those in
the framework relativistic open quantum system dynamics

[44–48]. Such a connection is not obvious. For instance, in
the open quantum system framework, one needs to make an
additional choice, being that of the total system-environment
initial state when tracing over the environmental fields. More-
over, typical choices for the initial state of the environment
(apart from the vacuum state) break the Lorentz covariance of
the system master equation.

Conversely, in the framework we describe here, the en-
vironmental fields are substituted with noise fields, which
are defined in terms of two-point correlations that are not
necessarily associated to an initial QFT state. This makes
the associated dynamics less restrictive compared to that of
relativistic open quantum systems, by allowing one to choose
viable two-point correlations [cf. Eq. (32)] to construct a
Lorentz-covariant master equation. Nevertheless, in future
works, such a connection would be useful to build, allowing
one to exploit well-established QFT techniques; for example,
those dealing with renormalization [49,50].
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APPENDIX A: THE UNITARY UNRAVELING

We consider the quantum dynamics governed by the
Hamiltonian Ĥ ,

Ĥ = Ĥ0 + Ĥst(t ), (A1)

where Ĥ0 is the standard Hamiltonian of the real free Klein-
Gordon scalar field, while Ĥst(t ) = h̄

√
γ
´

dz Q̂(z)ξ (t, z) is
the contribution from the collapse noise within the unitary un-
raveling. The effect of the latter can be studied perturbatively,
as in standard QFT. For that, as is well known, the full unitary
operator Ût ;t0 can be factorized as

Ût ;t0 = Û0(t, t0) × Ûst(t, t0),

Û0(t, t0) = exp

[
− i

h̄
Ĥ0(t − t0)

]
,

Ûst(t, t0) = T
{

exp

[
− i

h̄

ˆ t

t0

dt ′Ĥ I
st(t

′)
]}

,

(A2)
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where Ĥ I
st(t ) = Û †

0 (t, t0)Ĥst(t )Û0(t, t0). In the Heisenberg picture, given Eq. (A2), a generic operator Ô(z), to second order, is
given by

Ô(z, t ) =
[

1̂ + i

h̄

ˆ t

t0

dt ′Ĥ I
st(t

′) − 1

h̄2

ˆ t

t0

dt ′
ˆ t ′

t0

dt ′′Ĥ I
st(t

′′)Ĥ I
st(t

′)

]

× Ô0(z, t )

[
1̂ − i

h̄

ˆ t

t0

dt ′Ĥ I
st(t

′) − 1

h̄2

ˆ t

t0

dt ′
ˆ t ′

t0

dt ′′Ĥ I
st (t

′)Ĥ I
st(t

′′)

]
+ higher order. (A3)

The time evolution of Ô can then be written in terms of the freely evolved (zeroth order) term Ô(0)(t ) = Ô0(t ) =
Û †

0 (t, t0)ÔÛ0(t, t0) as

Ô(z, t ) = Ô(0)(z, t ) + i

h̄

ˆ t

t0

dt ′[Ĥ I
st(t

′), Ô(0)(z, t )
] − 1

h̄2

ˆ t

t0

dt ′
ˆ t ′

t0

dt ′′[Ĥ I
st(t

′′),
[
Ĥ I

st(t
′), Ô(0)(z, t )

]] + higher order. (A4)

Substituting the expression for Ĥst and averaging over the stochastic realizations of the noise ξ (x), we get

E[Ô(2)(z)] = Ô(0)(z) − γ

¨
x0�y0�z0

d4x d4yE[ξ (x)ξ (y)] [Q̂(x), [Q̂(y), Ô(0)(z)]]

= Ô(0)(z) − γ

¨
x0�y0�z0

d4x d4yG(x − y)[Q̂(x), [Q̂(y), Ô(0)(z)]], (A5)

whose derivative with respect to z0 gives Eq. (10) of the main text, which was derived starting from the nonunitary unraveling
of the state vector in Ref. [34]. For the unitary unraveling within the Heisenberg picture, noise-averaged time evolution of any
operator can be evaluated to higher orders using standard perturbation theory. To an arbitrary order 2n it reads

E[Ô(2n)(z)] = Ô(0) + · · · + (i
√

γ )2n
 

E[ξ (x2n) . . . ξ (x1)][Q̂(x2n), . . . , [Q̂(x1), Ô(0)(z)]]. (A6)

Just as Lorentz covariance is respected to second order in
√

γ ,
it can be seen that if Q̂ is a Lorentz scalar and the two-point
correlation E[ξ (x1)ξ (x2)] = G(x1, x2) is Lorentz invariant,
then Lorentz covariance holds to all orders in

√
γ . This is

because, as with the second-order term, the higher-order terms
do not change the standard QFT transformation of the op-
erator Ô(2n). That is, Ô(2n) still transforms as Ô(0). This can
be seen from the fact that all the operators Q̂(x2n), . . . , Q̂(x1)
are Lorentz scalars and that for the Gaussian noise (with non-
white correlation) the expectation value E[ξ (x2n)...ξ (x1)] can
be written as a product of two-point Lorentz covariant correla-
tions, summed over all possible contractions, and is therefore
Lorentz invariant. Thus, the operator Ô would transform in the
same way in the presence of the collapse noise, as it does in
standard QFT, to all orders in

√
γ .

APPENDIX B: THE MARKOVIAN NOISE

The request of having a Lorentz-invariant noise cor-
relation together with the request of Markovian noise,
i.e., E[ξ (x0, x)ξ (z0, z)] = δ(τ ) f (u), τ = x0 − z0, u = x − z,
fixes the noise correlation to G(τ, u) = δ(τ )δ(u). For G(x) =
δ4(x), the rate in energy given by Eq. (24) becomes

dE

dz0
= γα2V

2
[∂τN (τ, 0)D(0, 0) + N (0, 0)∂τD(τ, 0)]|τ=0.

(B1)

From the standard equal-time commutation relations of ϕ̂,
which enter the definitions of N and D, we get D(0, 0) = 0
and ∂τD(τ, 0)|τ=0 = −∂z0D(x, z)|x=z = δ(0). One can also

obtain this result directly from the expression of D(x) in
Eq. (27). This implies that the increase in energy diverges as

dE

dz0
= δ(0)

γα2V Tr{ϕ̂2(0)ρ̂(0)}
2

. (B2)

Here we have used the relation N (0, 0) = Tr{ϕ̂2(0)ρ̂(0)}.
Note that, in Eq. (B2), in addition to the standard QFT
divergence (of the type one might encounter in computing
〈in| ϕ̂2 |in〉), there is a multiplicative diverging factor δ(0).
Even if the standard QFT divergence is removed by standard
procedures, for example by imposing a normal ordering on the
energy rate (: d/dz0

´
dz Ĥ(0)(z) = 0 :), Eq. (B2) still remains

divergent due to the multiplicative factor δ(0). This difficulty
with relativistic Markovian models, which has already been
pointed out in previous works [29–32,51,52], serves as a mo-
tivation to work with a more generic, non-Markovian noise
function.

APPENDIX C: MCC WITH NORMAL ORDERING

In the main text the MCC was shown to be satisfied to all
orders in ξ , by showing that

 
ξn . . . ξ1[[Q̂n, . . . , [Q̂1, Ô(0)(z̃2)]], Ô(0)(z̃1)] = 0, (C1)

whenever |z̃2 − z̃1| < 0, and hence |z2 − z1| < 0. Here, the
shorthands ξn and Q̂1 stand for ξ (xn) and Q̂(x1), respectively,
i.e., the quantities evaluated at their respective integration
variables. Here we will show that this condition remains un-
changed if the time-evolved operator Ô(z) is normal ordered.

012203-7



GUNDHI, DIÓSI, AND CARLESSO PHYSICAL REVIEW A 114, 012203 (2026)

That is,

 
ξn . . . ξ1[: [Q̂n, . . . , [Q̂1, Ô(0)(z̃2)]] :, Ô(0)(z̃1)] = 0, (C2)

for |z̃2 − z̃1| < 0. This is straightforward to see for operators
Ô(0)(z̃2) that are linear or at most quadratic in creation and
annihilation operators, such as Ô(0) ∝ ϕ̂ or Ô(0) ∝ ϕ̂2, or the
free Hamiltonian Ĥ0. This is because the collapse operator
Q̂(x) = 1

2αϕ̂2(x) is quadratic, and therefore the commutator
[Q̂(x1), Ô(0)(z̃2)] would be of the same order in creation and
annihilation operators as Ô(0). Thus, the additional normal
ordering can only add a constant, leaving the outermost com-
mutator with Ô(0)(z̃1) in Eq. (C2) unchanged, when Ô(0) is at
most quadratic in creation and annihilation operators.

For higher-order operators Ô(0), such as Ô(0)(x) ∝ ϕ̂4(x),
the value of the commutator would in general be different
with normal ordering when |z̃2 − z̃1| � 0. However, it can be
seen with the help of Wick’s theorem that the commutator
would still be zero when |z2 − z1| < 0. To show this, we first
point out that for [Q̂(xn), . . . , [Q̂(x1), Ô(0)(z̃2)]] to be nonzero,
xn,xn−1, …,x1 must all be in the past light cone of z̃2, as
argued in the main text. This does not change with the normal

ordering that we impose. We now look at one of the many
terms, such as 

ξ (xn) . . . ξ (x1)[: Q̂(xn) . . .Q̂(x1)Ô(0)(z̃2) :, Ô(0)(z̃1)], (C3)

that contributes to the commutator in Eq. (C2). The product :
Q̂(xn) . . .Q̂(x1)Ô(0)(z̃2) : can be written using Wick’s theorem
as [53]

: Q̂(xn) . . .Q̂(x1)Ô(0)(z̃2) := T {Q̂(xn) . . .Q̂(x1)Ô(0)(z̃2)}
− all possible contractions.

(C4)

The time ordering would simply change the ordering of
the operators as T {Q̂(xn) . . . Ô(0)(z̃2)} → Ô(0)(z̃2) . . . Q̂(xn). It
does not change the statement that for Eq. (C3) to be nonzero,
it is necessary for z̃1 to be inside the light cone of at least
one of the space-time points x1, x2, . . . , xn, z̃2. Again, since
xn,xn−1, …,x1 all lie inside the past light cone of z̃2, it implies
that z̃1 must lie inside the past light cone of z̃2, for Eq. (C3) to
be nonzero. The same argument holds for the terms involving
the contractions in Eq. (C4). Thus, Eq. (C2), and hence the
MCC, is satisfied even in the presence of the additional normal
ordering that we impose to make the energy rate nondivergent.
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