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A simple coined quantum walk in one dimension can be characterized by a SU(2) operator with
three parameters which represents the coin toss. However, different such coin toss operators lead to
equivalent dynamics of the quantum walker. In this manuscript we present the unitary equivalence
classes of quantum walks and show that all the nonequivalent quantum walks can be distinguished by
a single parameter. Moreover, we argue that the electric quantum walks are equivalent to quantum
walks with time dependent coin toss operator.
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I. INTRODUCTION

Propagation of a walker by a succession of random
steps based on the outcomes of a coin toss is called classi-
cal random walk. In the quantum analogue of this prop-
agation, which is known as discrete time quantum walk,
the probability distribution for the coin toss outcomes is
replaced by probability amplitudes of a two-level system
– the quantum coin. Both quantum walk (QW) and clas-
sical random walk involve a conditional shift (propaga-
tion) of the walker depending on the state of the coin, but
in a QW the superposition of states allows interference
of different paths, leading to strikingly different output
distributions. For example, the spread of the probability
distribution for the quantum walker increases propor-
tional to the number n of steps as opposed to

√
n for its

classical counterpart [1–5].
This speedup of QWs promises advantages when ap-

plied in quantum computation for certain classes of quan-
tum algorithms [6], for example, quantum search al-
gorithms [7–9]. Moreover, it was shown recently that
universal quantum computation can be implemented by
means of QWs [8, 9]. Quantum walks have also been used
to analyze energy transport in biological systems [10].

In general QW dynamics depend on a number of pa-
rameters which define the coin toss operator, an external
force acting on the walker, or varying coin toss opera-
tions. In order to understand and characterize these dy-
namics one needs to study in principle the entire param-
eter space. Which can be a very tedious task. However,
sometimes different points in the parameter space result
in dynamics which are the same up to a unitary transfor-
mation, i.e., a change of basis of the Hilbert space of the
system. Such unitarily equivalent dynamics possess qual-
itatively the same properties, such as the energy levels of
the underlying Hamiltonian, the bias of the coin opera-
tion, or the evolution of entanglement between the coin
and the walker etc.. Therefore, it suffices to study only a
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single example of dynamics within each equivalence class.

For example, for QWs in the presence of a single or
several boundaries which can absorb the walker, it was
already proven [11] that the absorption probability can
be obtained from considering coin-toss matrices with real
entries only. This result was quoted, for example in
[12], to justify that it is sufficient to consider real-valued
coin-toss matrices in studies of ordinary one-dimensional
QWs. We here give a conclusive alternative argument
showing that indeed the study of real-valued coin-toss
matrices suffices under certain conditions.

In this article we present the equivalence classes for a
broad family of one-dimensional QWs defined by a SU(2)
coin operator together with a conditional shift of the
walker. We first study the simplest QW dynamics - with
time-independent coin toss operation and without exter-
nal force or noise. This family of QWs is characterized
by three real parameters which also define the coin-toss
operator acting on the coin space. We show that QW
can be reduced to a single-parameter family of QWs and
that this parameter determines the group and the phase
velocity of the walker. Afterwards we employ the theory
developed to show that QW with step-dependent coin
toss is equivalent to the so-called electric QW [13–16]. In
a different way, this has also been shown in [17].

This article is structured as follows: we start by intro-
ducing various types of QWs and their parametrizations
in Sec. II. In Sec. III we define the unitary equivalence
of QW dynamics which results for simple QW in a re-
duction to a single real degree of freedom (Sec. III B). In
Sec. III C we show that time dependent coined QWs are
equivalent to electric QWs. We conclude with Sec. IV.

II. QUANTUM WALKS: AN INTRODUCTION

Let us represent the canonical basis vectors of the coin
space by {|↑〉 , |↓〉} and the basis of the position space
as {|j〉}∞j=−∞. The quantum process that resembles the
coin toss operation is achieved by realizing a weighted
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superpositions of heads (|↑〉) and tails (|↓〉) as:

|↑〉 → α |↑〉 − β∗ |↓〉 , (1)

|↓〉 → β |↑〉+ α∗ |↓〉 , (2)

where α and β are complex numbers such that |α|2 +
|β|2 = 1. This mapping corresponds to a unitary trans-
formation U which acts on the two-dimensional space of
coin states.

The coin toss operator U can be any unitary operator
from the group SU(2):

U = exp

(
i
φ

2
~r · ~σ

)
, (3)

where φ,~r are, respectively, the rotational angle and the
unit vector of rotation axis; ~σ = (σx σy σz) is the vector
of the three Pauli matrices. U can be expressed in Euler
decomposition as well:

U = exp
(
i
η

2
σz

)
exp

(
i
θ

2
σy

)
exp

(
i
ξ

2
σz

)
. (4)

Hence, the coin toss is characterized by three real param-
eters, the Euler angles, η, θ, ξ or, alternatively, by the
three components of the rotation vector φ~r (3).

As with classical random walk, QW requires a con-
ditional shift of the walker to the left (right) for tails
(heads), represented by the conditional shift operator

S = R⊗ |↑〉 〈↑|+R† ⊗ |↓〉 〈↓| , (5)

where R =
∑
j |j + 1〉 〈j| and R† are the right and left

translation operator, respectively. The unitary opera-
tor S shifts the walker by one position to the left and
in superposition to the right depending on the ampli-
tudes of the coin state with respect to the canonical basis
{|↑〉 , |↓〉}.

The unitary propagation operator Z of a simple QW
[18] is fully determined by the unitary rotation U times
the conditional shift S (cp. Fig. (1)):

Z = (I⊗ U)S,

= R⊗ U |↑〉 〈↑|+R† ⊗ U |↓〉 〈↓| . (6)

The repeated action of the operator Z on an initial com-
posite state |Ψ(0)〉 of the walker and the coin gives rise
to QW evolution:

|Ψ(n)〉 = Zn |Ψ(0)〉 . (7)

Note that the initial state is usually chosen to be uncor-
related:

|Ψ(0)〉 = |ψ(0); walker)〉 ⊗ |χ(0); coin〉 . (8)

We note that the operator Z satisfies the relation

Z = (R⊗ I)Z
(
R† ⊗ I

)
. (9)

z z z z z zy y y

Z Z Z

S S

FIG. 1. (Color online) The circuit diagramme of simple QWs.
The two horizontal lines represent the coin qubit and the
walker qudit ( a superposition of finitely many positions). The
combination of letters z, y and z stand for the three rotations
of the coin toss operator U in the Euler representation, and
S is the conditional shift operator. Thus, the dashed block
(red) illustrates the propagation operator Z. Repeated ac-
tion of Z on the initial state of the walker and coin results in
the simple QW dynamics.

Thus, the QW described in Eq. (6) is translation invari-
ant.

One can generalize the QW evolution (6) by introduc-
ing time dependence of the coin operator U along the
evolution. The resulting propagation operator reads:

Z(n) = R⊗ U(n) |↑〉 〈↑|+R† ⊗ U(n) |↓〉 〈↓| , (10)

where n refers to the n-th step of the QW. This means
the coin toss operator can change from one step to the
next. Such time-dependent QWs [17] preserve transla-
tion invariance (9).

On the other hand, translation invariance can be bro-
ken if we generalize QW (6) by introducing a shift Φ
of the quasi-momentum, given by the unitary quasi-
momentum shift operation EΦ on the walker:

EΦ =
∑
j

eiΦj |j〉 〈j| . (11)

For example, if the walker is a particle of unit charge,
the shift EΦ can be realized by a static electric field Φ,
hence the name electric QW [13–16]. The propagation
operator of an electric QW thus reads:

Z
E

= (EΦ ⊗ I)Z = EΦR⊗ U |↑〉 〈↑|+ EΦR
† ⊗ U |↓〉 〈↓| .

(12)

It can be inspected that Z
E

is not translation invariant,
since it does not satisfy Eq. (9).

There are a number of ways to define more complicated
QWs. However, we focus here only on three families:
simple QWs (6), QW with time dependent coin (10),
and electric QWs (38). Our goal is to identify QWs
with the same physical properties by considering unitary
equivalence.
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III. UNITARY EQUIVALENCE

Two QW propagation operators, such as Z in (6) and

Z ′ = (I⊗ U ′)S′,
= R⊗ U ′ |↑′〉 〈↑′|+R† ⊗ U ′ |↓′〉 〈↓′| . (13)

are unitary equivalent, if

Z ′ = V ZV †, (14)

where V is unitary. A QW evolution under the action of
Z can be written as:

|Ψ(n)〉 = Zn |Ψ(0)〉 = V †Z ′nV |Ψ(0)〉 . (15)

Thus, the dynamics of the initial state |Ψ(0)〉 under Z
is the same as the dynamics of the initial state V |Ψ(0)〉
under Z ′. I.e., the statistics of the measurement of any
observable A after n steps of a QW with initial state
|Ψ(0)〉 and propagator Z coincide with the statistics of
a measurement of the rotated observable V AV † in the
system with initial state V |Ψ(0)〉 and Z ′.

We can restrict the class of operators V by demanding
that certain properties of QWs are to be preserved. First
of all, we request the entanglement between the coin and
the walker to be not affected. Therefore, V can only be
of the form

V = W ⊗X (16)

where the unitary operator W acts on the walker states
and X ∈ SU(2) acts on the coin space. In addition, the
product form of V (16) preserves the characteristic devi-
sion of simple QWs into a coin toss part and a conditional
shift. Optionally, we can require the translation invari-
ance of V which is fulfilled if W is translation invariant:

RWR† = W. (17)

Or we can demand the invariance of the canonical basis
{|↑〉 , |↓〉}, meaning

X |↑〉 = |↑〉 , X |↓〉 = |↓〉 . (18)

Remarkably, a time dependent generalization of the uni-
tary equivalence is worth of interest. In particular, it is
possible to establish an equivalence between the simple
QW characterized by constant Z and the time-dependent
QW characterized by time-dependent Z(n):

Z(n) = V (n)ZV †(n), (19)

where V (n) = W (n) ⊗ X(n) is time-dependent unitary.
It leads to equivalence between the electric QW and a
time-dependent QW.

By means of unitary equivalence, in the forthcoming
subsection we introduce a trivial canonical representa-
tion of simple QWs (6), we derive useful equivalence
classes for them, and we point out the unitary equivalence
of a particular time-dependent translation-invariant QW
with the electric QW.

A. Canonical representation

Since simple QWs (6) are translation invariant, it is
instructive to ensure translation invariance (17) of the
unitary operations V of the equivalence transformations.
We take the trivial choice W = I, and consider transfor-
mations that act on the coin degree of freedom only.

V = I⊗X. (20)

Consider the form of U as given in Eq. (3) which, on
the Bloch-sphere, corresponds to a φ-rotation about the
rotation axis ~r. Let us choose a particular X such that
it rotates ~r to the vertical position:

X = |↑〉 〈↑′|+ |↓〉 〈↓′| , (21)

where

~r · ~σ |↑′〉 = |↑′〉 , ~r · ~σ |↓′〉 = − |↓′〉 . (22)

This equivalence transformation yields the follow-
ing single-parameter canonical form from the three-
parameter coin toss operator (3):

U → XUX† = exp

(
i

2
φσz

)
, (23)

at the price of yielding a two-parameter ‘tilted’ canonical
basis from the standard one:

|↑〉 → X |↑〉 = |↑′〉 , (24)

|↓〉 → X |↓〉 = |↓′〉 . (25)

This transformation affects the conditional shift operator
S as follows:

S →R⊗ |↑′〉 〈↑′|+R† ⊗ |↓′〉 〈↓′| . (26)

Thus, the propagation operator Z transforms under V
into its alternative canonical form:

Z → V ZV † (27)

= R⊗ exp

(
i

2
φσz

)
|↑′〉 〈↑′|+R† ⊗ exp

(
i

2
φσz

)
|↓′〉 〈↓′| .

Hence, any simple QW of the form (6), can be realized by
means of a relative phase shift (rotation about the z-axis)
as coin-toss operation, given that the subsequent shift of
the walker is conditioned on a rotated basis. Moreover,
this example shows how equivalence transformations of
the coin-degree of freedom can be employed to find dif-
ferent realizations of the same quantum walk.

B. Equivalence classes of simple QWs

In order to deduce the fundamental structure of sim-
ple QWs (6), let us find their partition into the largest
non-trivial classes of unitary equivalent QWs. For this
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purpose, we consider as above only those unitary trans-
formations which preserve entanglement and are thus of
the form V = W ⊗ X (16). However, contrary to the
treatment in the last subsection we here restrict to uni-
tary operators X that do not alter the canonical basis,
cf. Eq. (18), but do not require the translation invariance
(17) for W .

Consider the QW propagation operator Z (6) with the
coin toss operator U in Euler parametrization (4):

Zηθξ =R⊗ ei
η
2 σzei

θ
2σyei

ξ
2 |↑〉 〈↑|

+R† ⊗ ei
η
2 σzei

θ
2σye−i

ξ
2 |↓〉 〈↓| , (28)

where we have used the relations:

ei
ξ
2σz |↑〉 = ei

ξ
2 |↑〉 , ei

ξ
2σz |↓〉 = e−i

ξ
2 |↓〉 . (29)

We choose X as

X = exp
(
−iη

2
σz

)
, (30)

and apply it to the coin part of the propagator Z :

(I ⊗ e−i
η
2 σz )Zηθξ(I ⊗ ei

η
2 σz ) (31)

= R⊗ ei θ2σyei
ξ+η
2 |↑〉 〈↑|+R† ⊗ ei θ2σye−i

ξ+η
2 |↓〉 〈↓| ,

The (ξ + η)-dependent phase factors can be removed
by a suitable quasi-momentum shift (11). Observe that

EΦRE
†
Φ = exp(iΦ)R, hence we choose

W = E−(η+ξ)/2, (32)

leading to

(E−(η+ξ)/2 ⊗ e−i
η
2 σz )Zηθξ(E(ξ+η)/2 ⊗ ei

η
2 σz ) = Zθ (33)

where

Zθ =R⊗ ei θ2σy |↑〉 〈↑|+R† ⊗ ei θ2σy |↓〉 〈↓| . (34)

Therefore, the three-parameter QW propagation oper-
ators Zθηξ are unitary equivalent to the single-parameter
Zθ = Z0θ0. Only the middle Euler angle θ is relevant.
The QW family {Zθ; θ ∈ [0, π]} universally represents
all (simple) QWs. Note, that the resulting coin toss

operator ei
θ
2σy corresponds to a real-valued matrix with

respect to the canonical basis and thus confirms the as-
sumption that it means no restriction of generality to
only consider coin-toss matrices with real entries [11, 12].
The angle θ in Eq. (31) has already been shown to char-
acterize the phase velocity and the group velocity in QW
propagation [19].

C. Equivalence of time dependent and electric
QWs

In this subsection we show that the electric QW (38)
is equivalent to a particular time-dependent QW (10).

To show this equivalence first we note that the quasi-
momentum shift EΦ defined in (11) satisfies the identity
EΦEχ = EΦ+χ. In particular, EΦ can be rewritten as:

EΦ = EnΦE(1−n)Φ, (35)

where n is an integer to count the steps of the time de-
pendent QW which we are going to construct. Using
Eq. (35) we can express the operator EΦR as:

EΦR = e−iΦ(n−1)EnΦRE(1−n)Φ, (36)

where we have used E(1−n)ΦRE(n−1)Φ = e−iΦ(n−1)R.
Thus and without restriction of generality (cp. Subsec.
III B), the propagation operator ZE = (EΦ ⊗ I)Zθ reads:

ZE =EnΦRE(1−n)Φ ⊗ ei
θ
2σye−iΦ(n−1) |↑〉 〈↑|

+ EnΦR
†E(1−n)Φ ⊗ ei

θ
2σyeiΦ(n−1) |↓〉 〈↓| , (37)

yielding

ZE = (EnΦ ⊗ I)Z(n)
(
E(1−n)Φ ⊗ I

)
, (38)

where Z(n) represents the time dependent quantum walk
defined in (10) with

U(n) =ei
θ
2σye−i(n−1)Φσz (39)

as the time dependent coin operator.
In order to show the equivalence between the electric

quantum walk and the time dependent quantum walk,
let us consider the cumulative evolution operator after
1, 2, · · · , n steps, expressed in terms of the above time
dependent QW:

ZE = (EΦ ⊗ I)Z(1),

Z2
E = (E2Φ ⊗ I)Z(2)Z(1),

Z3
E = (E3Φ ⊗ I)Z(3)Z(2)Z(1) (40)

. . .

ZnE = (EnΦ ⊗ I)Z(n) . . . Z(2)Z(1)

. . .

The expression for n steps follows by induction from the
one for n−1 steps by writing ZnE = ZEZ

n−1
E and inserting

ZE as given in (38). Thus, the electric QW propagation
is equivalent to the evolution with the time dependent
coin where the stepwise electric kicks act cumulatively at
a single time after the last step.

We note that the above equivalence is direct and needs
no unitary transformation on the one hand. On the other
hand, the equivalence is limited by the obligate cumula-
tive electric kick. Interestingly, we can get rid of this
kick, at least under special circumstances. Suppose the
phase Φ is a rational multiple of 2π, i.e., Φ = 2πp/q,
where p and q are integers, then

I =EqΦ = E2qΦ = · · · = EnqΦ = . . . . (41)
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This results in the perfect equivalence between the q-
step electric quantum walk and the q-step time depen-
dent quantum walk:

ZnqE =

nq∏
i=1

Z(i), (42)

for all n, with a time-ordering understood for the opera-
tor product.

IV. CONCLUSION AND DISCUSSION

In this article we have applied the concept of unitary
equivalence to one-dimensional QWs. For this purpose
it was important to restrict to local unitaries that act
independently on the coin and the walker degree of free-
dom in order to conserve the entanglement between both.
The restriction also limited our equivalence to comprise
only QW dynamics defined by the characteristic form of
the QW propagator. The result can be used to find dif-
ferent realizations of the same dynamics on one hand,
and to distinguish genuinely different dynamics on the
other. Our central result is that the set of all three-

parameter simple QWs is unitary equivalent with the
family of single-parameter simple QWs. This will seri-
ously simplify the discussion of QW structure, e.g., the
diagonalization of the evolution operator. For example,
it turns out that it is sufficient to consider the quantum
walks with real coin toss matrices to generate all possi-
ble distinct simple quantum walk dynamics. This result
is important for the cases where one needs to scan the
whole coin toss parameter space, for example, in study-
ing the topological character of quantum walks [20]. Fur-
thermore, the equivalence of particular quantum walks,
such as electric QW and time dependent QW, provides
an important insight into QW dynamics.

The dynamics and the structure of two- or higher-
dimensional quantum walk is more involved. Thus,
equivalence classes might play an important role in the
study of such evolutions. This will be the focus of future
studies.
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M. Bednarska, Phys. Rev. Lett. 93, 180601 (2004).

[14] A. Romanelli, A. Auyuanet, R. Siri, G. Abal, and R. Do-
nangelo, Physica A: Statistical Mechanics and its Appli-
cations 352, 409 (2005).

[15] M. Genske, W. Alt, A. Steffen, A. H. Werner, R. F.
Werner, D. Meschede, and A. Alberti, Phys. Rev. Lett.
110, 190601 (2013).

[16] C. Cedzich, T. Rybár, A. H. Werner, A. Alberti,
M. Genske, and R. F. Werner, Phys. Rev. Lett. 111,
160601 (2013).
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