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Collapse models introduce stochastic and nonlinear modifications in the quantum dynamics, pre-
dicting observable effects, such as spontaneous radiation from charged particles, which can be used
to constrain their parameters. Recently, attention has focused on the 1-100 keV energy range,
where the wavelength of the emitted photons becomes comparable to atomic dimensions, making
the emission sensitive to atomic structure and leading to model-dependent behaviors that enable
their discrimination. Here, we derive a general expression for the spontaneous emission rate for ar-
bitrary noise, providing a framework that systematically incorporates the atomic structure through
the radial distribution of the emitters, modulated by the specific collapse model. The formalism re-
covers previous results in the appropriate limits and naturally includes new low-energy effects, such
as cancellation mechanisms arising from charge correlations. We evaluate the rates for germanium
and xenon within the Diési—Penrose and Continuous Spontaneous Localization models, showing how
these correlations modify the predicted emission rates. This approach provides a unified framework
to account for atomic effects and enables more robust, material-dependent experimental constraints
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on collapse model parameters.

I. INTRODUCTION

The collapse of the wavefunction remains one of the
most debated aspects of quantum mechanics [1, 2]. Stan-
dard quantum theory describes measurement-induced re-
duction as an external postulate, leaving open the ques-
tion of whether wavefunction collapse is a fundamen-
tal physical process or an effective description [3] Spon-
taneous collapse models (SCMs) address this issue by
introducing stochastic and nonlinear modifications of
the Schrodinger equation, providing a unified dynamical
framework in which localization emerges spontaneously
and universally [4]. Several SCMs have been proposed,
differing in their physical motivations and mathemati-
cal structure. The Ghirardi-Rimini-Weber model [5] in-
troduces discrete localization events, while its continu-
ous extension, the Continuous Spontaneous Localization
(CSL) model [6, 7], describes a diffusive process driven
by a classical noise field. The Digsi—Penrose (DP) model
[8, 9], on the other hand, connects wavefunction collapse
to gravitational effects, linking the localization mecha-
nism to the mass distribution of the system. An earlier
approach due to Kérolyhdzy [10] attributes wavefunc-
tion collapse to intrinsic fluctuations of the space-time
metric, providing a gravitationally motivated source of
decoherence; this framework has recently attracted re-
newed attention [11, 12], motivating further theoretical
and phenomenological investigations. These models are
typically characterized by collapse parameters that set
the strength (A) and spatial resolution (o) of the local-
ization process, defining the scale at which quantum su-
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perpositions are effectively suppressed [13]. Experimen-
tal tests of SCMs have been pursued through a variety of
methods, including interferometric experiments [14], bulk
heating measurements [15], cantilever-based setups [16],
and searches for excess noise [17], each probing different
aspects of the underlying stochastic dynamics. Among
the non-interferometric approaches [18], particular atten-
tion has been devoted to the search for electromagnetic
emission induced by the collapse noise [19]. Indeed, the
stochastic field responsible for localization imparts a dif-
fusive motion to charged particles, leading to the emis-
sion of radiation [20]. This spontaneous radiation con-
stitutes one of the most direct experimental signatures,
providing a powerful avenue to constrain the SCM pa-
rameters [21, 22]. Experimental searches have therefore
focused on detecting this evanescent radiation in ultra-
low-background environments, where the expected sig-
nal can be disentangled from conventional sources. In
this context, underground experiments employing high-
purity detectors have achieved some of the most stringent
bounds. Notable examples include the VIP experiment
[11, 23, 24], the MAJORANA Demonstrator [25], and the
XENONNT experiment [26], all of which analyze x-ray
emission spectra in the keV-MeV range. By exploiting
the predicted spectral shape of collapse-induced radia-
tion together with the extremely low environmental back-
ground, these experiments are able to set competitive
and robust limits on the parameters of SCMs. Recently,
increasing attention has been devoted to the low-energy
regime of spontaneous radiation [27]. While at high ener-
gies the emission rate typically follows an inverse-energy
scaling, (N2 + N.)/E with Np and N, the number of
protons and electrons in the system respectively, devia-
tions arise as the photon wavelength becomes comparable


https://orcid.org/0000-0003-3770-0863
https://orcid.org/0000-0002-9344-3657
https://orcid.org/0000-0003-4722-3220
https://orcid.org/0000-0001-6879-452X
https://orcid.org/0000-0002-1990-0127
https://arxiv.org/abs/2608.07205v1

to the characteristic size of the emitting system. In this
regime, interference and cancellation effects within the
atom become relevant, leading to a nontrivial modifica-
tion of the spectral shape [28]. Notably, different SCMs,
such as CSL and DP, predict qualitatively distinct behav-
iors of this cancellation effect at low energies, enhanc-
ing the discriminating power of experimental searches
[27]. A proper description of this regime requires an ac-
curate treatment of atomic correlations, as SCMs effec-
tively modulate the interaction between atomic emitters
and the radiation field. Phenomenological models be-
come inadequate when the atomic structure dominates,
and an electronic-structure-based approach is needed to
disentangle genuine collapse-induced effects from stan-
dard atomic contributions [29]. This enables a consistent
and model-independent evaluation of the emission rate,
providing a robust basis to constrain SCM parameters.
In this article, we derive and evaluate the spontaneous
collapse-induced emission rate for an arbitrary noise field.
The resulting expression separates the model-dependent
modulation of the emitter-radiation coupling from the
atomic contribution, which is fully determined by the dis-
tribution of inter-particle separations. This leads to an
evaluation based on radial distribution functions (RDF's)
of the emitters, computed from first-principles electronic
structure calculations. Using this approach, we obtain
quantitative predictions for germanium (Ge) and xenon
(Xe) and evaluate the emission rates within the CSL
and DP models. The paper is structured as follows: in
Sec. I1 we present the rate derivation for arbitrary noise;
in Sec. 111 we outline its evaluation using RDFs, together
with the implementation details; in Sec. IV we present
and discuss results for Ge and Xe for CSL and DP mod-
els; and Sec. V presents the conclusions.

II. EMISSION RATE FOR ARBITRARY NOISE

We derive here a general expression for the collapse-
induced spontaneous emission rate, valid for arbitrary
noise correlations. We focus on mass-proportional SCMs,
which employ the mass density operator ji(x) as the col-
lapse operator, ensuring spontaneous suppression of large
quantum fluctuations of the mass density. The dynamics
is governed by a master Lindblad equation [30], where a
non-unitary term modifies the standard Hamiltonian dy-
namics. This new term depends on the mass density of
the quantum system and the noise correlation function,
and can be interpreted in terms of spacetime fluctuations
[31]. The master equation can be derived from a stochas-
tic Schrédinger equation,

i

Gl =1+ [ Erpoen]wo,

where H is the system’s Hamiltonian and ¢ is a fluctuat-
ing component of the classical Newtonian potential, with

zero average and correlation

El¢(z, t)(y,1')] = Cla — yl. [t = 1']). (2)

Both CSL and DP models fall into this class of SCMs. For
these models the correlation (2) factorizes into a spatial
D(r) and a temporal G(7) term, with the former given

by [31]
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where myg is a reference mass, typically chosen to be the
nucleon mass. The parameter A\ sets the collapse rate
for the CSL model, while o is a smearing length which
defines the resolution of the localization process.

Following previous analyses [23, 24], we adopt a semi-
classical approach to derive the general expression for
the emission rate. For energies above 1 keV, this ap-
proach has been shown [32] to yield results equivalent to
those obtained from a fully quantum mechanical treat-
ment. In this framework, the spontaneous radiation rate
is computed from the random acceleration of the charged
particles within the atoms. According to Eq. (1), par-
ticles experience acceleration due to fluctuations of the
Newtonian potential

#i(t) = =V o(r, t), (4)

where 7;(t) is the position of the i-th particle at time t.
These accelerations are correlated as

[ (t) @ #(1)] = Vi@ V;C(|ri =7yl [t = '), (5)

which follows from Eq. (2) by using linearity of the aver-
age and differentiation. For later convenience, we evalu-
ate the correlation (5) in Fourier space. Using the Fourier
transform of the Newtonian potential correlation func-
tion ¢(r,w) we have

E[¢"(ri,w)¢(rj,w")] = 2m6(w — w)C(ri — 7j,w), (6)

and expressing the derivatives with respect to the po-
sitions of particles 7 and j in terms of their separation
vector rj; =1; —1;, We obtain

E 7} (w) @ 7;(w')] = —2m6(w — ')V @ VC(rij,w). (7)

We can now compute the radiation emitted by the accel-
erated particles. The total power radiated by a system
of charged particles through a spherical surface of radius
Ris

P(t) = / dQR?S(Rn, t), (8)

where S(Rn,t) is the magnitude of the Poynting vector
S = E X B/ug at position R = Rn and time ¢. For



a system of particles, the radiation contribution to the
Poynting vector is:

Saa(R,t) = coc Y Ei- E;R;, (9)

ij

where R; = ¢(t — t,)R,; is the vector from the retarded
position 7;(t,) of the i-th particle to the field point R.
We shall assume R > r, such that each particle can be
approximated at the origin and R; ~ R. The total power
(8) is related to the emission rate through

*° ar
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We therefore write the spectral density of total power in
terms of the spectral density Sgg(R,w)

dpP
— = 2/dQRQSEE(R,w), w>0, (11)
dw
which is related to the emission rate by
dP dr
— = fw—. 12
dw dw (12)

Inserting Eq. (9) into the total power (8) and expanding
in Fourier modes, one obtains
€oC
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with SEE(R,LU) = SEE(R, —w).
In the nonrelativistic regime, the Fourier mode of the
radiation field generated by the i-th particle is

Tz (tr)} )

(14)
where the accelerations #; are evaluated at retarded time
t,. By replacing ¢ with the retarded time ¢, = ¢ — |R —
r;(t;)|/c and approximating the retarded position of the
i-th particle with its averaged position #;, the right hand
side of Eq. (14) results to be independent of the retarded
time and yields

q; o —iw A e N
Bi(Rw) = -0 [ dee (e

— 00

__ % —i%|R—7|
Ei(R,w)=—"—F—-€ "¢
(R,w) 47TEOC2R€ (15)
X / dte” ! [(f - 7 ()R — 7(1)] ;

furthermore, |R — 7;| & R —n - 7; and w/c = k thus
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(- 7i(w))n — 7 (w)]. (16)
Now, for a time average over the stochastic process, the
accelerations are to be interpreted as the expectation val-
ues E[#;]. So, let us average Eq. (9). Using expression

(16) for the radiation field generated by the i-th parti-
cle and the correlation function (7) for the accelerations,
leads to

2T qiq; ik
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where 7;; = 7; — 7; and we used k = k' due to the delta
function. From Egs. (13) and (11) then follows

dP 2 kAT
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where the integration runs over the direction n. Note
that in Eq. (18), as in the remainder of the analysis, we
drop the bar to denote the mean distances 7;;. The two
integrals in Eq. (18) can be evaluated as follows

(18)
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Using the relation (12) between the spectral power den-
sity and the rate, we finally obtain the expression

dr’ 1
B = e 2 4 DuCr ), (21)
,J

where the differential operator D;; is defined as

sin kr;; sin kr;;
J ij
+ 9,

1
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}VQVQ, (22)
and summation over repeated spatial indices « and 3 is
implied. This expression is valid for noise fields charac-
terized by a generic correlation function C(r,w). Eq. (21)
simplifies in isotropic materials, where the distances r;;
occur with random orientation. Returning to Eq. (18),
we now perform the average over the direction of 7;; be-
fore the angular integration. The averaged value of the
differential operator in Eq. (18) is

(- V) = V2l w)) = —2V2Clriz). (2)

Using Eq. (20) for the remaining angular integration,
together with relation (12), the expression for the rate
becomes

dl'" 1

dw ~ 67203 hw
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As we already pointed out, for typical colored noises the
general correlation function C(r;;,w) factorizes into spa-
tial and temporal/frequency parts: C(r,w) = D(r)G(w).
Let us define the function

o p—

6m2eqc3

(=V*D(r)), (25)



which modulates the coupling between the emitters in the
rate, with its specific form determined by the collapse
model employed. The explicit expressions for the CSL
and DP models can be obtained from Eqs. (3a) and (3D),
which give the spatial correlation functions. Evaluating
the Laplacian of these expressions yields

2 2.
671)\(1 _ Ll >6_T7,2j/402 (CSL)

1 4m20'3 60-2
f(rij) =53 0
6m4ege "G . ,
e—rij/4a (DP)
2\ /mo3
(26)
Finally, the emission rate for a white noise reads
dr’ sin kr”
JdE j 27
dFE |white EZ i4j Tij f( .7)7 ( )

where E = Aw is the energy of the emitted photon with
frequency w. Note that the factors kr;; = Er;;/hc are
energy dependent. For a colored noise characterized by
correlations exponentially decaying in time, the rate is

dr _dr B2

— = — 28
dFE |colored dFE |white E2 + EZ’ ( )

where the cutoff energy is related to the correlation time
by t. = h/E.. Eqgs. (27) and (28) coincide with the white
and colored noise rates analyzed in Ref. [27] for the CSL
and DP cases.

III. RATE EVALUATION

In this section we disentangle the atomic-structure con-
tribution in the emission rate (27) from the collapse-
model dependence. The former, governed by the spa-
tial distribution of emitters within the atom, is evaluated
from first principles, while the latter is fully encoded in
the collapse parameters. The rate in Eq. (27) can be
evaluated by introducing the RDF P;;(r) of emitters ¢
and j, defined such that P;;(r)dr is the probability of
finding the two emitters at a separation between r and
r + dr [33]. With this definition, the discrete sum over
emitter pairs in Eq. (27) can be recast as a sum of radial
integrals of the form

dE EZ%QJ/ dr Pi;(r Sln( )f( ), (29)

In the derivation of Sec. I1, spherical symmetry is used to
perform the angular integration. We therefore evaluate
the rates for Ge and Xe within an isolated-atom approx-
imation, retaining only intra-atomic electron—electron
and electron—nucleus correlations. This amounts to ne-
glecting condensed-matter effects, such as the crystalline
structure of Ge and the liquid phase of Xe. These effects
are governed by interatomic correlations on length scales
of several angstroms and are expected to provide sublead-
ing corrections in the 1-100 keV energy range considered

here. In this range the photon wavelength spans from the
interatomic scale to well below the atomic scale, so the
dominant corrections to the high-energy 1/E behavior
arise from the atomic radial distribution functions. The
inclusion of crystal or liquid correlations is left for future
extensions of the formalism. To expand the sum (29) over
emitter pairs, we use capital indices for nuclei and lower-
case indices for electrons. Considering nucleus pairs, and
approximating their mutual separations as negligible on
the atomic scale, the nucleus—nucleus contribution to the
sum can be written as

S Pra(r) = N3(r), (30)
1J

peaked around zero distance from the atom and Np the
number of protons in the atom. For the sum over nuclei
and electrons:

Z Pi](r
iJ

where the probability of finding an electron at distance
r from the nucleus is given by the radial density dis-
tribution 4772 p;(r) for electron i. Finally, for the elec-

tron—electron term
> Py(r) = r)+ > Py(r), (32)
ij i#j

where the sum is separated into contributions from the
same electron and from distinct electron pairs. Here we
follow the convention typically used in collapse-model
studies and treat the emitters as ordered pairs, to facil-
itate comparison with previous approximations, like the
(N2 + N.)/E behaviour [23]. Therefore all the double
sums include diagonal self terms. Restricting instead to
unordered pairs would merely change some combinato-
rial factors; all qualitative conclusions (e.g., cancellation
and modulation effects) are unchanged and are discussed
in Appendix A. We can now define the total nucleus-
electron RDF, R(r), and the total electron-electron RDF,

P(r), as
= Z47rr2pi (r) = Z Pij(r), (33)
i i£j

with the following normalizations for ordered pairs

/OoodrR(r):Ne / dr P(r) = N.(N.

and we can now rewrite the emission rate sum (29) as

dI‘

where we have defined the Fourier-like or sinc-transform
of the RDFs modulated by the specific collapse envelope
function as

)=2Np S, (1)

—1), (34)

LIN2 £ N, — 2NpR(E) +

/dR )22 i, (36)

P(k):_/o dr P(r )smk(fr)

f(r). (37)



RDF's were evaluated for an isolated atom and electrons
can be grouped by their electronic orbitals (i.e. 1s, 2s,
2p, ...). The nuclear-electron RDF can be cast with con-
tribution from every electron orbital «

R(r) =) nadwr?pa(r), (38)

where n, is the number of electrons in orbital «, and
47r2pa(r) is the radial electron density at distance 7,
with pa(r) = [1a(r)|* obtained from the wavefunction
of orbital . To obtain the orbital wavefunctions, we
perform calculations with the density functional theory
(DFT) in the local density approximation for an isolated
atom using the GPAW software [34]. The evaluation of
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Figure 1. Electron radial distribution function (a) for two 1s
electrons using a hydrogenic wavefunction, used to benchmark
the implementation against analytical solutions with a grid
size of 10* (left). A scan (b) over the grid size is shown on the
right, reporting the Mean Absolute Error (MAE) in blue and
the first moment in orange, which converges to the analytical
value of 35/16 a.u..

the electron—electron RDF is more cumbersome, since
correlation effects among electrons naturally introduce
additional complications and require further approxima-
tions [35]. The sum in (33) can be partitioned over pairs
of shells & and $ in a similar fashion

P(r) =2 na(ng — dap) Pap(r), (39)
of

where P,g(r) is the density probability for two electrons
in shells a and 8 at distance r, also known as intracule
integral [36]. It can be evaluated by [37]

Pos(r) = /pag(rl, r2) d(r — r12) dry dra, (40)

which requires an approximation for the two-particle den-
sity matrix p,g(r1,r2). Here, we approximate the two-
particle density as a product of single-particle densities,
Pap(r1,T2) = pa(ri)pp(rs), thereby neglecting exchange
and Coulomb correlation effects. The product approx-
imation neglects exchange and Coulomb correlation ef-
fects, which mainly modify the short-range part of the
electron-pair distribution, but these corrections are not
expected to alter the qualitative comparison presented
here. Within this approximation, the intracule integral
(40) can be decomposed as [38]

) (¢
Pas(r) =Y G190, (41)
¢
divided in an angular part Gg) and in a radial part [ g[;
The angular part is defined in terms of the orbital quan-
tum numbers of the two electrons in terms of the 3j-
symbols

2 2
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where L, = /lo/4w. The radial part is defined in

terms of the radial single particle wavefunction uq(r1)
and ug(r2) of the electrons in the radial integral

I((fﬁ)(r) = 27r1"/0 drlrlui(rl)/
(43)

where ©y(cosw) are Legendre polynomials accounting for
the angular correlations for non-spherical shells (¢ # 0),
with the angle w defined by the two-electron geometry

ri+|r|

1—|r|

2, .2 .2
cosw = [tk Sk (44)
2rire
The radial integrals were implemented on a logarithmic
grid, with maximum value of the grid as 50 a.u. and
the number of grid points chosen to ensure convergence.
To benchmark the implementation, we compared the nu-
merical results with analytical cases, which exist only for
hydrogenic wavefunctions and for a limited set of ground
and excited configurations in the helium atom [40]. In
Fig. 1(a), we benchmark our implementation against the
analytical result for the 1s hydrogenic wavefunction, for
which the analytical radial distribution function is given
by [36]
2

Pig1s(r) = : (3+6r+ 47“2)6_27". (45)

The first moment can be obtained analytically and is
equal to 35/16 a.u.. In Fig. 1(b), we show the bench-
mark as a function of the grid size, reporting the mean
absolute error (MAE) with respect to the analytical solu-
tion and the first moment. A grid size of 10* yields con-
vergence at the 107 level and is therefore used through-
out the remainder of this work. Explicit RDF calcula-
tions for Ge and Xe are not available. Many calculations

dTQTQU%(TQ)@g(COSQ}),
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Figure 2. Comparison between the implemented electron-

electron RDFs (orange) and reference [39] (blue) for silicon
(a) and argon (b).

up to Ar are available online at Ref. [39]. We bench-
mark the implementation against Si and Ar, for which
reference intracule data are available and which share
analogous valence-shell structures with Ge and Xe, re-
spectively. In Figs. 2(a)-2(b), we compare the resulting
electron RDF's with reference data from the literature for
silicon, Fig. 2(a), and argon, Fig. 2(b). Despite the dif-
ferent levels of approximation, using DFT in the present
work and ROHF /6-311G Hartree-Fock in Ref. [41], good
agreement is observed, with the first moments agree at
1% level, with consistent contributions from the different
electronic shells.

IV. RESULTS AND DISCUSSION

Based on the methodology developed in the previous
sections, we evaluate here the spontaneous emission rates
for Ge and Xe for the CSL and DP models. The first as-
pect that distinguishes the behavior of CSL and DP is
the modulation function of the emitter, f(r;;). For ra-
diation wavelengths on typical atomic distances (~ A),
the modulation induced by the two models differs signif-
icantly for typical values of the correlation lengths. To
show this aspect in Fig. 3 we plot the f(r;;) for DP
and CSL for typical values of their correlation lengths
without prefactors in Eq. (26). In the DP model, the
f(rsj) strongly depends on the correlation length over
the atomic scale, as illustrated by the change from the
VIP value opp = 0.54 A [23] to the value given by MA-
JORANA opp = 4.94A [12]. By contrast, for the CSL
model the standard correlation length, ocsy, = 10° A [22],
is several orders of magnitude larger than atomic dis-

tances, leaving the modulation function essentially un-
changed. This different behavior has profound conse-

1.0
0.8
=
>
g 0.6
S,
Z 04
= OcsL = 103 A
0.2 opp = 4.94 A
opp = 0.54 A
00 T T T T
0 1 2 3 4 5

ri [A]

Figure 3. Modulation function f(r;;) as a function of the
emitters distance r;; for DP model, with values opp = 0.54 A
[24] (green) and opp = 4.94 A [42] (orange), and CSL with
ocst, = 10° A [22] (red).

quences on the spontaneous collapse emission rate. Since
the two models probe atomic length scales differently,
this leads to distinct low-energy limits. In the CSL case,
a cancellation effect emerges as £ — 0, as first discussed
in Ref. [27]. Within the RDF formalism, this effect arises
naturally and corresponds to the absence of spatial mod-
ulation between emitter pairs, namely f(r) = 1. In this
limit, using the normalization properties of the trans-
forms defined in Eqs. (37) and (34), the rate formula in
Eq. (35) reduces to:

. dr 1
Jim, s = 5N+ Ne = 2NN N~ 1), (40

and for a neutral atom, Np = N, = Z:

. dr 1,9 2
Lim oo = E[Z +Z-22°4+Z(Z-1)] =0, (47)
which shows that the rate vanishes as the energy ap-
proaches zero. The same cancellation effect is recovered
using the alternative prescription for counting particle
pairs, as discussed in Appendix A. This aspect was
first introduced in Ref. [27], which captured the quali-
tative difference between the CSL and DP models. In
that work, the sum over emitters was evaluated using a
simplified representation of the atomic structure, where
electrons were treated as clamped at the mean radius of
their respective orbitals. Here, we overcome this approx-
imation by explicitly incorporating realistic radial den-
sities of the emitters through the RDFs. The resulting
RDFs for Ge and Xe are shown in Figs. 4(a)-4(b) . In
both cases, the distributions extend over the angstrom
scale. The observed peaks reflect the inclusion of addi-
tional orbitals in the sums of Egs. (38) and (39). As



expected, the electronic RDFs appear more diffuse, ow-
ing to the broader spatial distribution of the electron
cloud. For Ge and Xe, the RDFs were evaluated us-
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Figure 4. Nuclear-electron R(r) (a) and electron-electron

P(r) (b) RDFs for Ge (blue) and Xe (orange) as functions
of the interparticle distance r.

ing nonrelativistic wavefunctions in the radial integrals
of Egs. (43). Owing to the relatively large atomic num-
bers of these elements, especially Xe, we assessed the
sensitivity of the RDF's to relativistic effects by compar-
ing with calculations based on relativistic wavefunctions.
The resulting differences remain at the percent level, indi-
cating that relativistic corrections provide a minor con-
tribution within the present framework. We therefore
retain the nonrelativistic wavefunctions throughout this
work. Having obtained the RDFs for Ge and Xe, we
evaluate the emission rate in Eq. (35) for the DP and
CSL models. In Figs. 5(a)-5(d), the resulting emission
rates are compared with the standard 1/FE scaling and
the clamped-electron approximation of Ref. [27] for both
Ge and Xe. We also include the colored-noise prediction
(cRDF), obtained from Eq. (28) with a cutoff energy of
E. =10 keV. This value is chosen to allow a direct com-
parison with the colored-noise benchmark considered in
Ref. [27]. At high energies, the RDF approach naturally
recovers the 1/F scaling. This can be understood from
the fact that, in this regime, correlations among emit-
ters become ineffective in modulating the radiation. The
RDF contributions oscillate rapidly, so their net effect
averages out in Eq. (35), leaving the atom unable to sig-
nificantly modify the emission spectrum. As the energy
decreases, correlations between pairs of emitters begin to
play a non-negligible role, leading to a modulation of the
rate. Because the RDF approach incorporates realistic
radial densities, it predicts a rate that remains consis-
tently below the 1/F limit. By contrast, the clamped-

electron approximation develops pronounced oscillations,
in some regions even exceeding the 1/E behavior. These
oscillations can be traced back to the artificial localiza-
tion of the radial density at average orbital distances,
which introduces spurious characteristic frequencies in
the Fourier transform of the RDFs. In the RDF ap-
proach, the smoother and more extended radial densi-
ties distribute the spectral weight over a broader range
of frequencies, washing out such artificial oscillatory fea-
tures and yielding a more physical emission rate. While
the approximation introduced in Ref. [27] captures the
qualitative low-energy behavior of the CSL and DP mod-
els, the RDF-based treatment provides a more realistic
description of the spatial distribution of emitters within
the atom. This leads to a reduced emission intensity in
the low-energy limit. Moreover, the RDF-based approach
naturally remains below the asymptotic 1/E behavior,
whereas modeling the emitters as clumped point charges
introduces unphysical oscillations in the predicted emis-
sion rate.

V. CONCLUSIONS

In this work we have derived a general expression for
collapse-induced spontaneous radiation valid for arbi-
trary noise correlations, and reformulated it in a compact
pair-sum structure where the roles of collapse dynamics
and atomic structure are disentangled. The model depen-
dence is entirely encoded in a spatial modulation kernel,
while the atomic contribution enters through the distri-
bution of inter-particle separations, naturally described
in terms of RDFs. This formulation provides a sys-
tematic and first-principles framework to include atomic
structure effects in the evaluation of emission rates. By
computing RDFs from electronic wavefunctions, we im-
prove upon previous models in which emitters are ap-
proximated as point-like or clamped at their mean orbital
radii, providing a more realistic description of their spa-
tial distribution within the atom. As shown in the results
section, this leads to quantitatively different predictions,
especially in the low-energy regime where the radiation
wavelength becomes comparable to atomic scales. A key
outcome is the proper treatment of cancellation effects at
low energies. For neutral systems, the formalism auto-
matically reproduces the vanishing of the rate in the limit
E — 0, while also capturing deviations from the simple
1/FE scaling at finite energies. The RDF-based approach
suppresses unphysical oscillations present in simplified
models and yields smoother, physically grounded spec-
tra. We have applied the method to Ge and Xe, relevant
targets for low-background experiments, and compared
predictions for the CSL and DP models. The analysis
highlights how different collapse mechanisms lead to dis-
tinct modulations of the emission rate at atomic length
scales, enhancing the potential of low-energy measure-
ments in the 1-100 keV range to discriminate between
models. The present framework provides the theoreti-
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Figure 5. Emission rates for Ge (a) and (c) and Xe (b) and (d) in the 1-100 keV range. The (a) and (b) panels show the RDF
rate for CSL with ¢ = 10®> A and the (c) and (d) panels for DP ¢ = 0.54 A. For each panel the RDF rate is compared to the
1/E behaviour, the approximation in Ref. [27] and colored-noise (¢cRDF) with a cutoff energy of E. = 10 keV. All rates are

shown in arbitrary units.

cal basis for future analyses of low-background x-ray ex-
periments, enabling material-dependent predictions and
more robust inference of collapse model parameters from
experimental data.
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Appendix A: Counting emitters in the emission rate

Here we derive the rate formula using the alternative
prescription for counting particle pairs. In this approach,
the nuclear, nucleus-electron, and electron-electron con-
tributions are treated separately. Since the nucleus is
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treated as point-like on the atomic scale, one has

S Pl = e -, (A1
1J

where I, J label nuclei. For the nucleus-electron term,
each nucleus contributes equally to the electronic radial
distribution, hence

Y Pu(r)=Np) Ri(r)=Npy 4mripi(r), (A2)
iJ 4 i

where ¢ labels electrons, p;(r) is the one-electron radial
density, and R;(r) = 4mr?p;(r). For the electron-electron
term, one separates the diagonal and off-diagonal contri-
butions:
D Piy(r) =Y Py(r) + Nei(r). (A3)
ij i#j
The diagonal part gives the contact contribution Nd(r),

while the off-diagonal part is described by the pair dis-
tribution

P(r) =Y Py(r), (A4)
i£j
normalized as
/OO dr P(r) = %(Ne —-1). (A5)
0

Using these relations in the general rate formula

dl  1[Np
dE ~ E

N,
7 (NP - 1) - NPNE +Ne + f(Ne - 1):|
(AG)
for a neutral atom, Np = N,, and the rate vanishes, as
expected.

Appendix B: Sensitivity to relativistic effects

To assess the impact of relativistic effects on the
present framework, we compare the RDFs obtained us-
ing nonrelativistic and relativistic wavefunctions for Xe,

the heaviest atom considered in this work. As shown in
Figs. 6(a)-6(b), the two calculations are in good agree-
ment over the entire range of interparticle distances. Rel-
ative differences remain below approximately 5% and are
confined to specific regions of the RDFs, while the over-
all distributions are essentially unchanged. These results
indicate that relativistic effects provide only a minor cor-
rection within the present framework, justifying the use
of nonrelativistic wavefunctions throughout this work.
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Figure 6. Sensitivity of the RDFs to relativistic effects in
Xe for the nuclear-electron (a) and the electron-electron (b)
RDFs. Each plot compares the RDF obtained using nonrel-
ativistic and relativistic wavefunctions, with the lower panels
report the relative percentage difference between the two cal-
culations.
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