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The equivalence of Schrédinger and Heisenberg pictures is often thought to break down in nonlin-
ear quantum mechanics due to the absence of a state-independent unitary propagator. We show that
for Hamiltonians depending on the state through instantaneous expectation values, the equivalence
is preserved. While the unitary intertwiner becomes initial-state dependent, it remains well-defined
and ensures identical physical predictions in both pictures. We illustrate this with the analytically
solvable examples of a nonlinear spin precession and a mean-field harmonic force, as well as in local

field theory with mean-field coupling.

I. INTRODUCTION

Nonlinear modifications of quantum mechanics have
been proposed repeatedly, both as fundamental alterna-
tives to the linear Schrodinger dynamics and as effective
descriptions emerging from coarse-graining, mean-field
limits, feedback, or semiclassical couplings. Fundamen-
tal examples include the logarithmic Schrédinger equa-
tion introduced by Bialynicki-Birula and Mycielski [1],
and the general Hamiltonian framework of Weinberg [2].
Well-known is the Mgller—Rosenfeld semiclassical gravity
[3-5] whose nonrelativistic limit is the widely discussed
Newton—Schrédinger equation [6-8]. As the common fea-
ture, the nonlinear Hamiltonians in these theories depend
on the state via the instantaneous expectation (mean)
values of certain observables. In Ref. [1], there is a po-
tential term which is proportional to the logarithm of
the mean value of the position eigenstate projector |g)(g|.
The simplest Hamiltonian in Ref . [2] assumes Pauli spin
precession in a field proportional to the mean value of 73.
In semiclassical gravity [3-5], the Hamiltonian depends
on the classical metric which depends on the mean value
of the energy-momentum tensor of the quantized matter.
In the Newton—-Schrédinger equation [6-8], the classical
Newton potential is sourced by the mean values of the
spatial mass density field.

Despite this long history, a recurring view some-
times stated explicitly (most recently in Ref. [9]), some-
times treated as ‘folklore’, is that once the dynam-
ics becomes nonlinear, the familiar equivalence of the
Schrédinger and Heisenberg pictures becomes problem-
atic or even meaningless. (State dependent Hamiltoni-
ans lead to several well-known anomalies, see, e.g., Refs
. [10, 11]. These anomalies do not occur as long as we con-
sider only the nonlinear dyxnamics —which is what we
are doing here—without taking any quantum measure-
ments.) If one insists that the Heisenberg picture must
be defined via a state-independent unitary propagator
U (t) that evolves the Schrodinger state |t), then nonlin-
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ear dynamics seems to obstruct the construction at the
first step: there is no universal U(t) implementing evo-
lution for all initial states. Consequently, it is frequently
asserted (at least implicitly) that in nonlinear quantum
mechanics one should work only in a Schrédinger-like for-
mulation or, at best, in the interaction picture where
U(t) = exp(—itHp) defined by the linear part Hy of the
total Hamiltonian. The Heisenberg picture is therefore
questioned as an alternative representation. The purpose
of the present short paper is to show that this conclusion
is too strong.

_In Sec. II, the initial-state-dependent unitary operator
U(t,|0)) is introduced that evolves the Schrédinger state
|t). We prove that this unitary generates the Heisen-
berg operators A; the same way as U(t) does it in stan-
dard linear quantum mechanics. Concrete examples of
the Heisenberg picture are shown in Sec. III.

II. SCHRODINGER AND HEISENBERG
DYNAMICS, THEIR EQUIVALENCE

Nonlinear quantum mechanics is traditionally defined
in the Schrodinger picture, so we start with the nonlinear
Schrédinger equation of the time-dependent statevector

|t>
—|t) = —iH (O]t 1
dt| > 3 ( t)| >’ ( )

where the Hamiltonian depends on the instantaneous ex-
pectation value O; = (t|O|t) of a certain observable O.
Note that O; may stand for the expectation values of a
list of different observables, even for the continuum of ex-
pectation values of a quantum field at all locations. For
the expectation value of a generic observable A (including

0), we introduce the notation A;:
Ay = (t|Aft). (2)

The corresponding Heisenberg dynamics, whose equiva-
lence with Schrodinger’s is yet to be confirmed, goes like
this. The quantum state is |0) constantly, and the observ-
ables (including O) evolve with the nonlinear Heisenberg
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equation

44 =ilAOf), A (3)
with initial condition Ay = A. Also O, satisfies the above
equation, and the state dependence of the Hamiltonian
is defined by OF = (0|04|0). For the expectation value
of a generic Heisenberg observables A, (including Ot), we
introduce the notation AX:

Al = (0]A;0). (4)

Observe that we used notations A; in Schrodinger picture
and A in Heisenberg picture, respectively. The proof of
Ay = AF is just the task along the below equivalence
proof.

We are going to show that the Heisenberg picture is
unitary equivalent with the Schrédinger picture, simi-
larly to standard linear quantum mechanics. There, the
picture-change unitary is state independent; here, for
each initial condition |0) we obtain a unitary U(t;]0)),
so the equivalence holds trajectory-wise (or initial-state-
wise) rather than by a single universal representation
change. We shall deliberately omit the |0)-dependence
from the notation U (#) since |0) is a constant all over our
calculations.

A. From Schrodinger picture to Heisenberg

To begin with the Schrodinger picture, we define the
unitary operator by

L0 = ~HO)0(), )
with U (0) = 1. The quantity O, = (£|O|t) is given via the
solution of the Schrédinger eq. (1) so that O; and finally
U(t) will depend on the initial state |0), as we previously
anticipated. Observe now that the unitary U (t) ‘solves’
the Schrodinger eq. (1):

|t} = U(t)]0). (6)

Note, however, that the definition (5) of U(t) had as-
sumed the knowledge of the solution [t). We define the
Heisenberg observables just like we do it in the standard
linear quantum mechanics:

A, =UT)AU(1). (7)

This transformation A = A, is the inverse picture trans-
formation corresponding to |0) = |t) in Eq. (6), like in
standard quantum mechanics. And like there, we get
the same expectation values in both Schrédinger and
Heisenberg pictures:

Al = A, (8)

This ensures the equivalence of physical predictions be-
tween the two pictures. Last but not least, it is yet to
be shown that A, satisfies the Heisenberg eq. of motion.
Using eq. (7) and then eq. (5), we can write:

d . . .
%At = Z[H(Ot),At]. (9)

From eq. (8), we have O; = O, and this makes the
above equation coincide with the Heisenberg eq. (3).

B. From Heisenberg picture to Schrédinger

Alternatively, we can begin with the Heisenberg pic-

ture. We define the unitary operator by

d ~ N N

L0M(1) = i (Of) 0" (1) (10)
with U7 (0) = 1. The quantity O = (0|0,|0) is given
via the solution O; of the Heisenberg eq. (3) so that O}
and finally U#(t) will depend on the initial state |0).
This unitary ‘solves’ the Heisenberg eq. (3):

Ay = U (4) AU (t). (11)

Recall that the definition (10) of U™ (t) assumes
the knowledge of the solution Qt. We define the
Schrédinger  observables by A = Ay and the
Schrédinger state by

t) = 0" (2)[0), (12)

like in the standard linear quantum mechanics. And
like there, we get the same expectation values in both
Schrodinger and Heisenberg pictures, cf. (8). Finally,
we ought to inspect that the state |¢t) in Eq. (12) satisfies
the Schrodinger equation. Since the expectation values
Oy and Of! coincide, we have U (t) = U (t), which proves
that the state |t) in Eq. (12) coincides with the solution
(6) of the Schrodinger equation (1).

III. EXAMPLES

We demonstrate the construction of the Heisenberg
picture using different nonlinear Schrodinger equations.
In two simple examples, we provide closed analytic ex-
pressions for the Heisenberg variables and for the unitary
map from the Schrédinger picture to the Heisenberg pic-
ture. This is facilitated because the state-dependent c-
number functions O; satisfy closed, analytically solvable
differential equations. Analytic solutions for the Heisen-
berg picture in more complex nonlinear models may also
exist; here we restrict ourselves to the simplest yet non-
trivial analytically tractable examples. Our first choice
is the nonlinear Hamiltonian 1(6%)6* of a two-level sys-
tem (qubit), a variant of Gisin’s example [10]. Second,



a free particle is considered under the simplest state-
dependent directional force o () as well as in the state-
dependent potential o< (§—(g))?. This Galilean-invariant
harmonic potential was already discussed in the founda-
tions of quantum mechanics [12] and was rediscovered
independently in a relevant special case [13, 14] of the
Newton—Schrédinger equation. Our third example is a
nonrelativistic boson field with generic local mean-field
coupling.

A. Spin-% in ‘mean-field’

In the Pauli representation, the generic nonlinear
Hamiltonian of a Spin—% system is the following:

H(oy) = %W(Ut)&a (13)
where the vector w is a certain function of the Bloch
vector oy = (t|&|t) at time ¢. The Schrodinger eq. (1)
yields the closed rotation equation & = w(o) x & for the
Bloch vector, not solvable analytically unless we choose
a specific w. Thus, we consider the following nonlinear
spin Hamiltonian [10]:
H(o}) = twot 67, (14)

i.e., the precession frequency about the z axis is propor-
tional to the instantaneous z—component of = (t|67|t)
of the Bloch vector.

In the Schrodinger picture, the evolution is given by
Eq. (1) with Oy = ¥ and O = 6%, namely

d i
— |ty = ——woaf 6% |t). 15
Slt) = —wof 6° 1) (15)
Using (15) and the commutators/anti-commutators of
the Pauli matrices, one obtains the following closed non-
linear equations for the Bloch vector components:

Y

oy = —wof oy, o) = w(of)?, i =0. (16)

Hence o7 = of is constant, and (o¥)% + (07)? = p? is
conserved where

p=(0§2+ 2 =/1-(5)2. (a7

For p > 0, we can parametrize the transverse components
by an azimuthal angle ¢(t):

of = psing(t). (18)

Substitution into (16) yields a single scalar equation

oF = peosd(t),

(1) = wpcos G(t). (19)

It is explicitly solvable:

sin (4(t) — 6(0)) = tanh(pwt), (20)

whence ¥, o} follow from (18). The unitary propagator
(5) is in this case a z-rotation with a state-dependent
angle which turns out to be —¢(t) + ¢(0):

U(t) = exp| 2 (60) — 0(0)5°| . (21)

Indeed, the definition (5) of U(t), with our Hamiltonian
(14), reads:

d -~ 1 -

%U(t) =W of 67 U(t). (22)
Since egs. (18) and (19) yield wo? = pw cos ¢(t) = ¢(1),
the solution (21) is confirmed, with the initial condition
U(0) = 1. The Schrédinger solution is [t) = U(t)[0) in
agreement with (6). Finally, the Heisenberg observables,
defined by (7), become the following:

&; = cos(¢(t) — ¢(0)) 6* — sin (4(t) — $(0))
6/ = cos(¢(t) — ¢(0)) & + sin (¢(t) — ¢(0)) 6*
6 = 67 (23)

Y

Q»

The Heisenberg observables & satisfy the equivalence
condition (8):

(016+10) = (t| & [t) = o0 , (24)

and the standard commutator-anticommutator relation-
ships of the Pauli matrices hold for the components of
in the Heisenberg picture as well.

B. ‘Mean-field’ directional force

Consider a free particle (m = 1) of momentum p and
position ¢, subject to a directional force proportional
to its mean position ¢; = (t|g[t). The state-dependent
Hamiltonian reads:

H(q) = %ﬁQ + w?qq. (25)

This time we start in the Heisenberg picture. The nonlin-
ear Heisenberg equation (3) yields the equation of motion
of the canonical variables:

Z:jt = —w2qt. (26)

The expectation values obey the closed canonical equa-
tions of a classical harmonic oscillator of frequency w.
The elementary solutions are

4s = P,

qt = Qo cos wt + Po sin wt, Pt = po cos wt — wqq sin wt,
w

(27)
depending on the initial values ¢o = (0/g|0) and py =
(0|p|0). Now we can solve the Heisenberg equations (26).
They are driven by the c-number force —w?q; whose time-
dependence is known from (27). Integrating them yields
the explicit Heisenberg operators:

Pt =P+ (Pt — Do), Ge = 4+tp+ (¢ — qo — pot). (28)



One can directly verify the canonical commutator
[Gt,pt] = ¢ in the Heisenberg picture. To derive the
unitary U(t), we can skip the defining equation (5)
because U (t) is already defined by the above unitary
transformation of the canonical variables (¢, p) from the
Schrodinger picture to (G:, pt) in the Heisenberg picture.
The propagator exp(—itf[) = exp(—%itﬁz) acts first,
then the position and momentum operators are shifted
by ¢: —go — pot and p; — pg respectively. The unitary U (t)
—that generates the Heisenberg observables via eq. (7)
as well as the Schrédinger state via eq. (6)— is given by:
U(t) = exp[—i(pt—po)q] exp[i(ge—qo—pot)p| exp(—itH),
(29)
up to a c-number phase. This U(t) depends on the initial
state |0) only through the initial expectation values qo, po
of the solutions (28). The construction is valid for any
initial state |0), demonstrating that unitary equivalence
is preserved despite the non-trivial nonlinearity.
It is even easier to construct the Heisenberg picture for
a slightly different nonlinear Schrodinger equation:

A() = 37" + 5070 — 0", (30)
where the directional force is centered around the instan-
taneous mean position. We exploit the Galilean invari-
ance of the nonlinear dynamics. It coincides with the
standard (linear) dynamics of the central harmonic os-
cillator in the specific inertial frame where ¢y = pg = 0,
the nonlinear Hamiltonian becomes the linear Hamilto-
nian Hy = 1(p? + w?¢?) of the central harmonic oscilla-
tor. The Heisenberg picture is generated by the unitary
exp(—itHp). We can transform it into the general frame
by Galilean transformations of the coordinate and mo-
mentum, yielding

G+ = qcoswt+ b sin wt + qo + pot
w
P = —wqsinwt + pcoswt + po (31)
U(t) exp[—ipoq] expi(qo + pot)p| exp(—itHy).

C. Local mean-field coupling

In the Schrodinger picture, let A(x) and B(x) be local
observables of a boson field theory, satisfying the locality
(microcausality) condition:

Ax),B(y)] =0, (x#y). (32)
Consider the expectation value of a certain local field:
O4(x) = (HO(x)|t) (33)

which enters the local field H(x, O;(x)) of Hamiltonian
density, yielding the nonlinear Hamiltonian:

H|O] = / H(x, Oy(x))dx. (34)

The nonlinear Schrédinger equation reads
d s
ity = i[O}, (35)

For a given |0), there is a unique solution |t), and hence a
unique solution Oy, and a unique solution H[O;]. There-
fore, there exists a unique solution of (5) whose unitar-
ity is most clearly displayed by the time-ordered explicit
form:

O(t) = Texp <—i /O t ﬁ[OT]dr) . (36)

Remember, the correct notation would be U(%; |0)), just
the initial-state-dependence is suppressed in our nota-
tion. Using this initial-state-dependent unitary, we de-
fine the Heisenberg fields:

Ay(x) = UT () AX)U (). (37)

No matter that the unitary map depends on the initial
state |0), the map preserves the algebra of observables:

[Ai(x), Bi(y)] = [A(x), B(y)]- (38)

It follows that the Heisenberg fields preserve the locality
(microcausality) (32) of the Schrodinger fields.

IV. SUMMARY, AND CLOSING REMARKS

We have shown that the standard equivalence between
the Schrodinger and the Heisenberg pictures survives
in nonlinear quantum mechanics, provided the nonlin-
earity enters through expectation values. The key is to
recognize that while a universal, state-independent uni-
tary intertwiner U (t) between the two pictures no longer
exists, a trajectory-wise unitary U(t; |0)) can always be
constructed for any given initial state. (The equivalence
of the interaction picture follows by similar arguments.)
The time-derivative dU/dt satisfies the same differential
equation as in the linear theory. As demonstrated by our
examples, the nonlinear Heisenberg equations remain an
equivalent and transparent alternative to the nonlinear
nonlinear Schroédinger equations.

This work was motivated originally by the author’s
disagreement with the statement in Ref. [9] that nonlin-
ear dynamics does not preserve the microcausality (lo-
cality) condition of quantum fields because the evolution
is non-unitary. The contrary argument [15], which states
that the evolution of fields is initial-state-dependent umni-
tary, also ensures the equivalence of the Schrédinger and
Heisenberg pictures. Very recently, Ref. [16] has al-
ready recognized this equivalence in a particular nonlin-
ear quantum model, but the authors did not need to set
out to prove that as a general rule.
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