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Transition to Chaos via Gluing Bifurcations in Optically Excited Nematic Liquid Crystals
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We study the passage of monochromatic, cw laser light through a cell of homeotropically aligned
nematic liquid crystal at a slightly oblique angle, polarized perpendicular to the plane of incidence.
Experiments in this geometry have revealed complex, time-dependent dynamics of the director motion.
We derive a model for the director dynamics that shows both periodic and chaotic behavior at different
light intensities as observed in the experiments. It follows an uncommon route to chaos via gluing
bifurcations which has not yet been observed in any real physical system.

PACS numbers: 42.70.Df, 05.45.Ac, 42.65.Sf
Liquid crystals (LCs) are known to produce a great
variety of interesting optic phenomena, in particular
those associated with the so-called light-induced director
reorientation. LCs are optically anisotropic materials, and
their local optical properties (the direction of the optical
axis) are determined by the orientation of the director.
This, on the other hand, is influenced by the electric field
of a light wave. Thus an intense light wave can alter the
optical properties of the material it propagates through,
which leads to a rich variety of nonlinear optical responses
of the LC (see Ref. [1]).

An interesting configuration is that of a linearly polar-
ized light wave incident on a cell of a homeotropically
aligned nematic at a small angle s0 with the direction of
polarization perpendicular to the plane of incidence [see
Fig. 1(a)]. Early experiments have revealed periodic and
irregular motions of the director [2,3]. Recently, there has
been considerable experimental effort to explore the prop-
erties of the irregular regime [4,5]. Observations show
that the initial oscillations grow more complex as the in-
tensity of the incident laser beam increases, eventually
turning chaotic. While attempts at deriving a model for
this complex behavior have begun [6], a proper theory
derived from the basic equations which reproduce this
chaotic behavior has not yet been published.

In this Letter we report on the derivation of a set of
ordinary differential equations (ODEs) for the motion of
the director from the fundamental equations for LCs and
electromagnetic waves. Computer simulations show that
they indeed give rise to complex and chaotic dynamics in
good agreement with existing experiments. The model is
shown to take a rather distinct route to chaos through a
series of gluing bifurcations [7]. To our knowledge, this
route to chaos has never been experimentally observed in
any real physical system. Therefore this relatively simple
system is interesting from the point of view of basic chaos
theory.

We start from the basic nematodynamic equations for
the director �n and the velocity field �y, see, e.g., [8]. Since
the time scale of the phenomena to be discussed is of the
order of seconds, one can neglect inertial terms in the
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Navier-Stokes equation. We consider solutions that de-
pend only on the z coordinate and then �y can be elimi-
nated adiabatically. One is left with the director equation
g �ni � �di,j 2 ninj�dF�dnj, where g is an effective ro-
tational viscosity including the so-called backflow effects,
see, e.g., [9]. F is the usual orientational free energy, in-
cluding the dielectric contribution averaged over the op-
tical frequency oscillations [1]. Assuming homeotropic
alignment with strong anchoring at the boundaries, we in-
troduce two angles u�z, t� and w�z, t� (see Fig. 1) to de-
scribe the director. We assume that these angles are small
�juj, jwj # 1� and write all expressions to third-order ac-
curacy in them.

The electric field �E��r , t� is obtained from Maxwell’s
wave equations with the z-dependent dielectric tensor
given by eij � ´�dij 1 ´aninj (here ´� is the dielec-
tric permittivity perpendicular to �n and ´a � ´k 2 ´� is
the dielectric anisotropy). Assuming the incident light to
be a monochromatic plane wave, we can apply the for-
malism of Oldano for electromagnetic wave propagation
in anisotropic stratified media [10]. With its help, it is
possible to write a set of ODEs for the z dependence of
the field components and formally solve it by using per-
turbation theory to third order in the angles u, w. We
then substitute these expressions (which contain multiple
integrals of the angles with respect to z in a complicated
way) into the director equations to get a set of equations

FIG. 1. (a) Geometry of the setup: a slightly oblique ordinary
wave incident upon a cell of nematic LC with homeotropic ori-
entation. (b) Definition of the angles describing the orientation
of the director.
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of motion for the angles. These are still partial differ-
ential equations in z and t, but we can now expand in
terms of sine functions w�z, t� �

P
n An�t� sin�npz�L�,

u�z, t� �
P

n Bn�t� sin�npz�L� (L is the thickness of the
cell) which satisfy the boundary conditions. We project
the original system of equations on these modes to get
a set of coupled, first-order, nonlinear ODEs for the am-
plitudes An�t�, Bn�t�. This set must be truncated yielding
a finite vector of variables �A1, . . . , An, B1, . . . , Bm�. The
equations can be simplified by keeping only the terms up
to third order in the amplitudes. Their general form is
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The linear coefficients LA and the nonlinear terms PA,
QA, RA, PB, QB, and RB are functions of s � s0�

p
´�

(the angle of refraction of an ordinary wave in the cell),
´0

a � ´a�´�, the ratios of the Frank constants K1�K3,
K2�K3, the intensity parameter r defined as
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(I is the laser intensity, IF is the threshold intensity
of the light-induced Fréedericksz transition (LIFT) for
perpendicular incidence), and the parameter k, where

k �
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s2
0´ak0

2
p

´� �´� 1 ´a�
(3)

(k0 is the wave number of the incident light in vacuum).
k is (to a very good approximation) the phase shift
between an ordinary and an extraordinary wave (the latter
is polarized in the plane of incidence and the former is
perpendicular to this plane) at z � L for the undisturbed
homeotropic alignment of the LC. The characteristic time
t is given by t � gL2�p2K3. r is the control parameter
in the problem. Because of the inversion symmetry with
respect to the x, z plane the equations are invariant under
the transformation S:�Ai , Bk� ! �2Ai , Bk�.

Clearly, in the linear destabilization of the basic state,
only the modes Ai are active. For normal incidence (then
k � 0), one has Lij � rdij, so that only A1 is activated
at the Fréedericksz transition occurring at r � 1. For
small angles of incidence it suffices to keep A1 and A2
because the linear damping of the modes due to elastic
stress grows proportional to i2, and A3 and higher modes
are only weakly coupled to the first two. The resulting
linear stability analysis [6] shows destabilization in a
stationary pitchfork bifurcation for values of the phase
shift below some kc, and against a Hopf bifurcation above
that. Figure 2 shows these results in the r, k plane.
FIG. 2. Stability diagram of the homogeneous state. In
the region of instability (grey) the complex growth rate of
perturbations has a positive real part. To the right of the dashed
line the maximum growth rate has a nonzero imaginary part.
The basic state is unstable against a stationary bifurcation for
k # 0.6 and against a Hopf bifurcation in the region above that.
The dashed-dotted line marks the secondary Hopf bifurcation
of the stationary reoriented state as calculated numerically from
the nonlinear model.

The complicated expressions for the nonlinear terms
can be simplified considerably by using the inequalities
s ø 1 and k2 ø 1. The latter does not follow sim-
ply from the former because Lk0 ¿ 1. However, by
using values for the parameters that correspond to the
experiments [12], we get k2 � 0.06. We display here
in the small k limit the linear coefficients, LA

ii � r 1

k2r
112�21�i

i2 and LA
ij � 2k2r

�21�j

i?j , j fi i. The rest will
be published in a forthcoming paper together with a de-
tailed derivation.

For the nonlinear analysis we supplement the modes A1
and A2 by B1. At least these modes are needed to obtain
the observed scenario. On the other hand, they should
suffice for not too large r because of the strong linear
damping of the higher modes. In fact it turns out that
the behavior of this minimal model already describes very
well the observations in the experiments.

While the equations of even this simplest three-variable
model cannot be solved analytically, one can easily
explore the model’s behavior by numerically solving the
equations with different parameters. Here we present a
short summary of the behavior as r is increased with the
rest of the parameters corresponding to the setup used in
the experiments [4,5] (see Ref. [12]).

The basic state �A1 � A2 � B1 � 0� loses stability
at rc � 1.065 and stationary reorientation takes place
(LIFT). The symmetry S is broken spontaneously. In
the region of interest above rc the basic state is a saddle
point with three real eigenvalues l3 , l2 , 0 , l1, and
one has two symmetry degenerate off-origin fixed points.
Not too far above rc the amplitude A1 dominates which
corresponds to a simple sinusoidal reorientation in the y
direction. At higher intensities, the nonlinear interaction
between the modes becomes important leading to the
growth of A2 and B1.
4745



VOLUME 83, NUMBER 23 P H Y S I C A L R E V I E W L E T T E R S 6 DECEMBER 1999
The stationary reoriented state becomes unstable in a
Hopf bifurcation at r0 � 1.71 and two simple limit cycles
appear in phase space which are mutual images under
S [see Fig. 3(a)]. The period of these limit cycles is
T � 13.5 s at r � 1.72 just above the bifurcation and
grows with increasing r. As the light intensity increases,
the radius of the limit cycles grows, and at r1 � 1.808 75
the two limit cycles merge in a gluing bifurcation at the
origin. At r1 the limit cycles are homoclinic trajectories
which leave the origin along the l1 direction and return
along the l2 direction. Figure 3(b) shows this situation.
Slightly above r1 one has a single double-length limit
cycle [Fig. 3(c)] which is symmetric under S. This is not
a period-doubling bifurcation, however, as the homoclinic
trajectories at r1 have an infinite period.

At a certain intensity, r
0
1 . r1, the symmetric limit

cycle loses stability and two asymmetric limit cycles are
born that are mutual images under S [Fig. 4(a)]. These
merge in a second gluing bifurcation at r2 � 1.9474,
where the limit cycles are again homoclinic trajectories
with an infinite period. The symmetric quadruple-length
limit cycle that is stable just above r2 is shown in

FIG. 3. (a) Simple limit cycles in three-dimensional phase
space spanned by A1, A2, and B1 at r � 1.78. (b) The limit
cycle at r � 1.808 75 at the first gluing bifurcation where it is
composed of two homoclinic trajectories with infinite periods.
(c) The double-length limit cycle at r � 1.85.
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Fig. 4(b). This sequence of splitting and remerging of the
limit cycle continues and the set of values ri converge
to a value r` � 1.98. Beyond this point the motion is
chaotic. The system exhibits typical signatures of low-
dimensional deterministic chaos such as great sensitivity
to initial conditions and a positive Lyapunov exponent.
The frequency spectrum of the mode amplitudes also
shows this transition to chaos by changing from a line
spectrum (where all lines are integer multiples of the
same fundamental frequency) to a continuous spectrum.
Figure 5 shows motion along the Lorenz-like strange
attractor at r � 2.2. The largest Lyapunov exponent at
this intensity is lL � 0.0885 s21.

The important property of our equations that allows this
route to chaos is the invariance under S and the fact that
2l2 . l1 up to about r � 2.13. This latter property
allows the homoclinic trajectories to be stable [7]. The
inclusion of more modes and/or higher-order terms in our
model would preserve these properties (in the small k2

limit). The famous Lorenz system has identical symmetry
properties but has 2l2 , l1 and thus follows a different
route to chaos.

At about r � 2.5 the Lorenz-like symmetric attractor
gives way to two asymmetric attracting sets, again mutual
images under S. They are of the form of a Möbius
strip and the scenario is similar to that occurring in
the Shimizu-Morioka model [13]. As the intensity is
increased, the system returns to simple periodic behavior
via an inverse period-doubling cascade.

A qualitative comparison of our simulations and the
experimental observation shows that our model exhibits

FIG. 4. (a) r � 1.94, two asymmetric limit cycles which are
mutual images under S. (b) r � 1.96, symmetric limit cycle
born in the second gluing bifurcation.
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FIG. 5. Motion on the Lorenz-like strange attractor at r �
2.2. The largest Lyapunov exponent of the attractor is
lL � 0.0885 s21.

periodic oscillations, transition to chaos and a return to
periodic behavior, just as observed in some of the experi-
ments [4]. At still higher intensities, chaotic behavior was
observed again, but our simulations do not display this
property, so refining of the model is eventually needed. A
quantitative comparison is hampered by the fact that the
precise behavior of the model depends sensitively on the
values of the parameters and we have limited information
on the precise experimental values [12]. Furthermore, the
transition to chaos was only qualitatively described in the
experimental papers [4,5]. The threshold intensity of
the onset of periodic behavior �r � 1.71� is, however,
quite near to the experimental values. The system was ob-
served to already be in the oscillatory regime at r � 1.86
in [4] with the period of the oscillations being T � 12.5 s.
Our model exhibits sizable oscillations at r � 1.73 with
period T � 14 s. The predicted increase of the period
of the oscillations with r in the first oscillatory regime
(before the first gluing bifurcation) is also in agreement
with observations. The largest Lyapunov exponent of the
attractor in the chaotic regime found in the experiments
�0.1 6 0.015 s21� is consistent with that found in our
simulations (0.0885 s21 at r � 2.2). We finally mention
that the general features of the model are quite robust, as
can be seen, e.g., from the k dependence of the secondary
Hopf bifurcation shown in Fig. 2 (dashed-dotted line).

In conclusion, the model we have constructed describes
periodic and chaotic director oscillations in nematics
excited by a slightly oblique incident laser wave. There
is good qualitative and fair quantitative agreement with
existing experiments in the regions of lower intensity.
The solutions obtained are consistent with the initial
assumption of small angles, as none of the amplitudes
ever surpasses 0.2. To our knowledge, this is the first
theory for these phenomena that have been observed in
experiments for nearly two decades. Furthermore, our
model suggests that the route this system follows to chaos
is one which has, to our knowledge, not been observed
in any experiment before. This makes a further study of
the system interesting not only from the point of view of
LC nonlinear optics but from that of basic chaos theory.
Among the predictions that could be tested in further
experiments we mention the predicted drastic increase of
the period in the vicinity of the gluing bifurcations and the
interesting codimension-2 point, where the primary Hopf
bifurcation joins with the secondary one.
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