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ABSTRACT

An algorithm is described for computing the Hansen moments of an asymptoti-
cally flat, empty, stationary and axisymmetric space-time. The values of the first 12
multipole moments are given in term of the power series expansion coefficients of the
Ernst potential on the symmetry axis. The moments of the first four Tomimatsu-Sato
solutions are presented up to the twelfth order.

1. INTRODUCTION

Multipole moments in general relativity are expected to be useful for various
purposes, and considerable effort has been made in the past few years to work out
their theory. Simon and Beig [1] have shown that a given set of moments determine
a solution of Einstein’s equation uniquely. They provide a coordinate-free description
of the space-time unlike many other methods. The multipole moments may even yield
an effective means of generating solutions of the gravitational equations.

Geroch [2] has defined the multipole moment tensors in curved, static, asymptot-
ically flat and empty space-times. Hansen (3] has generalized the notion of gravita-
tional multipole moments to asymptotically flat stationary space-times. We can define
a three-metric on the set of trajectories of the stationary Killing vector K* by

hl'J' = fgij + KI'KJ's (1)

Wwhere g, is the metric of the spacetime, and f = K* K.
A three dimensional manifold M with positive-definite metric h; is called asymp-
totically flat if there exists a manifold M with metric 7z.-,., such that :
(i) ﬂ = MU A, vhere A is a single point,
(i) hy = 02 h;y, where 0 is C? on ﬁ(,~
(i) 0, =q,|, =o, D.DQ|, =hyl,.
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The following steps lead to the definition of the multipole moment tensors of a

scalar potential ¢ :
(i) conformal transformation of the potential @, let d=0"12¢,
(ii) supposing that é can be smoothly extended to the point A, we can define the

following tensor fields on M

po) — ¢
P =D, P
(2)
P =ClD, P - e - DR, BT,

where C denotes the operation of taking the symmetric and trace-free part, D; is
the derivative operator and R;; is the Ricci tensor(4] associated with the trans-

formed metric I~z,~,‘,
(iii) the multipole moment tensors are the values of these tensor fields at conformal

infinity,
n n)
M, =B, (3)

If the space is flat and ¢ is the Newtonian potential, A¢ = 0, then M‘.(l"_.’_‘.n equals
the classical multipole moment tensor. .
If we calculate the moments using {} = w? instead of 2, we get [5]:

—r(n n—l ) —n ~ ~
M(..) _CZ( ) Zk—].;”( 2)k M(,k.?.ikDik-o-waA"'DinwlA' (4)

The change of the moments depends only on l-).-wl +» Which is a vector of only three real
components. This behaviour reflects the usual dependence of the Newtonian moments
on the choice of origin. Had we left out the Ricci-tensor term from the definition of the
moments, the change would have depended also on the higher derivatives of w at the
point A. We can make the definition of the moments unambiguous if we choose w such
that the real part of Mi“' vanishes. This corresponds to the choice of a coordinate
system which is at the center of mass, so the real part of the dipole moment is zero.

How to choose the potential ¢ in general relativity ? Let f = K'K; be the norm,
and ¢; = €. K’ K*"' the curl of the stationary Killing field K*. It follows from the
vacuum Einstein equations that the curl is locally a gradient; ¢; = %,;. It is convenient
to unify these potentials in the complex Ernst notation

£ =f+1iy, (3)

and define the complex gravitational potential
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We will calculate the moments of the potential ¢ = £. As a result we get the mass and
angular moments defined by Geroch|[2] for the real and imaginary parts.

It follows from the vacuum Einstein equations, that the Ernst [6] equation holds
for ¢ :

(66 —1)Ag =26 (V). (7)

2. AXISTATIONARY SPACE-TIMES

The metric of a stationary axisymmetric space time can be written in the form
1
ds® = 7[e27 (dp® + dz?) + pPdp?| — f(dt — wdp)?, (8)

where the functions f, 4 and w depend only on z! = p and z* = 2. Using (1), we get
the metric on the three dimensional manifold M,

e 0 0
hy=| 0 e o (9)
0 0 p?
After the following coordinate transformation
P .z _
it P aia o P=o (10)
the infinity is at the origin = 0 and z = 0, and the metric is
1 e 0 0
h;; = : 0 827 0 N (11)
T
0 0 p?

where 7 = p? + z2. We drop the overbar from the coordinates and from 7. Let the
manifold Mbe MUA , where A is the origin. Let 0 = 72, then the metric on M is
hij = Q*h;; = r* h;;, and the conform-transformed potential is E = Q-Y2¢ = Le.
Then from the equation (7) we get

(r® £é - I)AE~ = 2¢* [r? (65)2 + 2r§§56r -+ E’] (12)

Since the multipole tensors are invariant under a rotation about the symmetry
axis p = 0, they are necessarily multiples of the symmetric trace-free outer product of
the axis vector n® with itself. Hence Hansen has defined the scalar moments by

1
n!" tieda

P, = =M™ pir_ pin, (13)
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The quantities P, uniquely determine the tensors M(."..).-‘..' Since on the axis n* =
(0,1,0), we have

1 _(n)
P, = EP;...zlA' (14)

It follows from equation (12) that £ is uniquely determined by its values on the
axis. We can write £ there in form of power series in z,

= f: m,2z". (15)

It has been conjectured that P, = m, . This is true for n = 0,1,2,3, but Hauser 7]
found the conjecture to be false for n = 4 and 5. Hoenselaers (8] has published the
values of the sixth and seventh moments.

3. GENERATING ALGORITHM

We first briefly review the results published in ref. [9]. We present an effective
algorithm for generating the scalar moment P, m terms of the coefficients m,. For
the calculation of the n** moment we need 8?85 f | ,» where a + b < n. So we write ¢

in the form -
e }: a;;p' 2, (16)

where a,; = m;. Putting this into the equatlon (12) we get
(T+2) Qry2,6 = —(3+2)(S+1) A o42
+ Y aua),lep (P’ +¢° —4p — 5q — 2pk — 2ql - 2) (1)

k+m+pmr
l4ntqme

+ap+ g_q_z(p + 2)(P +2 - 2k) + Qp_2q9+2 (q + 2)(q +1- 21)]
Using this recursion formula we can express the constants a;; by m.
Since the P.‘(:.),.'.. tensors are symmetric, we can introduce the notation

o

(n) (n)
Py =P 1.12..23..3° (18)

so we can reduce the number of the formulas at the calculation from 3" to
L(n+1)(n+2). Thus the recursive definition (2) of the tensors P‘.(l"._'_,.n takes the form:

a1 0 _(n 0 _(n- 17 (n-
me) nC{aE-P‘f llb) + b Pi 3 11) [(a(a — 1) + 2ab)y,, + 2ac—] P«.:—l.lbj
pin-1)

- [2ab+b(b—1)] P«i';; 11) (a—1)72P(nzb+1+b(b—I)7l a+1.,b—2

(n-1) 3 ~ 2 (19)
+ec(c—1)pe”"PL ) — (n—E)[a(a—l)R“PJ"Zb’

+2abR, P" 73 4+ b(b—1)R P 22’] }
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the form:

(19)

where now the symbol C denotes the trace-free part only, the Ricci tensor is

R, = 5;(G.G; + GIG,), (20)
whereD=r‘2EE~‘ -1,G, =zf~,1 —pf-,z , G, =pf~,1 +zé2 +E~,G3 =0 and
T = g(éu - Ry) , V2 = pRy,. (21)
For further simplification, we can define the symmetric tensor S‘.‘l"_ _’.‘.“ such that

P-‘(.'t.)..‘, = C(S-'(:.)..',.)’ (22)

and S-'(."..).-'.. =0if ¢, = 3 for some 1 < k < n. Then

S = P kg, Q) (23)

cin)?

where Qf:'-.z’ is a symmetric tensor. Now we can introduce the notation

(n) _ gin)
S =51 19, 2
S

. n-e

(24)

so we have reduced the number of the formulas at the calculation to n+1. The recursion
formula of the quantities S." takes the form

= a
R R P

/

1 a2 - 7] a—1
Str) = 2§32 gin-1) _ (n-1) [ _ _ ] (n-1)
( n{aap 1+ (n a)azSa +al(a+1-2n)y, > S,

t@=n)le+n-1)7,5"" +a(a—1)y,5";"

+(n—a)n—a-1)(y, - [-l))s'"-”

a+1
-3 B oln-2)
- (n- 5 a(a - 1)R,,S,";,
+2a(n - a)R; 8" 7% + (n - a)(n—-a-— 1)1}4251"'2’] }
(25)
It follows from the axisymmetry, that S.™’ |» # Oonly if a = 0. For the calculation
of the scalar moments, using the equation (14), we only need Pz(.'.'.’zl +- Thus we have

to calculate the trace-free part of a symmetric tensor T‘.‘:.'J.“ for which only T,"), # 0,
and we need only the 2...2 component of the result. For the scalar moments we get [9]:

1

_ (n)

" @n-1nte - (26)
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4. THE COMPUTATION

The computation up to the mt* moment consists of the following steps.
1°] We express‘ the constants a,; in terms of m; using the recursive relation (17). We

need all the coefficients a;; for which 1 +J < m.
2°] We compute the polynomials 5™ from the recursive relation (25), using (20) and

(21). Their respective degrees are m —n. We have to calculate only the Si™'’s for

which a <m —n.
3°] Then we can easily calculate the scalar moments using (26).

Using this algorithm even the twelfth moment could have been effortlessly com-
puted by the computer of the Central Research Institute. I used the algebraic language
REDUCE [10] for differentiation and algebraic manipulation of polynomials [11]. Thave
found that the computation of each subsequent moment requires about twice as much
CPU time, and the length of the resulting expression is about the double of the pre-
vious. In each moment the terms tend to occur in pairs, so that it is convenient to
introduce the notation

Nij =m;m; — M;_1Mj41, (27)

where 1 > j + 2. There exist algebraic identities among the quantities Ny of the form

m.Nayspr1 = mb+1Na+3..c —Mgi2Nor2.c5

(28)

mc+1Na+3.b+1 = mb+2Nu+3,c - ma+3Nb+2.c?

where @ > b > c. Using these equations we can eliminate the terms in which N;; is
multipled by m;, where j >iorj <k.Ihave succeded to determine some of the
constant factors, and the other factors will be also simpler if at the n'® moment we
introduce the notation

(n—2)! (2i+1)! (2n—2i—3)! )

Sik = (i-—2)! (n_i)! (2n-—1)!! ik

The results of the computation of the first 12 multipole moments are :

P, =myg
P, =m,
P, =m,
P, =m,

P4 =My — Szom(‘)
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P5 = mg — Sgom; = Saoms

- — - 7 2

PG = mg Sgomz + 5520"18 my — SsomI = S“Jma = 2531"18

P-, = mq 520m3 + 2Szom momo - ‘Sgomo m,; — Sgomz + 530m0 my — S40m‘ -
S31m 550 mo S(l mo

Pg = mg — Sgom4 + 21 Sgomzmomo + Sgoml my — 2520m‘m8m1 Szomo mo —
203 mg -
20myZm, S';mm3 + L8850mim; mo + L S5omi?m, — Som; + L L S0omyimy —
S31m2 Ssom S41m1 Ssomo = TS“ mo - 35427710
P = _ = 20 * = 8 * 106 *
f mg 520m5 + 11Szomam(,m0 + 7Somimim, — S Somimim, —
41 -2 — 288
77 S20miZm, Szom miim?2 — 5 S2omimim, + 28;0my*mym, — S3om; +
GS 156
30m2m0m0 + Ssom my + Saomlmomx - —Saomo m? — 1012'5‘307"10 m,; —
Syom; 148
340 + S4om mym, + “-,Swmg m, — Tssxms + Saxmo m; — Ssom; +
314
Ssomo my 147 Sumz - Seo"h - gssxm; - “75427"1 S'romﬁ - 270361"16 -
“BS
52

Py = my, — " 148
10 10 Spomg + “3520"14"20"10 + 2 ”9 Szomsm my, — I:gszom§m5m1 +

ms,om, m, — mé}omzm;ml - ngszomzm(;’mg -
49305 - 37 2
momim, — 3G, m*2m m2 _ 1685 =2
23;' 20M; M, 2252 39 P20m; “mym¢ 21 S20miim, + I;.S'zom;mazmlmo -+
m:imd o2 =3 — 125 74 N
20My" My + s S20mg>mym, 13 O920my°mi — S;om; + 33 Ssomimim, +

4
N Ssomym;mg +12L s Ssom2m0m1+132530m my —3830m;mg*md — 192 S, m2my m, —

;;Ssomo mym, — LG5, ;m?m, — Seom; + %Swm myme + 125,,mi*m, +
aa;?omzzmaﬂh - W5 . miim? — 82 6 oms?m, — $18m; + 880 Ssymimym, —
7 P31Mmy*m, Ssom3+ S&omlmomo‘f' T Ssomy?m, —3541m3+8583383541m5 m; —
Ssom2+3sﬁom my — 4.S‘slmz—%Swmz—smml—?)—Smm; D2 85.m; —Ssomg —

35 _ _ 1553
12 S71m0 _70 Sggm(.) ms;,ama

P, — . 134
11 = m - 134 o 38 - 10 =,
[ 11 Som; + o5 S20mimim, + e Seom;mim, — BSoem;mim, +
2 5 oM M ma — 22 “ o, 23 %2, 2 1256 . .
:: 203, Mg 39 520”23”7'1’”'1 13 520”713”10 ”l - S20”7-37n(;”12—;; S207”'22”7'1_
_S2 m. = * 2 52 * -
om;mimim2 — 2=
o5 5 om? T Somimim, + msS?Omzmo mime — =S;omi*m? +

3
uszom mgm,m, + 54 Szom memg + 22386, mim32m,m, — R S,omimy?m2 —

52 me4 2 308
0 m, m? —
o + Szomo m,m, Ssomg + lsSaom‘mom(, + 39330m3m m, +

Sa m: il 0
;;;a omzmgim, + 39S:m”'l2 mo + BSiomimim, - W Som;ms®m2  —
275 Ssomimm. — _ 2138 .2 40 . e

3 2Mym, 2 Syom;? mgm? 575 Osomiim, — B Somimi*mym, -
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“Swmlmoma + Ssomytmi + 24Ssom33m2mo — ——Saomo m? — Siem; +

- 2
Smmsmomo + Swmzm mo + 2 S4om2m0m1 + 2 S.om1 m;, — —;S.omlm{) m3 —

3433 _ 14530 .ok
1 2 Saomimom; 2., £ S omydmymg— 139 8993 5 msim,— 531m5+ 4890 Ssymymgm, +
536 * * 68 =
519 LG,m;®m, — —531m1m3m2 — 77531m0 ms — Ssom; + Z;SsomomgMo +
507 =
—lssom; mo + 63 S5om mem; — S’somo mZ — S'som m, — 2Sam; +

7993 41
75 S4,m;m5m1+ 252 LS, myimy— Ssom3+ 0 Seom; m0m0+7860m0 m,— 13 Ssim;+

27989 *2
1764 S-"lmo my = 103

8 « _ 59 . _ _e2 . _ 467 _ .
-3-S-,1m1 = 1—"562"11 - 36 Ss3m1 Sgomo 21 Sglmo 00 157277'7-(J 21 Scamo

542m3 S70m2+ S']omo mgo — 1561m2 252 S52m2 Ssomz—

P, = my; — Szomg + §25207’71.'3"7'(')7710 + %Szom;m‘mo - 1105520m5m0m1 +
;‘T’}lszom}m;mo - 222G emimim, — 288 Spomymg 2m? — %—%%%Szom;mgm2 -
2‘31520m3 m, — ;e=Spemymym; — Z—f;—?szom;m"mgmo - MU mimim; +
%;_‘Iszom;ma mymo — 2431570"1'2 momg = 1:I§:S m;? - 2431520m.2m12m0 +
fgi:;sgom;m;m;mlmo + ELS,omymi*mg  + 2;2;2;3 Spomimi?mamy  —
%Szomzmo m? + 2830 Syom;*my My + 220e Syom}imyim] +
vies 5, it mam, S Smitmpmt - R Swmimptmomi +
i:—aszom;mgzm,ml - A5,,my*mg — uis g, omytmamy + 5805‘ Somyimim, —
812 Syomg®m3 — Ssom; + 188 Gy omymomeo + 715,Swm‘m mo + ELS,omimim, +
20 S3omym;mo + UL S omymim, — Y Ssom; m;?mZ — 730551"57530m;m5m2 +
BLL S om; my — 1892 5, omymimemg — 40591 S5yom;mim, — 22281 ., mymg®m,mo —
1:3257 Ssom;mams 71553°m1 mg 173:5.60l S3°mI2m8m1m0 - 45503015103 S3°m; ms +
125, mimg®my + 1098 Sy omimm,mo — 818 Syomymy?mi + 50530m0 mymZ +
Lo S3om0 mymg + 222 S5omg? mgm1 — Spomy + B2 S omimeme + 22 S, om;mimo +

1;17‘252 S“)msmoml + 143 S40m2 my =+ 2101652 S4om2mIm1 =
uss“’mzmo my — LS S,omymom, 143540'" *mym3 — D22 Somi*m; -
1245,0m] my?Pmym, — S ,mimims; + $Somg* md + 2153552540m53m2m0 -
418 Somg®mi — 2938 5, omg?m, — oS mg + ‘.‘,Zg‘ Syymymgm, + S22 S, mymim; —
g%"5"31"‘"2""5""2 - 4550331m mp; — 2's—ﬁ.gzumq7‘"()"'"3 - %531"’83"‘3 = Ssoms t+
—‘-Ssom;m(',mo + BS5,mimim, + 8l5 omymym,  + ;—;—%Ssom;’ml =
Ssom mg?mg — ‘35466556550'";7"5"12 xazssomo m,mo— 0795 m62m3—§j—zs4lm;+
21220275451 S“mz‘m(',m,+Z;;g;sum;zm,+2§3i25’“m;m6m2 33645 1mgims = —Seomit
28 Ssomzmgmo + 2 Ssom;?my + GtSeomimomy — £2 Seomg®mg — 808 Sgom”Ma ~
189.5,,m; + 180880 5, mimgm, + 3300 Ssymy?m, — 44-S,,my + 8485, my" My ~
Syomy + 2 Sromimgmo + LB S,(,m0 m, 25, m; + 352 Seymi?m, — S5 Sgams
Ssom; + L52«5"301'71(':.2”7'10 - ‘4—;‘571"1; - xos 432 Ssom; — if,ﬁ,’) Ssamy — Seom) — ':'%S”mI £
:-(7)‘%5727"; - %Sssml - Sloom(; - 4—0591"15 - ‘;Sszma - l;fg Sqamg — 193025547"0
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1, MMy —
Ssomg t+
1;2m1 =
2 m:+
25, m;
— Sgomng
2 p—
My~ M2
zmazmz o
L A0
?Sszms
i b
,-;-Sumx

439 G- .My
90 S(H

For the computation up to the 12t
one hour CPU time.

Using theese fomulas for the multi
of the Einstein’s equations for which

not true for the Kerr solution, since then Ny =0,and P, = m,
is the mass parameter,

moment, I needed 4 megabyte memory, and

pole moments one can search for those solutions
only the first few moments are not zero. This is
= M(ia)", where M
and a is the angular momentum parameter.
Can we get simpler expressions for the moments if we use another conform factor
Q = wN instead of N? To answer this question we do not have to carry out the

whole calculation again. Putting the form (14) of the scalar moments into the (4)
transformation formula of the moment tensors, we get

P=Y (3)en, (30)
k=0 .

where a = —%ﬁzw] 1+ The change of the moments

@, so there is not much way to make the res

form. -

depends only on the real number
ults simpler. I have not found a simpler

5. THE MOMENTS OF THE TOMIMATSU-SATO SOLUTIONS

If we know the value of the complex potential ¢ on the symmetry axis for a given
space-time, we can calculate the coefficients m; in the power series expansion of £
there, and using the formulas for the scalar mo

ments, or using the general algorithm,
we can calculate the momets P, . The value of £ on the axis for the 6t Tomimatsu-Sato
solution is [12]:

1 (z+1)° +(z-1)¢ |
E - l"(z + 1)6 _ (z - 1)6 - 1q, (31)
where z and y are prolate spheroidal coordinates,

parameters, p* + ¢* = 1. The cylindrical coordinat
the axis y = 1 and 2 = 1/z,

on the axis y = 1, and p and q are
€ 2 = KTy, where k = # Since on

T =

. 32
M pz' ( )
The power series expa.nsion ofa quotient of

polynomials can be easily calculated using
a recursion formula. If

o 2 ez
det=ize (33)

k=0 E bji’
=0
then
a =l
Cp = = - — C;bk_i. (34)
b b 2
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It is interesting that for the second Tomimatsu-Sato solution

1
w1 P

N;, =_4k+1 2k+2 pf2E+3 (35)
The moments of the first four Tomimatsu-Sato solutions up to the 12t* order are:
6=1:

Kerr solution, P, = M(ia)" for all n,

6=2:
P0=M’
PlziMQ‘L

P, = M*(3p° - 1),

Py =iM*q(3p* - 1),

P, = M*(&p' — 15p° +1),

Py =iM°q(35p* — 1397 +1),

Po=M"(Lp° — B2Lpt + 212 1),

Py =iM*q(fp° - Zp + 507 - 1),

Py = M°(5550° — 536cP° + 2t0ac P — 5507 + 1),
Py = iM*q(555P° — 33556 P° + ga0s P — 11P° 1),

38896
Pio = MY (3532P"° = GossssP" + sa0sa P’ ~ soos P' + 5P — 1),
Py, = iM”q(;;f—zpw - 55778‘85116 P+ ;::::pG - fgg;él" + %pz - 1),
Pz = MY (55557 = Siatsioes P + s30a07e P’ ~ TasaesP T 7arssP’ 0P + 1),

.

6=3:
Po = M,
P, =iM?q,

CP= MP(12p7 1),
Py, = iM‘Q(%Pz - 1),
P, = Ms(;—z-p‘ - Zﬂp2 + 1), |

189
P, = iqu(;?-g- ‘- %%pz +1),
Po = M"(350° — Be5ss P + ferp® — 1),
P =iMPq(5i477° — zesr P t 5P’ — 1),
Py = M*(556557° — stiaoor P+ Sisssar?' — Sor?’ + 1),
Py = iqu(1966783 p° = 43773947913‘7031’6 + ;iggigp‘ - %pz +1),
Py = M" (7—;—57’ - 2170287845164329631 P+ 1305074753386558363 P° - :2;(3)31’ t ;—ig—i’_p F - 1),
P, = iMuq(s:;?u p° - 1:::;2:;;13 P+ 131‘3‘5153207121587 P’ - 19172171736‘3 Pt + :_t:—ipz - 1),
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(35)

rder are:

+1),

— 13 113 12 61728190 10 137901G5875 8 2665870724 .6 670687 _4
Py, = MY p'? — + - +

531441 7044604749 119758280733 4049796933p 375921

IEp? +1),

351

6=4: .
P0=M,
P1=1.M.2q’

P2 = M3 %pz —1)’
Py =iM*q(3p® - 1),

Po= MS(fept — 8152 1 )
Py =iM°q(3%p* - &Lp* +1),

PG — M7( 119 pG - 24169p4 + 433p2 — 1)’

4096 59136 336
— SAf8 11 .6 _ 22843 _4 11,2
P =iM Q(xoup 1008242 T 12P 1)’
— MO(_249 .8 _ 44861 ¢ 265957 .4 _ 203, 2
Ps=M (65586p 139206 P +3s4ss4p 132P +1)’
— SAf10 85 .8 _ 112089 .6 50733 .4 _ 51,2
P9_1M q(esssep 2480344 P +128128p ryvd +1)’
— 11 451 10 _ _3083243 _3 619407 ~6 _ 131221, 4 4065, 2
Po=M (1o4ss7ep Ts9s18016 P T 2680832 P 128128 P + 2288 P 1)’
— SAf12 73 10 __ _14976557 g 3456585 .6 _ 125859, 4 145,2
Py =iM q(s'uzaap 1926200648 P T 30098432 P 198016 P + 104 P 1)’
P, = M13(—74L__ 12 _ 63890511 _ 10 4 28016600035 ,8 _ 89936695 , ¢ 4 556417 4
12 — 16777216 P 20849360896 487353810944 210689024 P 396032
209, 2
Pt +1).
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