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Once upon a time... : a historical motivation

1 Classical �eld theories (CFT): Jaumann, Zaremba, Duhem: time
derivatives, deformation1

Elastic solids + rheology: body, material manifold, double tensor
�elds,...

2 Theory of relativity (RT): Galileo, Newton, Mach, Einstein: Galilean
transformations
Special relativity, inertial observers and reference frames, world lines, ...

3 Relativistic �uids: a benchmark.
Motion, thermodynamics, reference frames -> stability2

4 Kinetic theory and Extended Thermodynamics
No objectivity, Galilean transformations3

5 Nonrelativistic : Ryskin, Murdoch, Liu, ..., Muschik and Restuccia, ...
Relativistic : Carter, de Groot, Sandoval-Villalbazzo and the Mexicans,
Kunihiro and the Japanese, Öttinger and GENERIC

1Truesdell and Noll, The Non-Linear Field Theories of Mechanics, 1965.
2VP, J. of Statistical Mechanics, 02054, 2009, VP and TS Biró, PLB, 709, 106, 2012
3Müller and Ruggeri, Rational Extended Thermodynamics, 1998
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Objectivity and reference frame independence

Material frame indpendence and transformations

Galilei invariance and transformations

Rigid body transformations

Transformation rule of Noll (1958):

x̂a =

(
t̂
x̂ i

)
=

(
t

hi (t) + Q ij(t)x j

)
,

where Q−1 = QT is an orthogonal tensor, a ∈ {0,1,2,3}.
Jakobian:

Ĵab =
∂x̂a

∂xb
=

(
1 0

ḣi + Q̇ ijx j Q ij

)

Transformation rule:

Ĉ a = ĴabCb
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Particular derived transformation rules

V i = ḣi

Spatial vectors(
1 0

V i + Q̇ ijx j Q ij

)(
0
C j

)
=

(
0

Q ijC j

)
→ Ĉ i = Q ijC j .

Galilean transformations (Q ij = δij) and four-vectors?(
ρ̂

ĵ i

)
=

(
1 0
V i δik

)(
ρ
jk

)
=

(
ρ

j i + ρV i

)
→ ρ̂ = ρ

ĵ i = j i + ρV i

Velocity v i := ẋ i (t). By de�nition: v̂ i = d
dt x̂

i = V i + Q̇ ijx j + Q ijv j

This is not three-vector transformation.

Velocity as four-vector: ẋa = (1, v i)(
1̂
v̂ i

)
=

(
1 0

V i + Q̇ ijx j Q ij

)(
1
v j

)
=

(
1

V i + Q̇ ijx j + Q ijv j

)
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Balances of simple �uids

Local

∂tρ+ ∂k(ρvk) = 0,

∂t(ρv
i ) + ∂k(P ik + ρv ivk) = 0i ,

∂tetot + ∂k(qktot + etotv
k) = 0.

Substantial

ρ̇+ ρ∂kv
k = 0,

(ρv i )̇ + ρv i∂kv
k + ∂kP

ik = 0i ,

ėtot + etot∂kv
k + ∂kq

k
tot = 0.

Notation:

∂t = ∂
∂t
, ∂i = ∇, v i = v, indices are not coordinates.

i , j , k ∈ {1,2,3}
etot is the total energy density.

Transformations

v i relative velocity,
∂t + v i∂i = d

dt , comoving derivative,
q̂i = qi + etotv

i , conductive and convective
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Fluid thermodynamics

total - kinetic = internal , e = etot − ρv 2/2
d

dt

(
ρ
v2

2

)
+ ρ

v2

2
∂iv

i + ∂i (P
ikvk)− P ik∂ivk = 0.

ė + e∂kv
k + ∂k(qktot − P ikvi︸ ︷︷ ︸

qk

) + P ik∂ivk = 0.

Thermodynamics:
s(e, ρ), de = Tds + µdρ; e + p = Ts + µρ, s i = qi

T

ṡ + s∂iv
i + ∂i s

i =
1
T
ė − µ

T
ρ̇+ s∂iv

i + ∂i
qi

T
=

− 1
T

(
e∂iv

i + ∂iq
i + P ij∂ivj

)
+
µ

T

(
ρ∂iv

i
)

+ s∂iv
i +

µ

T
∂iq

i + qi∂i
1
T

=

qi∂i
1
T
− 1

T
(P ij − pδij)∂ivj ≥ 0.

Basic �elds: ρ, e, v i ; Constitutive functions: qi , P ij
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Kinetic energy and Galiean transformation?

Total energy, kinetic energy and internal energy:

etot = e + ρv
2

2
, therefore e2 = e1 + ρv

2

12

2

Transitivity?

e2 = e1 + ρ
v212
2
, e3 = e2 + ρ

v223
2

→ e1 = e3 + ρ
v231
2
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Problems

Nonrelativistic
1 Transformation rules. Pressure, heat, energy?
2 v i , qi ,P ij , ... are relative quantities. Is dissipation

real/physical/objective?
3 What is moving? Mass? (Frames: Eckart or Landau-Lifsic, Brenner)
4 Local equilibrium? Thermodynamics is comoving with what? Entropy

�ux?
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Compatibility

More complex materials

(Truesdell-)Noll formulation with transformation rules does not helpa,

Beyond �uids: basic kinematics, many deformation measures, etc ...b.

aMatolcsi-VP, PLA, 353, 109-112, 2006
b Fülöp-VP, Mathematical Methods in the Applied Sciences, 35, 1825, 2012

Relativistic

What is an ideal �uid? Flows. (Eckart or Landau-Lifsic? Is there a
choice? Thermodynamics? Stability? Energy-momentuma

aVP 2009, VP-Biró, 2012, 2013, arXiv

Kinetic theory and more

Moment (or gradient) expansion: series of balances, increasing
tensorial order. Transformation rules are inheriteda.

aRuggeri, Continuum Mechanics and Thermodynamics, 1, 3, 1989
10 / 39



What is a �uid? What is moving?

reference frame independent + �ow-frame

independent =

absolute
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Mathematical structure of Galilean relativistic space-time

1 The space-time M is an oriented four dimensional vector space of the
xa ∈M world points or events. There are no Euclidean or
pseudoeuclidean structures on M : the length of a space-time vector
does not exist.

2 The time I is a one dimensional oriented vector space of t ∈ I instants.
3 τa : M→ I is the timing or time evaluation, a linear surjection.
4 δāb̄ : E× E→ R⊗ R Euclidean structure is a symmetric bilinear

mapping, where E := Ker(τ) ⊂M is the three dimensional vector
space of space vectors.

Simpli�cation: space-time and time are a�ne spaces

Simpli�cation: measure lines.

Abstract indexes: a, b, c, ... for M, ā, b̄, c̄ , ... for S
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Galilean relativistic space-time
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Vectors and covectors

V is a vector space.
Dual space: V ∗ := Lin(V ,R), covector: va ∈ V ∗, vava ∈ R.
If there is a (pseudo)euclidean form on V , then vectors and covectors can
be identi�ed: vā ≡ δāb̄v b̄.

Tensors:

Lin(V ,U) ≡ U
⊗

V ∗ ≡ Bilin(U∗ × V ,R)

Transpose:
Lab = L ∈ Lin(V ,U), (Lab)∗ = L a

b = L∗ ∈ Lin(U∗,V ∗)
Labv

b = vbL a
b or uaLabv

b = vbL a
b ua

Symmetry, trace.
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Cotensor generation

Derivation

f : V → R, Df : V → V ∗ ≡ Lin(V ,R),
notation: ∂af
A : V → V , DA : V → V

⊗
V ∗ ≡ Lin(V ,V ) ≡ Bilin(V ∗ × V ,R),

notation: ∂aAb

B : V → V ∗, DB : V → V ∗
⊗

V ∗ ≡ Lin(V ,V ∗) ≡ Bilin(V × V ,R),
notation: ∂aBb

E.g. Vectors are extensives, covector: scalar+vector potential in ED
There is no trace of tensors and cotensors. Mixed tensors do not have
symmetric or antisymmetric parts.
Vector �elds do not have an external derivative, covector �elds do not have
divergence.
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Space-time concepts I

Wordline function

ra : I→M, τara(t) = t smooth, transversal

Four-velocity

ua ∈ V (1), τaua = 1 Can be a tangent vector of word lines.

Four-velocities do not have a magnitude, angle. The sum of two
four-velocities does not exist.

Relative velocity

v ā = ua − u′a, velocity of u related to u′. τava = 0.

Spacelike vectors: τaAa = 0. Notation: Aā

Timelike vectors: τaAa 6= 0.
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Space-time concepts II

Reference frames, observers

ua : M→ V (1), smooths, global four-velocity �eld. Tangent vectors of
word lines.
Inertial reference frame: ua = const.

Local space de�nition by an observer. Space
is relative, time is absolute. There is no
orthogonality, there is no distinguished
projection.
Train space, eagle space and rabbit space.
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Time- and spacelike components: vectors

E
π(u)āb←−−→
δa
b̄

M
τa−→←−
ua

I

E∗
δ a
b̄←−−→

π(u) ā
b

M∗
ua−→←−
τa

I∗

τa : M→ I,
ua : I→M,

π(u)āb = δab − uaτb : M→ E, u-projection
δa
b̄

: E→M, canonical embedding
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Time- and spacelike components: covectors

E
π(u)āb←−−→
δa
b̄

M
τa−→←−
ua

I

E∗
δ a
b̄←−−→

π(u) ā
b

M∗
ua−→←−
τa

I∗

τa : I∗ →M∗, ua : M∗ → I∗,
π(u) b̄

a : E∗ →M∗, δ a
b̄

: M∗ → E∗.

τau
a = 1, τaδ

a
b̄

= 0b̄, π(u)b̄au
a = (δba−ubτa)ua = 0b̄, π(u)ābδ

b
c̄ = δāc̄ .
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u-form of four-vectors and four-covectors

E
π(u)āb←−−→
δa
b̄

M
τa−→←−
ua

I

Aa ∈M four-vector
Timelike part : a := τaA

a

Spacelike part : aā = πābA
b = Aa − uaτbu

b

u-form of a vector: Aa = aua + aā

E∗
δ a
b̄←−−→

π(u) ā
b

M∗
ua−→←−
τa

I∗

Ba ∈M∗ four-covector
Timelike part : b := uaBa

Spacelike part : bā = δ b
ā Bb

u-form of a covector: Ba = bτa + π b̄
a Bb̄
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u-form of tensors

T ab symmetric second order four-tensor

T ab = taub + tab̄ = uatb + t āb = tuaub + uat b̄ + t āub + t āb̄,

Rab symmetric second order four-cotensor

Rab = raτb + rac̄π
c̄
b = τarb + rc̄bπ

c̄
a

= rτaτb + rc̄π
c̄
a τb + rc̄τaπ

c̄
b + rc̄ d̄π

c̄
b π

d̄
a

=
(
r − 2rc̄u

c + rc̄ d̄u
cud
)
τaτb +

(
rb̄ − rb̄d̄u

d
)
τa +

(
rā − rād̄u

d
)
τb + rāb̄

Qa
b second order mixed four-tensor

Qa
b = qaτb + π c̄

b q
a
c̄ = quaτb + qāτb + uaπ c̄

b qc̄ + qāc̄π
c̄
b

=
(
ua(q − ucqc̄) + qā − qāc̄u

c
)
τb + qb̄u

a + qā
b̄
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Galilean transformation of four-vectors

Aa u
≺
(
A
Aā

)
, Aa u′

≺
(
A′

A′ā

)
,

A′ = τaA
a = τa(Aua + Aā) = A,

A′ā = π′ābA
b =

(
δab − u′aτb

) (
Aub + Ab̄

)
= Aua + Aā − Au′a

= Aā + A(ua − u′a) = Aā + Av ā(
A′

A′i

)
=

(
A

Ai + Av i

)
.

Example: four-velocity (
1
0′i

)
=

(
1
v i

)
.
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Galilean transformation of four-covectors

Ba
u
≺ (B,Bā), Ba

u
≺ (B ′,B ′ā)

B ′ = u′aBa = u′a(Bτa + π b̄
a Bb̄) = B − v āBā,

B ′ā = δ b
ā Bb = δ b

ā (Bτb + π c̄
b Bc̄) = Bā,

(B ′,B ′i ) = (B − v iBi ,B
i ).

Example: four-derivation

(Du′ ,∇′i ) = (Du − v i∇i ,∇i )

(∂t ,∇i ) = (dt − v i∇i ,∇i ).

dt = ua∂a comoving, substantial time derivative
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Galilean transformation of four-tensors

T abuatb + t āb = tuaub + uat b̄ + t āub + t āb̄
u
≺
(
t t ā

t b̄ t āb̄

)
.

time-timelike part : t = τaτbT
ab

time-spacelike part : t ā = πācτbT
cb

space-timelike part : t b̄ = τaπ
b̄
cT

ac

space-spacelike part : t āb̄ = πācπ
b̄
dT

cd

t ′ = τaτbT
ab = t,

t ′ā = π′ācτbT
cb = (δac − u′aτc)(tuc + t c̄) = tua − tu′a + t ā = t ā + tv ā,

t ′āb̄ = π′ācπ
′b̄
dT

cd = π′ācπ
′b̄
d(tucud + t c̄ud + uct d̄ + t c̄ d̄) =

= tv āv b̄ + t āv b̄ + t b̄v ā + t āb̄.

(
t ′ t ′i

t ′j t ′ij

)
=

(
t t i + tv i

t j + tv j t ij + t iv j + t jv i + tv iv j

)
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Vectors an covectors(
t ′

x ′i

)
=

(
t

x i + v i t

)
Vector transformations (e.g. extensives):(

A′

A′i

)
=

(
A

Ai + v iA

)
Covector transformations (e.g. derivatives):(

B ′ B ′i
)

=
(
B − bkv

k B i
)

Balances: absolute, local and substantial

∂aA
a = 0 −→

(a,b,c∈{0,1,2,3})

ua : DuA + ∂iA
i = dtA + ∂iA

i = 0,

u′a : Du′A + ∂iA
′i = ∂tA + ∂iA

′i = 0.

Transformed: (dt − v i∂i )A + ∂i (A
i + Av i ) = dtA + A∂iv

i + ∂iA
i = 0
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Mass, energy and momentum

What kind of quantity is the energy?

Square of the relative velocity: 2nd order tensor

Kinetic theory: trace of a contravariant second order tensor.

Energy density and �ux: additional order

Basic �eld:

Z abc = zbcua + zabc : mass-energy-momentum density-�ux tensor

a, b, c ∈ {0,1,2,3}, a, b, c ∈ {1,2,3}

zbc →

(
ρ pb

pc ebc

)
, zab →

(
ρ pa

jb Pab

)
, e =

eb
b

2
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Absolute and relative �elds

Z abc = zbcua + zabc : mass-energy-momentum density-�ux tensor

u-form:

Z abc =
(
ρubuc + pb̄uc + ubpc̄ + e b̄c̄

)
ua +(

j āubuc + P āb̄uc + P āc̄ub + qāb̄c̄
)

ρ = τbτcz
bc = τaτbτcZ

abc , density
pb̄ = πb̄dτcz

dc = τaπ
b̄
dτcZ

adc , momentum density
e b̄c̄ = πb̄dπ

c̄
ez

de = τaπ
b̄
dπ

c̄
eZ

ade , energy density tensor
j ā = πādτbτcZ

dbc , (self)di�usion �ux
P āb̄ = πādπ

b̄
eτcZ

dec , pressure
qāb̄c̄ = πādπ

b̄
eπ

c̄
f Z

def . heat �ux tensor

e = 1

2
e āā energy density qā = 1

2
qāb̄

b̄
heat �ux
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Galilean transformation

Z abc = zbcua + zabc

zbc
u
≺

(
ρ pb

pc ebc

)
, z ābc

u
≺

(
j ā P āb̄

P āc̄ qāb̄c̄

)
, e =

eb
b

2

Transformation rules (with relative indexes):

τaτbτcZ
abc = ρ̂ = ρ,

... = p′i = pi + ρv i ,

... = e ′ = e + pivi + ρ
v2

2
,

... = j ′i = j i + ρv i ,

... = P ′ij = P ij + ρv iv j + j iv j + pjv i ,

... = q′i = qi + ev i + P ijvj + pjvjv
i + (j i + ρv i )

v2

2
.
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Galiean transformation of energy

Transitivity:

e2 = e1 + p1v12 + ρ
v212
2

e3 = e2 + p2v23 + ρ
v223
2

→ e3 = e1 + p1v13 + ρ
v2
13

2

p2 = p1 + ρv12, v13 = v12 + v23
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Absolute and relative balances

Absolute

∂aZ
abc = żbc + zbc∂au

a + ∂az
abc = 0

ρ̇+ ρ∂au
a + ∂aj

a = 0,

ṗb + pb∂au
a + ρu̇b + ja∂au

b + ∂aP
ab = 0b,

ė + e∂au
a + ∂aq

a + pbu̇b + Pab∂aub = 0.

Relative, substantial

ρ̇+ ρ∂iv
i + ∂i j

i = 0,

ṗi + pi∂kv
k + ∂kP

ik + ρv̇ i + jk∂kv
i = 0i ,

ė + e∂iv
i + ∂iq

i + pi v̇i + P ij∂ivj = 0.
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Thermodynamics. Gibbs relation I.

ds =Ybcdz
bc Ybc chemical potential-thermovelocity-temperature cotensor

Physical de�nitions

Ybc
u
≺
(
y yb
yc ycb

)
=
β

2

(
−2µ −wb
−wc δbc

)
,

Transformation rules

β′ = β,

w ′i = wi + vi , like a vector!

µ′ = µ− wiv
i − v2

2
.

Calculation with classical transformation matrix.
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Thermodynamics. Gibbs relation II.

Absolute Gibbs relation: ds =Ybcdz
bc

Absolute extensivity condition: Sa = YbcZ
abc + pa

Absolute and relative

Pressure decomposition: pa = βp(ua + wa)

Sa = YbcZ
abc + pa → Ts = e + p − µρ− wip

i ,

→ Ts i = qi − µj i − P ijwj + pw i ,

ds = Ybcdz
bc → de = Tds + µdρ+ widp

i + (ρwi − pi )dv
i .

Relative Gibbs relation is Galilean invariant if the inertial reference frame
changes.
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Thermostat(odynam)ics.

Gibbs relation: de = Tds + µdρ+ widp
i + (ρwi − pi )dv

i

Maxwell relations

s(e, ρ, pi , v i )

∂s

∂pi
=

wi

T
,

∂s

∂v i
=
ρwi − pi

T

∂2s

∂v ipj
=

∂2s

∂piv j
=

∂wi

∂v j
= δij − ρ

∂wi

∂pj

Solution:

wi =
pi
ρ

+ Aij

(
v j +

pj

ρ

)
+ w i

Galilean invariant(!) part :
pi = ρwi
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Termodynamics III. Entropy balance.

∂aS
a = ∂a(sua + sa) = σ ≥ 0, condition: ∂aZ abc = 0

Entropy production

∂aS
a = ṡ + s∂au

a + ∂as
ā

= ...

= −(ja − ρwa)∂a

(
βµ+ β

w2

2

)
+(

qa − wa(e − pbwb) + (ja − ρwa)
w2

2
− Pabwb

)
∂aβ −

β
(
Pa
b

+ wa(ρwb − pb)− jawb − pδa
b

)
∂a(ub + wb) ≥ 0
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Entropy production II.

ρ̇+ ρ∂iv
i + ∂i j

i = 0,

ṗi + pi∂kv
k + ∂kP

ik + ρv̇ i + jk∂kv
i = 0i ,

ė + e∂iv
i + ∂iq

i + pi v̇i + P ij∂ivj = 0.

Σ = −(j i − ρw i )∂i

(
βµ+ β

w2

2

)
+(

qi − w i (e − pjwj) + (j i − ρw i )
w2

2
− P ijwj

)
∂iβ −

β
(
P i
j + w i (ρwj − pj)− j iwj − pδij

)
∂i (v

j + w j) ≥ 0

Variables: ρ, pi , e

Constitutive functions: j i ,P ij , qi , v i? �ow-frame
Equation of state: µ,T ,w i
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Classical theory

Eos: w i = pi

ρ

Flow frame: Aā = 0 if ua = Aa

τaAa

Thermo-frame

w ā = 0 → pā = 0

ρ̇+ ρ∂iv
i + ∂i j

i = 0,

ρv̇ i + ∂kP
ik + jk∂kv

i = 0i ,

ė + e∂iv
i + ∂iq

i + P ij∂ivj = 0.

−j i∂i
µ

T
+ qi∂i

1
T
− 1

T
(P ij − pδij)∂ivj ≥ 0

Flow-frame: hidden Galilean invariance
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Constitutive theory

−j i∂i
µ

T
+ qi∂i

1
T
− 1

T
(P ij − pδij)∂ivj ≥ 0

Di�usion Thermal Mechanical

Force -∂i
µ
T ∂i

1

T ∂ivj
Flux j i qi - 1T

(
P ij − pδij

)
ρ̇+ ρ∂iv

i + ∂i j
i = 0,

ρv̇ i + ∂kP
ik + jk∂kv

i = 0i ,

ė + e∂iv
i + ∂iq

i + P ij∂ivj = 0.

(Self)-di�usion: not Brenner like
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Conclusions

Fluid mechanics, thermodynamics and entropy production are
absolute: independent of reference and �ow-frames.
Thermodynamic �uxes and forces are Galilean invariant.

Transformation rules can be calculated.

Best if thermodynamics de�nes the �ow. Thermovelocity is given
by an equation of state (pi = ρw i). (Self)di�usion cannot be
eliminated.

Linear asymptotic stability of homogeneous equilibrium.

Kinetic theory? (Ruggeri-Sugiyama)

Special relativistic hydro? Fluxes and forces?

Hyperbolicity, symmetry? (Godunov)

Material frame indi�erence
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Thank you for the attention!

More details are in:
http://arxiv.org/pdf/1508.00121v2
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