ODbjective time derivatives in non-

equilibrium thermodynamics

Peter Van
HAS, RIPNP, Department of Theoretical Physics

— Introduction — thermodynamics and objectivity

— Traditional objectivity - problems
« We need 4 dimensions

— Four-dimensional kinematics
— Objective non-equilibrium thermodynamics
— Discussion



What is non-equilibrium thermodynamics?

Thermodynamics = science of temperature

Thermodynamics = science of macroscopic
energy changes

general framework of any
Thermodynamics (?) — macroscopic (?)
continuum (?)
theories

Genera framework:
— Second Law
— fundamental balances



ODbjectivity:

The principle of material frame-indifference:

The material behaviour is independent of observers.

Its usual mathematical formulation (Noll, 1958).

The material behaviour is described by a mathematical
relation having the same functional form for all observers.

Mechanics: Newton equation

T Frame dependence -
. . Inertial accelerations




Second Law:

a+V.j =0, basicbaances a=(p, pv,e,...)
(and other constraints)
?

Framgzndependen

— congtitutive functions: j.(C)

p

Methods. Onsagerian forces and fluxes, Liu procedure, ...

Second law:
S(C)+V-J(C) =0, 2 0

Constitutive theory




What is a vector?
— element of avector space - mathematics
— something that transforms according to some rules - physics
(observer changes, objectivity)

Rigid observers are distinguished:

t=t, x=h@)+Q@)x




Rigid rotating frames:

1 x =h(?)+Q(#)x Noll (1958)

¢ IS an objective vector, if

A a |
c =J ., where J’] =0’
ox'

— velocity is not an objective vector:

motion: r(r) = @

derivation and transformation:;

=h+Qr = F=v=h+Qr+Qr=Qv




Material frame indifference

Noll (1958), Truesdell and Noll (1965)

Miiller (1972, ...) (kinetic theory)

Edelen and McLennan (1973)

Bampi and Morro (1980)

Ryskin (1985, ...)

Lebon and Boukary (1988)

Massoudi (2002) (multiphase flow)

Speziale (1981, ..., 1998), (turbulence)

Murdoch (1983, ..., 2005) and Liu (2005)

Muschik (1977, ..., 1998), Muschik and Restuccia (2002)



Conseguences.
usage of objective physical quantities
- symmetric part of the deformation gradient
- velocity excluded — kinetic energy?

objective time derivatives are necessary
rheology — ad-hoc rules with moderate success
Kinetic theory ?

Application experience:
- complicated procedures — no clear evidence
- material manifold formulation works well



What 1s non-relativistic space-time?

M=EXI
E M=EXI




Geometry of M
non-relativistic E
space-time? \
Absolute time. 7 /
t
Space-time M: four dimensional affine space
(over the vector space M),
Timel: IS aone-dimensional affine space,
Time evaluation t: M—1: Is an affine surjection.
Distance: Euclidean structure on E=Ker(1)

= TIME CANNOT BE NEGLECTED!



Obsarvers and reference frames:

[ =t, x =h(?)+Q(#)x Noll (1958)

c’ = (co,c) Isafour dimensional objective vector, if

a Ta b A a ox* 1 0
— where JO = = . .
¢ ch ’ b Ox? [h+Qij

¢’ _[ 1 0) c’ B c’
¢) (h+Qx Q)¢ (h+Qx)c® +Qc

— four-velocity is an objective vector.




— four-velocity is an objective vector.
four-motion:  (£,1(¢)) = (¢,r()) = (Li(2))
derivation:

f=h+Qr = F=v=h+Qr+Qr

transformation:

ﬁ(n +1Qx gj(iHm;ij

Are there four quantities in non-relativistic spacetime?

(p.pv), (pe.i.), (pV.P), ...
|sthere anxthi ng else?



Material quantities and material manifold
A distinguished observer: material

Materia
manifold

materia derivative, b=0,1,2,3

-~ ~ (¢ 1 O. 1
s :(ar’ﬁj)(;;ij:[g?i5;7"]:(""

materia quantity



v =55 @3 L | 5k |-[ 2 2
b=0pX =\0;,0; i o at,';"[}j?i - Viﬁij

space-time derivative

| (aa) 1 0,) (10
. 8tRi 0 R’ VG

field quantity

X and x areinverses:

10 )10 1 0, (19
Vi Gik Vk ij _ Vi_I_Gikvk Gikaj o 0’ 5ij

= Gu=(F),, v =~(F?)




Material form of physical quantities — spacelike

c(t,r)
materia vector vector field

v

@m (Lr(LR))

Jacobian!
x(X) = four-Jacobian



Material form of physical quantities— general

scalar: f=f=foX

vector:
~0 0 0
. C ~ - 1 0 Yec C
Ca: N :Zavca: ik ZJ e . : 0
c' ‘\ -G G\ ¢ G'i(c’—=v/c)
Jacobian Galilel tansformation
covector:

k, = (IQO,/%.): Yk, = L - Vj.j(fj — (ko +V'k, F/k )



Examples:

Force: 0f)—> (vi f fl)

\
power

Derivatives of ascaar:
0. =0,foX=((8,,0,)f(t.,r (. R)) =)=
0,05 =0,fY" = (

—~ —~

0,=0, +v'o, , 0,=0, F’,

8tf+vf8jfj
0./ Fi

Materia derivative??
substantial derivative of the material form of physical quantities



Material time derivative =
time derivative of a material quantity (Lie-derivative)

Spec. 1. f isascaar field

0 L5 Fovio | (6,0.)f =8, +v'0,)f = f
f_tf_vaf_vi tif_tvif_f

The material derivative of a scalar field is the substantial derivative.
Spec. 2: ¢ vektor

0 = 1¥ 1. e — .
¢ :@((F 1)kck):F ¢—-F ' FF 'c=¢—c-Vv
The material derivative of a spacelike vector field is the upper-convected derivative.

Four quantities are a necessity: f<> =0 f v =(@1")!
a




Special examples:

Velocity (four or three):

(I M S MR

— cannot enter in constitutive functions?
Deformation gradient (four or three):

(Fij)<> = ét((F_l)ikazFlj)= étFij = F';

= pure mechanics does not change.



Non-equilibrium thermodynamics:

a+V:-j =0—->0 A4“=0 basic balances
eg. A — (PoV T) balance of linear momentum
— basic state: dy
— constitutive state: C= ()
— constitutive functions: j. (C)

Second law:

$(C)+V-J(C) =0 >0

R

Constitutive theory




Where are the objective time derivatives?

Constitutive theory

s(C)+V-J(C)=0,20 :

de  OF; O
= @8 + (?\S. Fij +
de  OF' O

VT+(t+pTF@j:FF1—p@:§<> >0

(e, 8) = e+ S () + L -

OF

force flux



t'=L' Vov-L"pg,
go :LZlVOV—szg

Simple shear:

tO:f—Vov-t—t-(Vov)T:—K t,

Linear conductivity

| sotropy:
symmetric traceless part + scalars.

t12 + ZL21 t2 t23
00
t, 00



Solution:
t, mMB+4x’tt),)

K 3+ 2k %1’
t,—t, 2n(3t—-3t,+2x’t’1,)
K2 3+ 2k 21?2 ’

n=

VY, =

1 1112 B 112121 11

T= —, 'r. =, T, =
pl, 21, ’ p(Ll; — Lyl )

Corotational Jeffreys-Verhas:

{1 14—T{TdK2

2
K 1+7,°x°

N7 L — 1, _ 2n(r, - 7,)
! K 1+TfK2




Conclusions:

— Objectivity has to be extended to afour dimensional setting.
— Material time derivative can be defined uniquely. Its expression is different for
fields of different tensorial order.

space + time # spacetime

ODbjective non-equilibrium thermodynamics:

— Material manifold and material derivatives
— Liu-procedure (mechanics!) + material frame indifference
— Traditional consequences of MFI must be checked:

better models in rheology, material inhomogeneities,

etcC..
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