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1. Dissipative fluids

2. Basic questions
causality, stability, frames, kinetic compatibility
— Temperature of moving bodies.

3. Thermodynamics, flow and stability
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Basic concepts:
Tab :euaub +qaub +qbl/ta +Pab,
N® =nu® + j°.
Jhu = R0 N = S )

e @) pa(m
Tl T

a, be{0,1,23}; i,j€(1,2,3}; diag(1,-1,—1,—1)

e=u"0,e

General, expressed by comoving splitting

energy-momentum density

particle number density

ue —velocity field
e —energy density
g° - momentum density

or energy current??
P — pressure
n - particle number density
Jjo  —particle current

uaabT“b:é+e 0, u’+0,q"+ uaq“+uaabpab —(0® energy balance

b__ . a Tk
O,N'=n+nd, u"+0, j =0
Dissipative or ideal?

Pab:—pAab+Hab:(—p+n)Aab+7Z'ab

particle number balance

pressure splitting



Constitutive theory:

Fields:

Jj 3
q° 3
Hab 6

¢ u,=j"u,=0, M"u,=N"u,=0"

Equations:
0,N“=0, 1
ab Tab i Oa ’ 4

N® —particle number density vector
™ —energy-momentum tensor
us —velocity field

Jja  —particle current
g° -—energy current??
[1°® —viscous pressure

n, e, u® — basic fields

Non-equilibrium thermodynamics, second law

b
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Entropy inequality:

0,S=§+s0,u"+0,J"=0

Eckart (1940):

a

SARE N A=t S

) =

(Mdiller)-Israel-Stewart (1969-72):

'B_0H2 ﬁl b’B2 be an

aTab a)— N
SUT, N)=|sle, n) = 1T =22q,9

+1F q‘+a,llg"+a, nabqb)



The idea of Eckart:

u'd, T =e+ed u"+0 q° +u qg* +u d,P" =0°

0N =n+nd u*+0, j=0

ds+o.dn=pde A =Pg=aj

R a
e=u‘d,e

0 5=s(e,n)+s0 u“+d J* =0
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Eckart term



Concept of dissipation

constitutive theory — closure by linear relations
thermodynamic fluxes and forces:

gradients?

basic state space — constitutive state space

o,=—j'0,a—PpIN*d,u,+q*(0,p+pi,)=0

ja:X Aalbaboc ’
N°=vo,u’ A”+nA“A™ (0, u+d,u,)l2,
q'=AA"(0,p+Pui)

+ balances



Concepts only in this conference:

P. Romatschke:
there is only viscosity

C. Lopez-Monsalvo:

dynamic equation of state
(Lagrangian: L(T®,S?))

A. Sandoval-Villalbazo:
heat conduction, instability

E. Calzetta:
kinetic theory



Dissipative relativistic fluids
heavy ion collisions
cosmology

— (quark-)gluon plasma
there is a minimal viscosity

What is viscous?
a need of theories

— Causality
hyperbolic or parabolic?

— Stability — second law
instable homogeneous equilibrium

— Velocity - flow-frames
Is there a freedom? (Eckart, Landau-Lifshitz, ...) What is ideal?

— Kinetic theory
Do we need anything else?



Causality

* infinite speed of signal propagation
* second order time derivatives
* hyperbolic system of equations

motivation of Extended Irreversible Thermodynamics (L. Garcia-Colin)

Divergence type theories - finite speed is material

(Liu-Ruggeri-Midiller, Geroch, Lindblom, Calzetta)

Physical:
Propagation speed of continuum limit.
Propagation speed of observable signals.

Example:

AT AT
@T:—K@iT 5XT<<?, atT<<T

water at room temperature:




Stability
Generic stability: linear stability of homogeneous equilibrium

Instability of First order theories (Hiscock-Lindblom, 1985)
Stability of the (Mdller)-Israel-Stewart theory (Hiscock-Lindblom, 1983)

Divergence type theories — built in stability, need of dissipation

Conceptual question:
Thermodynamics is related to stability.

There are conditions.



Stability conditions of the Israel-Stewart theory
(Hiscock-Lindblom 1983,87)
1 Oe T

Q: | A 50
"V o4 pop? 0p 0p ’ Conditons for the

" (e+p)—\ —n—] ~ EOS

n e -
8 4 on — IS coefficients
N — both
2N a F ml

Q4= et p- 208, + B, +2a, X O,l Q =p - a, 2a; 21 o7 >0
\___/ 9) ﬁl ﬁz A al2 R ﬁO 3 ﬁz n-T a( s/ n) )
dp N | D N2
Q. :(e+p)%— 0 — = = >0, a, 201 I’laT
3 s H K=1+—>+ 2 0.

el B 3B B, 3f, T,



Velocity — flow-frames

What is a fFluid? What is moving?

Eckart (material) frame: U = > N'=nu'

E° b b5 ab
Ad a AAdA
Landau-Lifshitz (energy) frame: N'=—— 3 T"=eu'u +P°

a
v B a_J
Jattner U= & ﬁ :B
b
(thermometer) frame: VP ﬁb

Non-relativistic (Brenner), multicomponent.

Do we have a choice?



Landau-Lifshitz; Eckart;

N=ni'+ " 4 N'=m’
AAD A - AAD A N 2 b b b b b b
Tab:eubua_l_Pab:eubua_pAab_l_nab = I/la+6] Ma+qau _pAa +]]°

Transformation: 7

What is ideal?

(Th_ 5 2 50 (1
Ngy=nu" — o=hu +j
7o =eu’u'— pA® - TY=ed’a’+q’t+qa"— p AP+ 1%
n N e+p p 2757
p=l, =t mP_ ges(eap)se, o=
¢ ¢ ¢ etp

Ideal fluidis a class of  N“ T%
Entropy production, Gibbs relation are flow-frame dependent.



Remarks

—The Israel-Stewart theory is not proved to be symmetric hyperbolic.

—In Israel-Stewart theory the symmetric hyperbolicity conditions of
the perturbation equations follow from the stability conditions.

— Relaxation to the (unstable) first order theory?
(Geroch 1995, Lindblom 1995)

— Stable theories can be transformed to hyperbolic, if they are based on
consistent thermodynamics.

— Do we need a choice of flow-frames?? Landau-Lifshitz is the best?
(Tsumura-Kunihiro 2012, Romatschke)

— Kinetic theory — thermodynamics is built in — the problems are inherited.



Kinetic theory = thermodynamics

pa aaf:C(f) Boltzmann equation Papa:m2

Boltzmann gas

Thermodynamic equilibrium = no dissipation:

c=0,8=0,

3
—f%p“fmnf—l)):

i B
o N

3 [ d’ p; d°'pAd=p, 3 p;
4 0 0 0 0
ik, 1 Pi P; Pr P

S/ il

—l)fl.fle.j,d:O

alx)-B,(x)p’
fO(x , k):e \ (local) equilibrium distribution



Thermodynamic relations — normalization
b N
a(x)-,(x)p Ne=[ 'S,

fo(x » P ): €
Tab_ b af
0 =) PP Jo
Jattner distribution AND Jittner flow-frame |k
5, H—Uyp
IS e 7
0= h i folx,p)=e
When calculated frame independently, one obtains:
a__ a a NA7 R ua+wa iw: fi v e
Br=pluew’) = T e
b ﬂ_(ub"'wb)p /‘_Lv‘bp
a=p,p T Ly



Energy-momentum density:

N(C)l:f Pafo:

v v

a a
nu =nu +nw
n=nV1-w’=4mm’T K,

ab a b VR el ab
T, :fppf():euu+pzl
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Heat flux: 1—w

et+p

[a:qa_




What is a fFluid (continuum)?

Flow of extensives? (Eckart, Landau-Lifshitz, ...)
Velocity field?
Thermodynamics?

What is non-equilibrium
thermodynamics?

Is that something statistical? (is that an explanation?)

Thermodynamics is a stability theory.
(stability — observability, generality — universality)

g



Requirements:

— Generic stability (hyperbolicity can be added)
— Kinetic compatibility: g¢“=(e+p)w*

Freedom:

— Flow-frames: arbitrary or fixed?
— Thermodynamics

Remark: thermo is flow frame dependent
Gibbs: ds+odn=f de

entropy production



Digression and connection:

to the

ancient
and

Important
problem of

. Temperature of moving bodies
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\ moving body

inertial observer




moving body

inertial observer




____-r-l- ——

- About the temoerature of movmg bodles

observer

Co:

Relat|V|st|c thermod namlcs’?

R e




_.- e ——

- — Rest frame arguments
——  Ott (1963)

dE =TdS — pdV +vdG

reservoir

[
»

\ Planck-Einstein

dE =TdS — pdV Bv




I
Permanent discussion
~1963-70, Mgller, von Treder, Israel, ter Haar, Callen, ..., renewed
Dunkel-Talkner-Hanggi 2007, ...:
—new (?) arguments, no (re)solution.

i — Planck-Einstein (1907): cooler

g — Ott (1963) [Blanusa (1947)] :  hotter

'= — Landsberg (1966-6

E — Costa-Matsas-Lan sberg 1995). direction de endent

.
(Doppler)




Why is the instability?

o.=— 0, a—PB(P*=p6®)o,u +q°(8,p+pi)=0

N —

IIYab
s e

A?abTCb:hila+Az'qc+qa5bub+qb5bua—Aababp+A?abHCb:Oa

qj Pij

Acceleration

Tab -

momentum or heat?

Total or internal energy?

Killing the Eckart term is not enough.

b



Requirements:

— Generic stability

a

— Kinetic compatibility: g¢“=(e+p)w*
Freedom:
— Arbitrary flow-frames

— Covariant thermodynamics?



Thermodynamics in arbitrary frames:

S4+aN"— /Bb Tab: @ objective/covariant starting point

ﬁ“:ﬁ(u“+wa) temperature vector

Constrained entropy mequallty

0<0,8"+0d,N° —ﬁba T*=—N°3,a—T"3, B, +0,P"=
—na+h B+q° (ﬁw )+ﬁp+17“b8 Sl Mg =) > ()

Thermodynamics:

) @'=pf'  matching SoraNg—p,Ty'= B py

b) ds+adn=p(de+w,dq") wH =00 ds+adn = fde



Entropy production:
0<X=nwi— j° 0. B+pi,
1 =w'q" 0, p 4w "0, ( Blu,~w,))

4

0,0+ q"—hw

dynamic EOS: B =P (u’+w")
thermometer dEOS/Jittner: w' =0
ds+o.dn=pde
natural dEOS/Landau-Lifshitz: W“ :qa/e

ds+ocdn:|3adE“:[3(de+%dq”) s(E n)=4(E=——F_E

kinetic dEOS: Wa:qa/h

ds+audn=p(de+ 22 dg") s(E*,u",n)

h



Jattner dEOS: genericinstable
arbitrary frame, (Hiscock-Lindblom, 1985)

Natural dEOS: generic stable, not kinetic compatible

arbitrary frame, only thermodynamic conditions
(PV- TS Bir6, 2008, PV, 2009)

Kinetic dEOS: generic stable, kinetic compatible

Special case, only thermodynamic conditions
(PV-TS Bird, 2012)

General dEOS?? ) (Ea —e ua+qa’ n):3‘ (e q"u")
Cannot be stable.

._H
by



Thermodynamics defines local equilibrium
and the flow frame.

Entropy production with kinetic dEOS:

0,5°=T1"0,B,+°|0,+b (hi+g"+q°0,u' 40,1

):

Prediction: heat conduction and viscosity are interdependent.



Conclusions

Thermodynamics fixes the flow with dEOS.
Dissipation is spacelike. Can we fix a flow-frame twice?

Kinetic dEOS is preferred.

Generic stability:
thermodynamic stability+ nonnegative transport coefficients

Kinetic compatibility.

Momentum balance is a constraint,
momentum may be a state variable.
Non-relativistic! Total energy, internal energy.

Temperature!

VP, Biro, TS., EPJ-ST, 155:201-212, 2008, (arXiv:0704.2039v2).
VP., MMS, 3(6):1161-1169, 2008, (arXiv:07121437).
Bir6, TS., VP. EPL, 89:30001, 2010.
VP, EPJ WoC, 13:07004, 2011, (arXiv:1102.0323).
VP, Bird, TS., PLB, >09( 1-2):106-110, 2012, (arXiv:1109.0985).
VP., Biré TS., in Proc. of JETC13, (2013), arXiv: 1305.3190
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hermodynamics
S

stability?




Thermodynamic relations - normalization
U — LM
fo(x, k) = @A R
N T = (KK,

H—u, k

u
Juttner distribution? a = %, B, = ?" 1 0 (x,k)=e T

1%

0,N{ =0, [K"f, = J'( £,l40 .~ £,k k40 B, | =

0,Ny =Ngo,a-Td B,

S gl g (1 —a )N gl + ,BV TOW Legendre transformation

0,5y =—ad Ny + 3,0, T



0 S¥+a0 N*-B0 TH* =0 covariant Gibbs relation
o uNo = B0,y (Isracl,1963)

: 1 L Mo —
Remark: 0,8"+a0 N"-£,0, I =020
Lagrange multipliers — non-equilibrium

Rest frame quantities:

S'u:SM/J+J'u u'uu/«lzl, A = §H _uuuv;
N¥ =nu" + j* u,J" =0,u,j" =0;

uv _— UV U v uv k- v — Y, g
T =u"E" +q"u +P u,q" =0,u, P =P"u, =0.

E" =eu’ +q’

0,5 +ao, N —B,0,I" =
§+a’h—,8_uE“+(s+a’n—,8ﬂE“)6VuV —

a0,/ + B,0,(q"u +P") =0




S+an—B,E* +|s+an—B,E*)o,u” ~ j*0,a +(q"u’ +P*)d, B, =0

A) $+a;?z—,BuE“ =0 s(nE")

ﬁ i = E deviation from Jiittner
PR

aS _ _ g,u _ uu T W/J u —_
ogr Pt T uwy =0

Velocity dependence?
‘Tds + ldn = 3, dE* ‘: (u, +w,)d(eu" +q")=de+w,dqg" +

B) (s+an—B,E")o,u" - j#d a +(q"u’ +P™)d,B, =0

S e =(8,87 Sl ideal gas
0,u4=0,0,7=0,0,w,=0 rest frame/uniform intensives



7dS =(u +w_)dE® = = =

1+1 dimensions:

u'=(y,), wi=(yw,w)

l+vw l+v,w 1 L= :
y1( - 1 1) :yz( - 2 2) 1+V1W1 1+V2W2
1 2 q
yl(V1+W1) :yz(V2+W2) 1_W12 I_W;
T ) =

1 2 T T



Transformation of temperatures

vtw _vtw, - \/ Four velocities: v,, v,, w,, w,

1+vw, 1+v2w2 T1

. . % v2 _vl
Relative velocity y=—

(Lorentz transformation) I=vy,

_vtw,
w, =
1+vw,
2
I, _~l-=v

general Doppler-like form!
7, 1+vw,



A T
T ~1- v b
1, 1+vw,
K thermometer
Special:

w, =0 =T,y Planck-Einstein
w=20 =y T, Ott
w,=1,v>0 T=T,ered Doppler
w,=1,v<0 T =T,°blue Doppler
w,+w=20 =T, Landsberg






Universal?

Simple, sound and exact formulation. A\

=dihE
y B RN
/ \
‘ )
| THE A
)

‘s d Law
Thermodynamic equilibrium is stable. e

This is a discipline related exact statement.

* There is entropy: statics. Y
* (It is concave: statics.) 7 L Stability
* Entropy is not decreasing: dynamics. /

Necessary condition: generic stability — linear stability of
homogeneous thermodynamic equilibrium..

Objectivity is easier!

V.P. Thermodynamics of continua: the challenge 5f universality, in Proc. Of JETC13, arXiv: 1305.3582
b



Dissipative hydrodynamics

0 N =n+ndu’+0_ j*=0,
u'd, T =e+(e+p)d u’+0 q* +q'u, —MN“d,u, =0,
AiabTCb =(e+pu’ +qaabub +qbabua + A% (q° +abn0b) =07,

N S
L]

Tu

q

a —_— ac H
v =-c\“0 —,
G >

N =P'-p=-é0.u",

Me, =-2n<o,u’>.

[J Generic stability.

(Vén: J. Stat. Mech. (2009), 02054)

+

4

e

§

[]

< > symmetric, traceless, spacelike

CONDITION: thermodynamic stability



Fluid families:

Nonrelativistic Relativistic
Local equilibrium Fourier+Navier-Stokes rt (1940),
(1st order) sumura-Kunihiro (2008)
Beyond local equilibrium Cattaneo-Vernotte, Israel-Stewart (1969-72),
(2" order) generalized Navier-Stokes| Pavon-Jou-Casas-V. (1982),
rheology, etc... Liu-Muller-Ruggieri (1982),
Geroch, Ottinger, Carter,...
conformal (2007-08),
our (2008),
Betz et. al. (2009)

Eckart — Israel—Stewart — Pavon—-Jou—Casas-Vazquez:

IBOH 'Bl b'BZb a

a( mab a\_—
SUT® N%)=|sle n) = = 4y d o T T, U+
wL “ba, Ig"+a, 7 )
7\ TR T ] (+ order estimates)



