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Introduction

Thermodynamics

Equilibrium
Ordinary

Non-equilibrium

e(t,x"), T(e(t,x"))

statics
homogeneous

field theory

Field theories: relative/Galilean relativistic/special relativistic/general

relativistic

Simple system:

Ipv, £ .

Ta, paVar Ea




Thermostatics - potentials

Extensivity

Existence of densities and specific quantities. Transition to local, field
quantities.
Gibbs relation
dE = TdS — pdV + udM, dM = 0.
Meaning: Entropy, S(E, V), is a potential.

1
T
Vector field, integrating multiplier.

9eS=—(E,V), 0vS=2L2(E V)

T

Example: ideal gas

E=cMT, pV=MRT



Thermostatics - extensivity

Bulk relations
dE = TdS — pdV + pdM, E=TS—pV+uM.

Specific quantitities: E = Me, S = Ms, V = My
uw:=e— Ts+ pv, definition!

Specific relations

de = Tds — pdv, w=e— Ts+ pv

Density relations

dpe = Tdps + pdp, pet+p=pn=Tps+pp



Ordinary thermodynamics

Processes:

System paradox

. To. Pas Vo, Ea

Body and environment

E=Q+W 7 E=TS$—pv
Evolution equation: _ o . .
E=Q+W V=F.




Stability and second law

Second law:
o S(E, V) is potential,
o S(E, V) is concave (thermodynamic stability),
o S(E, V) is increasing (7!, insulated).

Similarity :
Ljapunov theorem:
x =f(x), f(x0)=0 autonomous d.e., xp equilibrium.
o There is a Ljapunov function L(x), of xp of the d.e.
o L has a strict maximum at equilibrium (DLg = 0, DL, is concave) ,

o L is monotonously increasing along the d.e., DL has a strict max.

Intensives and equilibrium.



Evolution equation
Equation of 'motion’
E—0-pf, V—F
n, O F are constitutive
(Qa F)(Ta T07p7 pO) (derived).

classical work, volume evolutio

Equilibrium: T = Ty, p = po,
Entropy? But: S=..= %
Ljapunov function:
1 Po
L(E,V)=S(E,V)— —E— =V
(EV)=S(E.V) - +E- 2
Equilibrium! DL(E, V) = (% — L2 %>
Conditions of increasing:
11 A pp
—(+-%5-2)-(Q-pFF)

L(E,V)=DL-(E,V)
= (3-%)Q+%p-mF=0
It is simple and reasonable.



Second Law

Requirement of stability:

Linear relations, Onsager.

What is L?
o Entropy of a reservoir.

o Exergy.



Example 1.1
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Example 1.2
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Example 1.3
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Example 1.4
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The isothermal (red), adiabatic-isobaric blue and mixed (green) processes
together with the T = T, isotherm and p = p;(V/V;)" adiabatic curves
(thin lines) on the p-V plane.



Ordinary thermomechanics |.

Equation of 'motion’:
E=Q - pF+MUG, V =F, U=26.

total energy ET = E + /\/IUT2 @ F_ G are constitutive

A

Equilibrium: T =Ty, p=po, U=0, (Q, F F )(T To, p, po, U) (derived).

Ljapunov function:

U2 1 Po
LE,V)=S(Er—-M—, V|- —E- =
(7 ) S<T 2’ > TO TOV

Equilibrium! DL(E, V,U) = (T — T%? % -2, —@)

Conditions of increasing: L(E,V,U) = DL-(E,V,U) =
=(3-4.8-2.-%). (Q pF—I—mUGFG) -

—(3-%) 0+ H(p-m)F -6 >0



Ordinary thermomechanics |1.

Equation of 'motion’:

E=Q - pF +MUG, 1%

Q>

Linear, simplified constitutive equations:

—a(T — Tp),
B1(p — po) — bioMU,
= Balp— po) — b2MU.

Oy T O
Il

Pure mechanics: ¢« =0
Usual dissipative mechanics: o =0, 812 = — 12,61 =0
Usual ideal mechanics: a« = 0,810 = — 812,81 = 5> =0



Example 2.1

[

T(K) bar]

295
290 /\/\J-
285
280
275

JEC N QK G Gy S I o]

20 40 60 80 100 20 40 80 80 108"

Fast thermal and slow mechanical equilibration: isothermal oscillations

é:%bar]

2.5

20
1.5
1.0
0.5
0'8.0 05 1.0 1520 25 3.0

Vidm?]



Example 2.2
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Example 2.3
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Example 2.4
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The isothermal (red), adiabatic-isobaric blue and mixed (green) processes
together with the T = T, isotherm and p = p;(V/V;)" adiabatic curves
(thin lines) on the p-V plane. Oscillations galore.



Heat conduction
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Heat conduction theory - Fourier

Balance of internal energy
peé + 8,'qi =0

p density, e specific internal energy, g' conductive current density of the
internal energy, heat flux, rigid conductors: " = 0y, p = const..
Thermodynamics: s(e), de = Tds

Entropy balance
ps + 8,-J’ >0
s specific entropy, J' entropy flux. Assumption: J' = %

Entropy production

q ;
pS:e = 8:? = .. = q'(?,-

Fourier law: ¢’ = )\8;-17 = —A\rO; T



Heat pulse experiments: low temperature NaF

Pulse height (different gains)
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Frozen meat experiment - original

Mitra-Kumar-Vedavarz-Moallemi, 1995
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Frozen meat experiment - home version 1

24 /48



Frozen meat experiment - home version 2
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Roasted book experiment

26 /48



Roasted book experiment - the result

27 /48



Heat pulse experiment - sketch

front face rear face
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Heat pulse experiment - device
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Heat pulse experiment - result
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Metal-plastic layers, Fourier and GK fits.
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Heat conduction theory - beyond Fourier

Balance of internal energy
pe + 8,-q’ =0

Beyond Fourier: memory and nonlocal extensions
@ Fourier: g = M0xT
Maxwell-Cattaneo-Vernotte: 7,0:q + q = A\10x T
Jeffreys type (or dual-phase lag): 7,0:q + ¢ = MO« T + Xo0up T
Guyer-Krumhansl: 740:q + q = M\10x T + a0xq
Green-Naghdi: 7,0:q = M0« T + a0xq
Cahn-Hilliard type: g = M10x T + a0xxq

There are more ...

©© 6 6 6 6



Heat conduction beyond Fourier

Internal variable + generalized entropy current:
o &' is an internal variable

o entropy density: s(e, &) = s, (e — 26" &)
o entropy current: J' = Blg/

Entropy production:
Ry ij m, :i
(BJ - T5J> 0iq; + qj0;BY — p=&i€' 2 0

Isotropic, linear relations between thermodynamic fluxes and forces:

1
BU—?(SU = klaqu5“+k2 (6’q1+6”q)+k3 (8q’ 8’q)

qg = /10131'—/12P?5

¢ = moB" —hp=¢



Simplification in 141D

The system:

pco: T +0xqg = 0,

1
B—— = ko,
T 0xq

g = hoxB—hat
08 = b10xB — k¢

General consitutive relation

A 1 1
ai.“q aF /2CI - Lax <T a4 kaxq> - llaxat (T + kaxq> =0

L= (/1/A2 — /A12/21)
General consitutive relation
TOtq + q+ AFOx T — a10xxq — A101x (%) — 320pxq =0



Guyer-Krumhansl hierarchy
Balance + constitutive, non-dimensional

3tT aF 3Xq = O,
T70tq + G+ A0x T — a0xq

Wave form

7'8“7_ — )\FaXXT+atT— a@tXXT =0

Hierarchy
a
70, (8tT _ faXXT) 40, T — A0 T =0
T

Some solutions are exactly Fourier!



— Fourier|
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Experiments?

o Metal foam: Fourier and Guyer-Krumhansl|

Back side temperature Back side temperature
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[4 V.P. and Fiilsp T. (2012) Ann. Phys., 524(8), 470.
@ Kovacs R. and V.P. (2015), Int. J. Heat and Mass Transfer, 83, p613-620.

[4 Both, S. et al. (2016), J. Non-Equilibrium Thermodynamics, 41(1), p41-48.
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Experiments?

Low temperature NaF experiments:
ballistic propagation and second sound
(courtesy of R. Kovacs)

Pulse height (different gains)

I 1 1 1 1
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37/48



Rheology of solids



Elasticity with an internal variable |

Extended state space and consequences
5e,c,6) = s(e,e) - 267
— P % e _
pds = _,_de Tde paéd¢

G(e,e,8) =o(e €) + (e, ¢€8)
pOre + 0xq = G0re = gOre + 60s€
Entropy production

L
pOE+Dyjs = %ate—%ate—pasat&ax% = qax7+%ate—pa£at§ >0

Mechanical part:

(6 — TpOes)Ore — ALOLE = 60re — ALOLE > 0
E



Elasticity with an internal variable Il

Linear solution: beyond viscoelasticity

d = h10te + ha(—A%), 0t€ = h10re + ha(—Af)

Second law restrictions:
h1 >0, by >0, det(Ls) > 0.

Elimination of the internal variable

. 1 . det(L) E h1
—0;0 = E — |0 —0
o+ Ay t0 €+ ( o = A/22> €+ Ay tt€

Kluitenberg-Verhas body

(6 — E€) + 70:(6 — Er€) = EpOpe

Hooke, Kelvin-Voigt, Poynting-Thomson-Zener (standard) bodies.
Must be doubled in 3D isotropy!



Experiments?
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Anelastic Strain Recovery

(b)

Diameter: 56-84 mm
Length: 150-300 mm
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Kluitenberg-Verhas
Deviatoric and volumetric
relaxation

Matsuki and Takeuchi (1991-99)
Matsuki (2008), Lin et al. (2010)
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Elasticity with an internal variable Il
Hierarchy in time:

o Second law: nonnegative coefficients

o lIsotropy: separation of deviatoric and spherical parts, like Lamé
coefficients or bulk and shear viscosities.

©

Spherical and deviatoric Kluitenberg for uniaxial loading:

(O' — EG) + Tat(O' - E16) + Tlatt(O' - EQG) + TQattt(U - E3€)
= E40t1e€

©

Material - apparent: deviatoric Kelvin-Voigt + spherical Hooke =
Kluitenberg-Verhas in uniaxial compression.

@ Asszonyi Cs., Fiilép T. and V.P., Continuum Mechanics and Thermodynamics,
(2015), 27, p971-986, (arXiv:1407.0882).



Summary - hierarchies galore

Ordinary thermodynamics
o Thermodynamics is stability

o Inertia leads mechanics

Wave approach to heat conduction
o Current multiplier

o Fourier equation hierarchy

Elasticity with a single internal variable of state
o Kluitenberg body

o Hooke law hierarchy

Elasticity with dual weakly nonlocal internal variables
o Modified entropy current

o Wave equation hierarchy



Thank you for the attention!

Ordinary thermodynamics:

o Truesdell, C. and Bharatha, S., Classical Thermodynamics as a Theory of
Heat Engines, Springer, 1977.

o Matolcsi, T., Dynamical laws in thermodynamics, Physics Essays, 1992, 5/3,
p320-327.

o Matolcsi, T., Ordinary Thermodynamics, Academic Publisher, Budapest,
2005.

Heat conduction:

o Both et al, Deviation from Fourier law at room temperature heterogeneous
materials, Journal of Non-Equilibrium Thermodynamics, (2016), 41/1,
41-48, (arXiv:1506.05764).

Rheology:

o Asszonyi Cs., Fiilop T. and V.P., Distinguished rheological models for solids
in the framework of a thermodynamical internal variable theory, Continuum
Mechanics and Thermodynamics, (2015), 27, 971-986, (arXiv:1407.0882).
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