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Entropy in local statistical physics
(information theoretical, predictive, bayesian)

(Jaynes, 1957):

The measure of information is under
general physical conditions.

(Shannon, 1948; Rényi, 1963)

— Extensivity (mean, density)
— Additivity

S(f1f2) — S(f1) +S(f2)

) s(f)=—kInf

(unique solution)



Entropy in weakly nonlocal statistical physics
(estimation theoretical, Fisher based)

(Fisher, ...., Frieden, Plastino, Hall, Reginatto, Garbaczewski,

L)

— Extensivity

— Additivity

S(f1f2’D(f1f2)) — 3'(f1an1) + E(fzanz)

— Isotropy

s(f,Df)=5(f,(Df)")



—)

(unique solution)

S(f.(Df)) =—kIn £~k 2D

- /fz

Boltzmann-Gibbs-Shannon
Fisher



(Df)’

s(f,(Df)")=—kIn f —k, Iz

— What about higher order derivatives?

Dimension dependence

—What 1s the physics behind the second term?

Equilibrium distributions with power law tails

—What could be the value of k,?

Dynamics - quantum systems



Second order weakly nonlocal information
measures

— Extensivity

— Additivity
S(fle’D(f1f2)9D2(f1f2)) =
S(fi.Df,D*f)+5(f,.Df,,D"f,)

— Isotropy in 3D

5.(f,Df D’ f)=5,(f, (Df), Df -D*f-Df, Df -(D*)*-Df,
Tr(D*f), Tr(D*f)?, Tr(D*f)")



—)

(unique solution)

sy(f,Df . D*f)=

—kln f -k, (Df) ———(k, +k)(Df) + (k, +k)(l;f)
—kQ%Df-sz- +36) 2 b oy
1 1 1
—ky—Df -«(D*f)*-Df —k, —Tr(D* f)—ks—Tr(D* )
ff(f) f fr( 1) fr( 1)

1 2 o3
_k6FT7”(D 7))

Depends on the dimension of the phase space.




MaxEnt calculations — the interaction of the two terms
(1D 1deal gas)

extr. = — j f[kl /AN fjdp

Iz
—ﬂ(jf%dx—Ej—a(jfdx—l)
R= {7

R-X Rng-P g2tk
ok, Smk, 4k,

R=0

J =R'R



R-* Rnr-—L_ 2 r-%* R0
ok, Sk 4k,
R' (()) = () symmetry

RO)=C = «

There 1s no analitic solution in general

There 1s no partition function formalism

:> Numerical normalization

One free parameter: J,
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Quantum systems — the meaning of k,

f =0 probability distribution

Fisher
Boltzmann-Gibbs-Shannon

— Mass-scale invariance (particle interpretation)

s(A0,AVp) =5(p,Vp)




Why quantum?

A R-X Rnr-—L 2 R-%* R0

2k, 8mk, 4k,
h D ,
——@'+—x" 9+ Ep=0
2m¢ ) PTLP

Time independent Schrodinger equation

B Probability conservation :> Equations of Korteweg fluids
Momentum conservation with a potential

+ Second Law (entropy inequality)

P+pV-v=0
pv+V-P(C)=0



Schrodinger-Madelung fluid

(Fisher entropy)
v (Vo) (mv)?
< V., VvV — _ _ SchM .
P —1(Ap1 +vp- PP j
8 p
| Y = \/;e_imv
‘ f;izggﬂl j> Schrodinger equation



Logarithmic and Fisher together?

Nonlinear Schrodinger eqaution of Bialynicki-Birula and Mycielski (1976)
(additivity 1s preserved):

2
iha_‘P:__AtP—bln\tPf +UY
ot 2m

Stationary equation for the wave function:

2

—— ¢@'+k@ln|g + 2x2¢+ Ep=0
2m 2

Existence of non dispersive free solutions —
solutions with finite support - Gaussons



Conclusions

— Corrections to equilibrium (?) distributions
— Corrections to equations of motion

— Unique = universal

 Independence on micro details
e General principles in backround

Thermodynamics >  Statistical physics

Information theory




Concavity properties:

(k1 (Df)* Df
e | K f AP A4S
5ffs(f)_ ky Df L

.4 Af

Positive definite

If k 1s zero (pure Fisher): positive semidefinite!



O SFF) = Fas () =5 (F)

Jf,

D hf)= £ ) =5 (f)

of,

s(fif)=s(f)+s(f,)

|::> S'(fl 2): —

f
s(f):—j§df=—mnf+

s(f)=—-kInf

s'(f) _s'(f2)
/5 Ji
=const.= —kK



One component weakly nonlocal fluid

p_|_pV v=0 (P, V)  basic state

ov+V-P(C)=0 | Cou =(P.VP,VVP,V,VV)

DS ( C) n V 'js ( C) > O . consftitutive state
sﬁ(C), J,(©), P(O)

constitutive functions

Liu procedure (Farkas’s lemma):

vV
s(p,V,Vp)zse(p,Vp)—E j.=—v-P+...



7 .
P’ reversible pressure

o — N
_ 2 .
GS——(P—p [ —Bps}l J.VVZO
P =P-P’

‘ Potential form: V.-P = pVUQ

™ U,=-0,(ps,)+V-(p0y,s,)

ﬂ Euler-Lagrange form

Variational origin




Schrodinger-Madelung fluid

(Fisher entropy)

V P V2
S ,V, V — SchM M

senv (P P) 2 ( 2 j ;

Py = _1 (API +V°p— 2Vp®OVp j
8 p
Y = oV
‘ Bernoulli VP - .

equation :> cnro mger equatlon



Alternate fluid

(Vp)’

S Al (109 V,O) ==V i

VAlt

P, = (p(ApI+V2p) ~VpoVp)

Alt

Alt

Korteweg fluids:

P, = p+arp+ BV N+ NpoVp+ Vp



